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Part0: Preface

The laws of electromagnetism contradict the formulation of Newton’s laws one learns in in-
troductory courses. Thus in a sense what you will learn in this course is a partial nullification
of your previous physics course! However this should inspire you, because electromagnetism takes
Newton’s laws and gives rise to relativity. We will see how the postulates of relativity are really
derivable from the electromagnetism we will learn.

Learning physics is not an easy task. One can learn the defintions and memorize the equations
without understanding the concepts, and one can understand the concepts without being able to
solve problems. I highly suggest that you read the concepts over carefully, and try many, many
problems. I have tried to write concise, clear notes to help you learn the material without too much
stress. Certainly you can and should look at other materials if you think it will help you. I have
other materials I would be happy to let you borrow.



Partl: Mathematical Review

We begin with a review of vectors and calculus that you will need to understand classical
electromagnetism (EM). First, we turn our attention to vectors—an indispensible concept in EM
and indeed in physics in general.

Vectors

Suppose you are at point A and want me to direct you to a different point B. For argument’s
sake, say A and B are a distance 10 meters from one another. If I only give you this information,
can you then move to point B? Obviously no, since I have not told you the direction you must
travel; there are an infinite number of point a distance 10 meters from you—in 2 dimensions they
form a cicle where you are at the center.

So I must give you a distance and an angle. This is a vector. Equivalently, I could tell you how
many steps to move up or down and how many to move left or right. This is the most common and
concise way of writing a vector, and we translate it into the mathematical language as

F=ai+bj

where the arrow above r indicates that it is a vector, and 7 and j are unit vectors—-which we define
in a moment. The above equation reads, translated from math to english, “move ’a’ meters in the
7 direction and b’ meters in the j direction”. This notation is known as unit vector notation. An

equivalent way or writing the same thing is

r=<a,b>

where the distance in the 7 direction is ’a’ and the distance in the ; direction is 'b’, just like before.
We can extend this to any number of directions by listing more distances, each after a comma.

Before we define a unit vector, let us talk about some properties of vectors that we will need.

PROPERTIES OF VECTORS

A vector can always for our purposes be thought of as an arrow—and an arrow has a certain
length. Also, for our purposes, the pythagorean theorem holds. Therefore, we can always draw our
vector as an arrow and pencil in two sides to make a right triangle. Then the length of the vector
is the hypoteneuse of that triangle; therefore

\F|2:a2+b2:r2

= |Fl=Vva2+b2=r

so 'r’ is the length of the vector (also, the hypotenuese of the triangle). The symbol =’ means
"implies that’. It’s a useful symbol and I'll use it a lot. Note that r and |7] are two equivalent
symbols meaning the length of a vector r. For simplicity I will usually use just r.



Example 1-1

Let’s take the example of the vector
r=<38,6>
What is the length, or magnitude, of the vector?

Answer: |F] =82+ 62 = /100 = 10

In addition to length, vectors have a direction. This can be described by specifying the angle a
vector makes with some axis, and since all vectors for our purposes can be thought of as the
hypotenuese of a right triangle, we can always use trignometry to find this angle. If I draw a
vector ¥ = ai + bj, starting from the origin and going up and to the right, then the angle ¢ it
makes with the +x axis is

tan ¢ = g = ¢:arctang

But equivalently:

Sin(,bz ﬁ :£:>¢:arcsin%

a

cos ¢ = 7#“72 = & = ¢ = arccos
These are the two defining properties of vectors: magnitude (which is o length) and direction. A

scalar only has a magnitude and no direction. You must be very careful about distinguising
between vectors and scalars; they are different entities and cannot be treated the same.

UNIT VECTORS (IMPORTANT!!)

Now we can define a unit vector: a unit vector is a vector that has a length (magnitude) of 1.
Often they are directed entirely along an axis. For example, 7 is a vector of length 1 that is
entirely along the x-axis. Therefore the vector ai is a vector of length ’a’ that is along the x-axis.
So if T wanted to tell you to move 10 meters along the x-axis (to test if you’re drunk, perhaps?), I
would tell you ’a’; the famed ’white line’ would be the x-axis (think about this if you’re ever
pulled over for drunk driving).

It is very important to understand and remember that a unit vector in the direction of any
arbitrary vector can be found. If we take any arbitrary vector A and divide it by its magnitude

‘/Y‘ = A, then we’ll get a vector in the direction of A but with a length of 1. Thus,

A:

bS]

is that unit vector. If we write A as

/T:a'ZwLbj



then A = va? + b2 and

ai+b§ - a £+ b ~
VZT 0 VaEr 0 Vb

is the unit vector. This is true in general, we will use it frequently. Let’s ensure that our unit
vector has a magntide it 1:

A:

_‘ o s, b - y a 12 4 ( b
T Vare  Verr| T \Verr

A

a? b2

= :1
PN A

This is for any vector A.
Example 1-2
Partl: What is the angle that the vector ¥ =< 8,6 > makes with the x axis?

Answer: We don’t know the length of the vector, so the easiest function to use is Tangent:

tan ¢ = g = % :>arctan% =0

Now use a calculator and find the arctan of 3/4. You aren’t expected to know this off the top
of your head (I don’t).

Part II: What is the unit vector in the direction of 77

8i+6] _ 8i+6)

Answer: We apply our definition: 7 = T = 10 = %i + %j If you find the magnitude of

this, you will see that it is exactly 1.
ADDING VECTORS

We can see how to add vectors by looking at the geometrical interpretation of vectors. Say we
have two vectors A and B:

A=<34>=3i+4j

B=<-1,2>=—i+2j

Now if we want to add them, we could first translate them into english. A says 'move 3 units
along +x axis, and then 4 units along +y axis’. B says ‘'move 1 units along -x axis, and then 4
units along +y axis’. Adding both of these vectors is like following both of these directions. So by
moving 3 units along the +x-axis and then 1 along the -x axis, we are moving 2 units along the +x
axis. And by moving 4 units along the +y axis and then 2 units along the +y axis, we are moving
6 units along the +y axis. Therefore

A+B=<(3-1),4+2)>=B-1)i+(4+2)



=<2,6>=2i+6)

Do you see how to add vectors now? We add all the 7 coefficients and stick an ¢ on it, and then
we add the j coefficients and stick a j on it. We do not add i to j. Why should we? They represent
different directions.

A quick word: I've been describing vectors in terms of distances so far; this is for ease of
explanation. However, a vector can describe more than a distance—we will see soon that it can be
generalized to represent velocities and accelerations (which you know about already), as well as
more abstract things like fields. This is for the next chapter, though.

MULTIPLYING VECTORS: INTRO

Adding vectors is natural, but multiplying them is not so natural. How does one multiply two
directions? However since we are interested in physics, we can define the multiplication of vectors
to fit concepts in physics. First, we may want a way to multiply vectors that produces a scalar
(i.e., a number). This is called the dot (or scalar) product. Later in the course we will find that
the cross (or vector) product is more useful; this produces a vector, as the name implies.

MULTIPLYING VECTORS: DOT (OR SCALAR) PRODUCTS

An example of a dot prodcut is the definition of work. Recall that if I apply a downward force
on a book that is sitting on a flat table, I do no work. I have to apply a force with a component
parallel to the table in order to do work. Also remember that work is a scalar: it has no direction,
it’s only a number. Therefore what we get must be a scalar. If T apply a force with only a tiny
component parallel to the table, then the work I will do will be small. If T apply a force almost
completely parallel to the table, then I will do a lot of work. So if we take the Cosine of the angle
between the force and the direction parallel to the table, we will reproduce this effect (Cosine of 0
is 1; Cosine of 7 is 0). Thus a 'natural’ definition is

—

A-B= ‘ff‘ ‘B"Cosqb

where ¢ is the angle between A and B. The ’ -’ indicates that this is a dot product, for obvious
reasons. This defines the dot product. It is not only true of work; I was merely using this concept
to justify the definition. It is true in general, for all dot products.

We can now see why 7 and j need to be unit vectors by finding the magnitude of a vector 7 by
using the dot product. All of our definitions must be consistent, of course—so what happens if we
dot 7 into itself? We get

77 = |7 |7 cos(0) = r?

=7-F=(ai+bj)-(ai+b)) =ai-ai+ai-bj+bj-ai+bj bj

Remember that ¢ and j are perpendicular—since we define i to be along the x axis and j to be

along the y axis. This the angle between them is %, and so

7

i-j=|i||j

cos(g):():jQ



The magnitude of both unit vectors is, of course, 1; but this is irrelevant since the Cosine of a
right angle is 0. What about ¢ into itself? Well

7

’z

i1 = cos(0) =1

since the magnitude of 7 is 1. The same is true of j. Thus
77 = (ai+bj)-(ai4b]) = ai-ai+ai-bj+bj-ai+bj-bj = a*i-i+abi-j+baj-i+b%j-j = a>+b* = r?

just as expected. If the magnitudes of i and j had been different than 1, our defintions would
not have been consistent and we would not have reproduced the same results here.

Now we should discuss the multiplication of two arbitrary vectors by the dot product a bit more.
Say I have two vectors A and B such that

fT: aw%—kay}

B = byi+by,j
The dot product is
A-B = (azi + ayj) - (et +byJ) = azby + ayb,

because, as we saw before, the dot product of 7 with itself (and of j with itself) is 1, and the dot
product of 7 with j is 0. So we now have an alternative and equivalent way of calculating the dot
product of two vectors. If we don’t know the angle between the vectors, but we have the vectors in
unit vector notation (or the backet notation, <,>), then using this is less work.

Ezample 1-3
What is the angle between the vectors

A=8i+6j

B=i-j

Answer:
We can first use the ’alternative’ method of finding the dot product:

AB = (8i+6))-(i—j) = (B)(1) +(6)(~1) =8 -6 =2

Then we can use the first (*formal’) definition, to find the dot product:

A-B= ’/Y’ ‘E’cos¢: V/82 4 624/12 + 12 cos ¢ = V100V2 cos ¢ = 10v/2 cos ¢

Therefore, setting these two results equal, we get

2 2
10\/5005(;5: 2 = coS¢p = ——= = arccos ——= = ¢

102 102

It looks like magic! But it’s not.



MULTIPLYING VECTORS: CROSS (OR VECTOR) PRODUCTS

Sometimes in physics we need to define the multiplication of two vectors such that it produces
another vector. An example of this in intro mechanics is torque. Recall (if you can!) that if a force
acts on a door, then a torque is induced in the door-hence the door rotates around the hinge. As
a reminder, torque is given by

F=7xF

Also recall that when the force is directed along a line that goes through the hinge, the torque is
zero. For example, if you hold your hand on the thin part of the door and push directly toward the
hinge, the door will not move—the torque is zero! The vector 7 is a position vector going from the
hinge to the point at which the force F acts. If I push toward the hinge, F and 7 are parallel. So
we want our definition of the cross product to be such that if the vectors are parallel, the product is
zero. But we also need the product to be greatest when i and F are perpendicular. Thus we should
use the Sine of the angle between the vectors. The direction of the new vector is perpendicular to
both 7 and F , which is part of the definition but not so obvious from this example. So our definition
is

Exé:ﬂl‘é

ésin ¢

where ¢é is a unit vector that is perpendicular to both A and B. Again, this is true in general;
I have used torque as an example, to help justify the cross product—but this is the definition of all
cross products. If you picture what this looks like, you’ll notice that the direction of é is ambiguous:
there are two unit vectors that are perpendicular to both A and B. Let’s think about this in terms
of unit vectors. Say I draw ¢ horizontally to the right (along the x axis) on a piece of paper, and J
vertically and upwards (along the y axis). What is i x j ? Using our definition, we have
%i

A'XA' ,’A. T «
1 = esin — =e€
J J 9

because the magnitudes of 7 and j are both 1, and the Sine of 90 degrees is 1. So now é is
defined to be a unit vector perpendicular to both z and j. But the two unit vectors directly into
and out of the paper both satisfy this definition. Thus we need to make up some convention so
that we’re using the same vectors. This convention is called the right-hand rule.

RiGHT-HAND RULE

The right-hand rule is simple. If we're taking the cross product i x 7, then keep your four fingers
together and direct them along 7, with the face of your palm facing 7. Then curl your four fingers
toward your palm (in other words, towards j) All the while, keep your thumb extended so that
it’s perpendicular to your four fingers, as if you're hitchiking (I don’t recommend this). Now the
direction of é is the direction of your thumb. Thus the cross product i x j yields a unit vector
that is out of the page and perpendicular to it. Typically this vector is called k. This defines the
right-handed coordinate system. Thus, by convention

% =k

We can cycle through different cross products of the unit vectors that define 3 dimensional
euclidean space (i, j, k). For instance, if we cross ¢ and j in the other direction, we have to turn our



palms around so that our four fingers are in the diection of j and then we curl toward 7. Therefore
we get a vector pointing into the page. This takes some practice, and you should get used to using
the right-hand rule, even though it is somewhat embarrasing to use in public. This is the main
reason for the right-hand rule, actually. Anyway, we have

Jxi=—k

this is true in general: interchanging the order of vectors in a cross product produces a negative
sign.

Calculus

We now review some calculus that you will need. In the interest of time I must keep this brief.
But if you still feel too rusty after we've discussed this, I strongly suggest you go back to your
calculus books and do more problems, and/or come see me and we can expand on this review.

BASIC DIFFERENTIATION AND INTEGRATION

To take the derivative of a monomial, we use the following rule:

d

— n—1
dx

=N

To integrate a monomial, we use

xn+1
/x”daz = +C
n+1

the ’C’ is necessary because if we take the derivative of % + C, we will get =", regardless
of the value of C. Thus C is totally arbitrary and must be added when the integral is indefinite
(indefinite meaning that the integral has no limits).

You will also be integrating and differentiating some trigonometric functions, and u-substitution
will also be needed to solve some integrals. First, you will need to get familiar with these, if you
aren’t already:

—sinx = cosx

dzr

— cosr = —sinz

dzx
/Sinxdx =—cosz+C

/cosxdx =gsinz +C

Now let’s review u-substitution. The idea is that we can use

10



un+1
/u"du: +C
n+1

to solve integrals that look somewhat more complicated, by making a substitution. For example,

say we have the integral
/ xdx
1+ 22)172

This looks daunting, but if we make the substitution w = 1 + 22, then du = 2zdz and we can

say that
/ xdx B 1/ 2xdr B 1/ du
(1 + x2)1/2 9 (1 + x2)1/2 9 (u)1/2

1 1 1/2
:7/u71/2du:7(u) +C:\/TL—|—C: /1+£E2—|—O:/ xdx

2 2 1/2 (1+ 22)1/2

11



PartIl: First Encounter with Electromagnetism—Electricity

Section II-1: Coulomb’s Law

Many years ago, it was discovered that there was a force other than gravity. We now know
that there are at least three others: the weak nuclear force, the strong nuclear force, and the
electromagnetic force. The first two, however, were discovered decades after the theory of classical
electromagnetism was formulated, and the connection between electricity and magnetism was not
known when the electric force was first understood quantitatively. The process of discovering
and correctly describing electricity took many millenia, but it was Charles Coulomb who, in 1783,
discovered a law describing the force between two electric charges. He discovered, over many bottles
of fancy french wine and baguettes, that the force between two electric charges is

I = %
r

where ¢; and go are two charges, k is a constant, and r is the distance between the two charges.
The notation I use is that the 'Fi5’ means the force on ¢; from ¢». However, force is a vector,
and I’ve written the law here as a scalar. To have a useful equation, therefore, we have to write
Coloumb’s Law in terms of vectors. Through experimentation, it was discovered that the electric
force between two charges is directed along the line that connects the charges. We now put our
knowledge of vectors to good use and define a vector that goes from one charge to the other. This
vector we will call #. The magnitude of this vector is r = |]. Then, 7 = g . Now we can write a
vector (but abstract) form of Coulomb’s Law:

FT; _ 16(11227ﬁ
T

I want to be clear that these charges (q1 and g) are point charges, meaning that they have
no volume at all. They are centralized charges at particular points. Now before we begin using
Coulomb’s Law to solve some problems, let’s discuss some similarities and differences between
Coulomb’s Law and Newton’s Law of gravity. The force of gravity between two masses is, in
Newton’s theory,

— mimeso
Fo=G

7

Obviously the equations look very similar: both forces are inversely proportional to the square
of the distance between the charges or masses, both are proportional to the product of the charges
or masses, and both forces are directed along the line connecting the charges or masses. There are,
however, two key differences I want to talk about:

1. The gravitational force is only attractive-masses only attract, they never repel (as far as we
know). However, in nature there are some charge configurations that attract and some that
repel. This can be stated in the following way: masses are only positive, while charges can be
negative or positive. One negative and one positive charge will attract each other. However,
two negative charges will repel, and two positive charges will repel.

2. The gravitational force is many, many orders of magnitude less powerful than the electrical
force. If I rub a balloon on my hair for less than a minute, I can induce enough charge on
it that it will stick to a wall without falling, overcoming the gravitational force of the entire
Earth.

12



In ST units, which we will use for this course, the unit of charge is a Coulomb (C). The constant k

is 8.99 % 109 Mm% — 8,99 « 109 Kgm” .

Let us now discuss how to apply Coulomb’s Law to problems. To start, let’s say that we have
two charges oriented as shown below:

A
—
g, r

Fy

\/

Obviously it would be easier if we made one of the charges at the origin, but let’s take a more
general approach; then, if we wish to add more charges we can more easily generalize. First, the
vector that describes how to get from gy to ¢ is 7, and we can find this like so:

BT =T

ST =T-T3

Now, the force on 1 from 2 is

}ngk(thA—k 9192 .

T
7| 7 — 73

Therefore if we know the positions of ¢; and ¢2, we can find the distance between them and
then, directly from this equation, the force ¢s exerts on ¢;. But what about #7 Well remember that
the defintion of the unit vector is

T . T-m
7 T3

Putting this all together, we get

13



P q192 T — 712 q1q2(T1 —73) _ Qg2
12 — — —
7 — 73 [T — T3 7 — 73 7 — 73

Notice that the subscript notation on F matches the order of subtraction of the position vectors7y
and 73. The notation is consistent, so is easier to remember (hopefully). Also notice that if ¢1¢g2 > 0,
then the force on ¢ from ¢o is in the direction of 7. In other words, the force on g; is directed
from g2 to g;. This is what we need from our theory, because like charges repel. So what force
would we get if either ¢; or go were negative? Then, ¢1g2 < 0 and

192 = — |q142]
— = RN .
:>FT2>:—k|qlq2‘(r1 3T2):k|q1q2|(r2 Srl):k|(11Q2|( 7;)
71 = 73] 71— 73] 7 — 73]

Now, the force on ¢; from g9 is direct toward ¢s. Therefore the force is now attractive, as

expected.
Let’s continue with a simple example:

Ezample 2-1 (Chapter 19, # 17, p.636 in Serway and Jewett, Fd. 4)

Take a charge ¢ at the origin and a charge ¢» a distance 0.3 meters from it, on the +x axis.
What is the force on ¢; from g»? Take ¢; = 12 % 1079C and ¢ = —18 x 107°C.

Answer: The position vector from ¢z to ¢ is T =< 71—30, 0>.

The force on ¢; from ¢ is

% e T g7 0192 < —15.0 >
12 —

r
R ke ((35)% +0)%/2

because | 7| = ((55) + 0)1/2 = 3. Therefore we have

N2 < —15,0 > Q192 < 35,0 > 9 -9 -9 312 -5
- = (8.99%10)(12+1079)(—18%107°) < —(-=)"2,0 >= 2.16+10° < 1,0 >

Frg =k

which is in newtons (N). The force is attractive, as we expect.

In the previous example, we neglected to find the force on ¢ from g;. However, if we remember
Newton’s Laws we do not have to do any work to find it. Recall that the Third Law states that
for every action, there is an equal and opposite reaction. Thus if we know the force on ¢; from ¢,
we know right away that the force on ¢o from ¢; must be equal in magnitude but in the opposite
direction. So:

oy =2.16%1075 < —1,0 >

If we were to go through the same steps as in example 2-1 to find this, we would get the same
answer. You should do this as practice.
Let’s proceed with a slightly more complex problem, and then another.

14



Ezample 2-2 (Chapter 19, # 7, p.636 in Serway and Jewett, Ed. })
We have two charges: ¢; = 12%1072C, at (-3/20, 2); and ga = —18x1072C at (3/20, 2). What
is the force on ¢; from ¢, and the force on ¢y from ¢;7

Answer: First, let’s find the r vectors:

7T =< —3/20,2 >, 73 =< 3/20,2 >

Then
F_) _ kq1q2(7"—1>*@) _ kq1q2(<’3/20’2>’<3/20’2>) _ kq1q2<73/10,o>
2EPNRIRE T <202 -<3/2025F  T<=3/10,05P
_ /32 _ 3 3_ 33 _ o7
|< =3/10,0 > =/3 +0= 3 = |< =3/10,0>° = 5" = 2L,

= kQ1QQ<73/10,0>

102<—3,0> 9 (12x1079)%(—18%10"2)10%<—3,0>
LS = = 8.99  10°¢ 2 )

27 27

=2.16%107° < 1,0 >= Fp,

This is really the same problem as in Example 2-1. In this case it’s a waste of time, since we’ve
done more work than we had to. However this serves as a relatively simple example of the Coulomb
Force formula we just derived. We will see in a moment that we can apply this equation over and
over in much more complicated problems, making them straightforward to solve.

What happens if we have more than two charges in a region of space? How do we go about
applying Coulomb’s Law to each charge? Well in gravity, we add the individual contributions to
get the total gravitational force. For example, the total gravitational force on you is the sum of
that from the Earth, all 8 other planets, the Sun, and the rest of the matter in the universe. We
can find the gravitational force on you from each mass in the universe while ignoring the others,
and then add up all the contributions. I can find the gravitational force on you from just the sun
by ignoring every other mass in the universe. Then I can do the same for the Earth. If T repeat
this for every mass in the universe, I can find all the contributions to the total gravitational force
on you. When I am done, I can add all of the contributions (which are vectors), and I get the total.
A fancy way of saying this is that the gravitational force (in Newton’s theory) obeys the Principle
of Superposition.

Luckily for us, the electric force also obeys this princple. The Superposition Principle states
that if there are multiple forces from different charges ¢ on a charge Q, the total force on the charge
Q is the sum of all the individual forces from each ¢q. That’s it—just find each force and add them
up.

Let’s try a more complicated example now.

Ezxample 2-8

Say we have four charges at the following positions:

1 =+9=93;q2 =q14 = —q

qi (374)
¢ : (5,1)
qs: (37 _3)
q1: (—4,2)

15



What is the total force on ¢;?

Answer: First, the position vectors of the charges are

=< 3,4 >
T3 =< 5,1>

T3 =<3,-3>
T =< —-4,2 >

The force on charge 1 from charge 2 is

- =

Fro — paee(ri-T3)
12 — — — 3

|T7-T3

- k_—q2(<3,4>—<5,1>)
- |<3,4>—<5,1>|3

2 2 —
1. —¢?<=23> _ 1.—¢?<—23> _ 2,.<2,-3> __
=k = kamepr = Ok e = e

this is directed from ¢; to g2, and therefore is attractive. This is what we should expect, because
the charges are of opposite sign (they are 'unlike’ charges). We can now find the force on charge 1
from charge 3:

FT%) _ k/,'lﬂls(r_l)—r_?)))

el

1.4%(<3,4>—<3,—-3>)
=k

|<3,4>—-<3,—3>|3

2 2 2 —
_1.9°<0,7> _ 1.9°<0,7> _ 1.9°<0,1> __
_k\<o,7>|3 =ki=m= =k = s

This is a repulsive force.
Then:

- =
F — p0a(ri-T4)
14 — — — 3
|T7T-T4
- k—q2(<3,4>—<—4,2>)
|<3,4>—<—4,2>3

2 2 2 —
_1.=q <72> _ 1.—q°<72> _ 1.—q°<72> __
=k [<7.2>F — k(72+22)3/2 =k=5mn = Fu

This is an attractive force.
Now the total force is, by the Superposition Principle, just the sum of the individual forces we're
found:

- = = =
Iy = Fio + Fiz + Fig

We’ve covered the electric force and some examples of how to apply it to problems, but we’ve
neglected something: just how does a charge exert a force on another charge that is at a distance
from it? This is the problem of ’action at a distance’, one which Newton pondered in light of
his gravitational theory. The modern solution to this can be traced back to Faraday, who first
proposed the concept of a field in the context of electromagnetism. In the early 20th century,
Einstein explained how masses exert forces at a distance via the interaction of space-time and
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mass-energy, asnwering the ’action at a distance’ problem through geometry. But the concept of
fields remained and remains the basis of classical electromagnetism.

Section II-2: The Electric Field

If we’re going to postulate the existence of a field to explain the electric force, we need to
carefully define it so that we can reproduce all of the effects of Coulomb’s Law that we observe.
Let’s try a thought experiment; say I have a single positive charge +(@) in a region of space. Let’s
keep the definition of this field as simple as possible and say that positive charges follow along lines
in the field. But we know that charges are very particular—the direction of movement of charges
is important. So we need a vector field: at each point in space, there is a arrow that tells us the
direction a positive charge will flow. And of course this arrow must be in the right direction.

So we have our positive charge +( in a region of space. For argument’s sake, let’s say this
charge is glued in place on a table. Now in which direction would a positive charge +¢ move if
it were placed on the table? From observation we know that it would move away from the +Q,
along the line connecting the charges. The +¢ charge will behave this way wherever we put it on
the table. So therefore, the ’electric field’ must flow outward from +@ in straight lines. Then, all
positive charges in the vicinity will follow along these electric field lines. The electric field outside
of a positive charge looks like

The electric field consists of the arrows shown. Of course, I've only drawn a few of them here.
We have therefore defined our electric field: it eminates outward from positive charges. But how do
we write it down mathematically? We need to add to our definition now. We’ve said that a charge
+q follows along electric field lines; but what is the magnitide of the force on +¢ from the electric
field? Let us define it simply: the force on +¢ from an electric field E is just the product of the
two. So

F.=qE
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defines the electric field, where F, is the electric force (in other words, the Coulomb force). The
charge ¢ will move in the direction of F, as we need. Thus we now have a simple definition of the
electric field, which we postulate carries the electric force. Two charges can therefore exert forces
on each other without touching, through this electric field.

I want to make an important point here: the electric field E that induces a force on q is the
field from charges other than q. This is for the simple reason that if we have just one charge ¢, it
will produce an electric field but there will be NO electric force on ¢q. Charges don’t induce forces
on themselves, they exert forces on other charges. Thus, if we have just one charge ¢ in a region of
space, there will be no external electric field—only the field from gq. Thus E = 0 here. This better
be part of the definition of @, because a charge cannot exert a force on itself.

What should be the electric field outside of a negative charge, —Q7 Well we’'ve defined the
electric field such that positive charges flow along electric field lines, and we know that negative
charges move toward positive charges. Thus the electric field outside of a negative charge (—Q)
must be directed toward the charge, in straight lines. It looks like

where, again, the electric field consists of the lines shown—though I've only drawn a few of them.
The —Q is the dot in the middle. So remember, the idea is that if I place a positive charge (+q)
near —(@, it will follow the electric field lines towards —(@Q. Thus +q is attracted to —(), which is
what we would observe in nature.

We have still not discussed how to write down the electric field mathematically. If we can find
out how to do this, then we can find the force on charges in a region by just multiplying the charge
by the field—which, remember, is a vector. The electric force between point charges ¢ and @ is, by
Coulomb’s Law

7= k1
,
But we’ve just defined the electric field:
F.=qE



So now we can combine these two (isn’t this exciting!?):
?‘e = qﬁ = k@:f
r

Which tells us that the electric field outside of a point charge @ is

where 7 is a unit vector that is directed radially. Remember that r is the distance from the
charge () to the point at which we’re finding the electric field. This equation is true only for point
charges, since Coulomb’s Law is only true for point charges and we used Coulomb’s Law in our
derivation. So now we have a vector equation telling us the value of the electric field outside a point
charge, based on our definition of the electric field.

We need to discuss units. Being cognizant of units is a great way to check one’s work, so getting
into the habit of checking units is wise. The unit for charge is the Coulomb (C), and the unit for
force is the Newton (N). Thus the unit for the electric field is

N

C

This is important to keep in mind. Let’s discuss an example of how to apply this.
Ezample 2-4 (Chapter 19, # 11, p.635 in Serway and Jewett, Fd. 4)

Say we have two charges that are 1m apart, as shown below. At what point or points along the
x axis is the electric field zero? Assume q; = —2.5% 107%C and ¢, = 6 * 1076C.

Answer: First let’s think about whether there are certain regions along the x axis where the
electric field cannot be zero. Inbetween the charges, the electric field from ¢; is to the left, and the
electric field from ¢o is also to the left. How can two vectors in the same direction cancel? The
electric field cannot be zero inbetween the charges. To the right of ¢o, the electric field from g5 is
to the right and the field from ¢; is to the left. The reverse is true to the left of g;. So we cannot
rule out either of these regions yet.

Let’s say, for argument’s sake, that the place at which the electric field is 0 is to the left of ¢,
a distance d away from it. Then, the electric field from ¢ is

1]

Bl =k i
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and then the field from ¢ is

= Q2 -
E i
? (1+d)?
Then the condition we want is
2+ L 7 TETIE
|Q1|f q2
k— k
TR E TV Ay ae
\611| q2
T E T (1+d?
2
Sl & 25 5
@l (1+d2 6 12

o 2 _ g2 5_
= G +d?=d®= (1+d)\/ 5 ==+d

5 5 +v/12 — /5
= \/;:d(ﬁzl— \/;) =d(= =Y

2
V12

= V5 =d(£Vv12 — V5)

1
:>7:d
12
/21

Let’s check each solution. First the negative solution:

1
12_1

5

d:

=—-0.39

Notice that this is negative, and so represents a point to the right of ¢;, inbetween ¢; and ¢o

But we’ve already pointed out that it is impossible for the electric fields to cancel in this region.
The positive solution gives

i=—2 18
12
2

which is a reasonable solution at first sight. Now let’s check to see if it is in fact a solution.
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and

12 /12
1 3 -1+1 5
/12 /12 /12
5 — 1 5 — 1 5 — 1

1+d=1+

[

Substituting this back in, we get

1
e Eo .y 5)2: 5
A+df ~ yF, Vi

12
3+l

and therefore it is in fact a solution. Thus the electric field is zero at a distance d = 1.82 meters
to the left of ¢;.

Up to now we’ve discussed our theory only in the context of point charges. But often we will
want to use our theory to make predictions when we have non-point charges. What is the electric
field outside of a charged duck? I'm sure those of you studying duck engineering have already asked
this question. Let’s turn now toward answering it.

THE ELECTRIC FIELD OUTSIDE OF CONTINUOUS CHARGE DISTRIBUTIONS

To do this we need to make an observation: a continuous charge distribution is just an infinite
number of point charges stuck together in some shape. To be precise, there does not appear to
be any charge which is truly ’continuous’. For some reason, charges in nature are discretized—they
come in small packets. It used to be thought that the charge of an electron, let’s call it e, is the
fundamental charge, out of which all other charges are made. In other words, we can have a charge
of 10,000,000e, 3e, 9e, etc.—but we cannot have a charge of 0.2e. We either add a whole e (or integer
multiples of e), or subtract a whole e (or integer multiples of e). In most textbooks that I have
seen, e is cited as the fundamental charge. However there has been in recent decades substantial
evidence for fundamental particles called quarks, which come in 6 types and can carry 3 colors
(often labeled as 'red’; ’green’, and ’blue’; but these have nothing to do with the electromagnetic
radiation of the same names). The smallest charge a quark can carry is e/3; this is now thought to
be the fundamental charge. Anyway, this is a side note.

Let’s go back to the observation that a continuous charge distribution is really an infinite
series of point charges, which is, as I pointed out, not precisely true. However it’s a good enough
approximation if we’re dealing with systems on a 'macroscopic’ scale, meaning, say, a scale large
enough for us to see. It is probably a very good approximation for systems somewhat smaller than
this, too. So let’s make that assumption, which will considerably simplify matters. We can now use
our knowledge of calculus by applying it to the present problem. Say we have an infintesimal charge
dg that is emitting an infintesimal electric field dE. This infintesimal charge is a point charge, by
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definition, and so we can use our recently-derived formula for the electric field outside of a point
charge, but this time we rewrite it in the language of calculus:

aB = 1%,
r

I used Q before, but from now on I will use the more standard notation that the charge creating
the electric field is ¢, or in calculus language dq. So now we can think of our macroscopic charged
object as being built our of these dgs. So then, the total electric field can be written as a sum of
all the individual contributions from each of the dgs. If we had a finite number of them we could
just sum them by hand, but we instead have an infinite number. Summing over an infinite number
of infintesimally small things is call integration; so the total field is

ﬁ:/ﬁ

This should be familiar notation to you. We can then replace the dE with its value as a function

of r:
d
E:/k—gr
T

You may not be used to integrating vectors, but don’t be intimidated: the unit vector 7 just
comes along for the ride; you only really integrate the scalar part while leaving the unit vectors alone.
Let us immediately now turn toward examples of how to apply this equation to solve problems.

Ezample 2-5 (Chapter 19, # 21, p.636 in Serway and Jewett, Fd. 4)

We have a charged semicircle, as shown below. What is the electric field at the center (the
origin)? Take the total charge to be —7.5%107%C, the total length of the semicircle to be I = 14cm,
and the radius of the semicricle to be a. The charge per length of the semicircle let’s call —\, and we
will assume this is constant. The 'dE’ in the below diagram, by the way, is a vector. Unfortunately
I had trouble adding a vector arrow over it, so instead I bolded it.

22



Answer:

We need to chose an infintesimal charge on the semicircle, called dg as shown. Then we can
apply the equation we just derived:

d
dE = k=17
r
The field at the origin from dq is (ﬁ, and it points toward dgq because of the way we defined
the electric field (it points toward negative charges). But how do we write down # in terms of ¢
and j7 Well we can decompose the vector into x and y components like any other vector. The x
component of 7 is
|| sin 6
and the y component is

|#] cos @

23



Thus we can write
7 = — || sin @i + || cos 5

Let’s take the left direction to be negative, for argument’s sake. Obviously, this is arbitrary; we
could take it to be positive and get the same physics result.
We should be easily able to simplify this since we know the value of |#|:

=1
And thus
7= —isinf + j cosf

Now 7 is just the radius of the semicircle, which is a. So we have
dq P ~
dE = k— (—isinf + jcos )
a

So we now must integrate over dgq if we’re going to solve for the total electric field at the origin.
We might be tempted to just integrate dg to get the total charge @), but this would be wrong.
Let’s think about the answer we would get if we did that: the sin# and cosf terms would remain
unchanged, since if we integrated directly over dq all terms that depended on 6 would be constant
in the integral. So our electric field would depend on 6; but this is ridiculous, because 6 is the angle
of an arbitrary infintesimal charge dq along the semicricle. It makes no sense for the total electric
field to depend on this angle. The key is that dg can be written as a function of 6, so we must
replace dg with that function. The way to do this is to use the concept of charge density, which
is extremly useful. I've already defined the charge per length as A. What is the length of the part
of the semicircle that contains dq? Well the length of an arc is s = R, and so an infintesimal arc
length is ds = Rd# or, in our case,

ds = adf
So the charge per length at dq is

_dq _ dq

ds  adf
Therefore

aldf = dq

= dE = ka/\;iﬁ (—isinf + jcos )
a

And now we can integrate over 6 (with limits) and our electric field will therefore not depend
on this arbitrary angle. Finally we have

T aAdl, - - T oNdO . .
E = d_E>:/ e 5 (fz‘sin9+jc080):/ k—(1sin 6 + j cos6)
Allcharges 0 a 0 a
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The limits are from 0 to m because we need to integrate over all the charges, which start from
the +y axis and swoop down to the -y axis. If you look at the diagram I've drawn, you will see
that this corresponds to a change in the angle 6 from 0 to 7. Now remember that we’re assuming
A is constant—or more precisely, that it is not a function of 8. If it were, we would need to find this
function and integrate over it. But luckily we will not concern ourselves with that here, and thus
we can safely remove A from the integral:

ﬁ:/ kw(—%sine—l—j'cose):kzi(—/ %dGsin@—i—/ 7db cos 0)
0 a a 0 0

Q-

A = —2k—1
al

= k%(ﬂg cos 0 + j|g sin6) = k%(%(—l —1)+3(0-0) = —2k>

Let’s think about this answer carefully. First, the vector is in the —i direction. This is what we
should expect, because the electric field points toward negative charges, and our charged semicircle
is negatively charged and is to the left of the origin. Now what should happen to the strength
of the field if a is increased? If a is extremely large, then the charges are a great distance away
from the origin, so we should expect the electric field to be weaker. Our electric field is inversely
proportional to a, so our answer does give the right behavior. But what about A\? If X is larger (if
the electric charge density increases), then the electric field should be larger; and since our answer
is proportional to A\, our answer has the right behavior here too. For completeness, the electric field
has the numerical value (after substituting the given values for Q, a, [, and k):

6: IV
E = —2.16 % 10% o

You should try to answer a few questions regarding this example:

1. What would you expect the electric field to be at the center of a full circle (instead of a
semicircle) that had a uniform charge density? Using the method above, derive explicitly what the
electric field is at the center of a charged circle. Is the answer what you expected? It should be!

2. What would the electric field at the center of a circle be if the left half were negatively
charged (like in example 2-4) but the right half were positively charged?

Let’s turn to another example.

Ezample 2-6

Say we have a thin rod along the x axis, which has a linear charge density of A as shown below.
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What is the electric field at the origin?

Answer: We should use the same basic method as before. Again we pick an arbitrary point
dg and find its electric field, and then sum (integrate) over all the dgs to get the total field. I've
marked an arbitrary dgq along the line charge with green. The electric field due to this (and any)
dq is

dE = k%(—%)

where 7, remember, is always defined as the distance of the charge dg from the point at which
we're finding the electric field—in this case, the origin. Thus the distance of dg from the origin is
r, and I’ve labeled it as such in the diagram. Now we have to use our two main tricks: replace dq
with a function of distance, and then integrate over all the charges. For our first trick we use the
defintion of the linear charge density:
i
dx

= A\dx = dq

And if we think about it, r is really just the distance of dg along the x axis—thus it’s really just
x. So now we can write

dE = k%(—%)
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We’re almost done, but before we integrate we need to determine the limits of integration. We
must integrate over all the charges, and the charges start at x = a and end at x = a+ L. Therefore,
the limits of integration must be from a to a + L:

a+L
o aF - / KAL)
Allcharges a z

a+L —1 1

R RY _9 _ _ A-a+LL: A 1 L
=F = lm/a 7w =~k () = RN )

Let’s think about our answer. First, what is the direction of the electric field? Well notice that

a + L is larger than a, and so a-i-% < % and thus G_%L — % < 0. So there is a negative sign that

comes from this. Hence the electric field is to the left (in the - direction).This is what we should
expect, because the line charge is positively charged and electric field lines point away from positive
charges. So far, so good.

What would happen, intuitively, if the line charge were to shrink to zero? Well there would then
be no charge, and the electric field would disappear! The line charge shrinking to zero corresponds
to L — 0. If that happens, our equation tells us that

1 1

E = kXi(

just as we expect. If we got an answer other than this, we would know that we’d made a mistake.

Section II-3: The Electric Potential and Potential Energy

So far we have defined an electric "field’ to help explain the coulomb force. You might guess that
somewhere along the way, someone decided it might be a good idea to try to explain the electric
field by defining another quantity. There are at least two reasons why: first, there are already
concepts developed from Newtonian physics that can applied to our new theory of the electric field,
and in physics we like to connect all the dots; and secondly,vector fields are not so easy to find and
use.

Let’s begin by reviewing some basic mechanics. In mechanics, you learned that a force is related
to a potential energy. The force on a mass is related to the slope of the potential energy graph,
much like a ball rolling up or down a hill: the steeper the hill, the larger the force on the ball.
When the ball reaches a flat portion of the hill-say at the top—there is no more force. These graphs
looked like

27



Y

U|
Yy

In what direction would the force on a ball be if the ball were on the left slope? Well if we
drew a graph with 2 spacial dimensions, the gravitational force would be down, and the component
perpendicular to the slope would be equal and opposite to the normal force on the ball from the
slope. But the graph drawn has one spacial dimension; and since the ball moves along the graph
to the right, we say the force is to the right. The slope of the graph here is negative, and so the
force must be in the opposite direction—to the right, which is positive. Thus

dUu

F=——
dx

When applied to gravity, we get

= mgdr = dU

:>/mgdx:/dU=U=mgh+C
which is the gravitational potential energy. Let’s apply this now directly to the electric force,
and see what we get. Instead of using x, I will use the more conventional r:

dU

F:_E

= —dU = Fdr
Now we’re going to do something slightly different than what you did in your previous mechanics

course: we're going to define an electric potential V', that is related to the electric potential energy
U by
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U=qV

= dU = qdV

This is useful because electric potential energy is contained only between multiple charges (2 or
more), whereas a single charge has associated with it an electric potential. So

—dU = Fdr = qEdr = —qdV = Edr = —dV

=F=—-——
dr

I want to tie in another concept from mechanics at this point: the concept of work. Remember
that work is a force times a distance; so if we integrate —dU = Fdr we will get work. However,
remember also that only forces in the direction of motion do work. Thus we need to take the dot
product of the force and the direction of motion:

W:/—dU:/ﬁd"r

= -AU=W = / F-dr
So now let’s substitute our concept of electric potential into this equation:

—AU:—qAV:/?-cW":/qﬁ-ﬁ

Thus we come to a very important equation, which defines the electric potential, by canceling
a ¢ from both sides:

—
/ F dr =AV = Vfinal — Vinitial
trajectory

where we can integrate over any trajectory we like!. This, so far, is completely general. How do
these equations look if we have point charges? Recall that, in scalar form, F = qF and F = qu—?.
Thus
v = Fdr = k%ar
r
and, taking the integral of both sides we get

= [ra= (1%

But remember that, in scalar form, F' = qF; hence

IThis is not trivial and is due to the fact that the electric field is path-independent, or conservative. We will
discuss this later in the course; for now it won’t affect us.
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/Emz/ﬂgmz— Afz—/ﬁvjvzk9+c
r q r
Hence the electric potential of a single charge @ is

Q

V=kt<4C
T

and the electric potential energy between two charges ¢ and @ is, if we integrate Fdr = k‘i—?dr

directly,
UqQ:—/Fdr:—/k:qr—?dr

We will see examples of how to use these equations, but first let us discuss units. The unit of
electric potential energy, like any energy, is the Joule (J). The unit of electric potential is the Volt
(V); the relationship between them is

U=qV

= Joule = Coulomb * Volts
Thus
1J=1C %1V

This is the definition of a volt: it is %

Let us discuss this more intuitively now that we’ve done some derivations and made some
mathematical definitions. What we are saying here is this: that there is a function V everywhere
in space, which is created by charges in space, that assigns a number to every point in space.
Furthermore, the derivative of this function with respect to position gives the magnitude of the
electic field at that point. Of course the electric field is a vector field, and so we need some way of
assigning a direction; but this is a bit tricky and we won’t concern ourselves with that here.? So
the electric field arises from the change in electric potential over space. Notice that, just like in
mechanics, the electric potential has a constant +C' stuck at the end, from the fact that our integrals
were indefinite. This may seem weird, but you have seen this before. Remember that when you
were solving mechanics problems using conservation of energy, you had to define a ’zero potential
line’, which usually was the ground. But it didn’t have to be—you could have defined the point at
which there is zero gravitational potential energy to be at the top of a roller coaster or something.

2This is done by generalizing the definition of V. We’ve said that V is related to E by E = f%. Now we
can assign a direction to E by defining an operator, which has a meaning only when it operates (as the name
implies) on some function. The operator we need is called the del operator, defined as v = %% + jd%, + l%d% in
rectangular coordinates (it has different definitions in different coordinate systems); and now, the definition of V
becomes E = —(%% + 3% + lAcd%)V = —VV. So here we're taking the derivative of V' in all three directions and

sticking the associated unit vector on each term.
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This is because only the change in gravitational potential energy had any physical significance; in
other words, only the change in it affected the physical answer you’d get in the problem. This is
the same thing—the point or points in space where there is zero electric potential is or are arbitrary.
We must, however, be consistent! Once you choose where the zero electric potential is, you cannot
change it in the middle of the problem. You can’t go hog wild here.

The convention usually is to choose points at infinity to have zero electric potential. We can
see, then, that since

v=klic
r
we get
V=C=0

at r = co. Thus the usualy convention is to set C' = 0. The difference in potential between two
points a and b is, in the presence of a point charge ¢, is

1

1
AV = kq(— —
Ty Ta

which is true regardless of one’s convention. However, the electric potential at a point is, with
our convention,

v =kl
r
If there were several point charges, when we’d have to add the potential due to each one at

any particular point. Before we discuss some examples, let’s think about how all these concepts fit
together. To that end I've made a map for you:
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Electric Potential Electric Potential Energy
V . X(q U

Electric Field , Electric Force
E:ﬂ —(q xdV _ —-dU

. X = —
dr 1 £ dr dr

F=qk

These quantities are related by a charge ¢ in a region of space that is experiencing an electric
force from an electric field. Let us know turn toward a few examples.

FEzxample 2-7

Say we have two charges, ¢; at (0,0) and g2 at (0,4). What is the electric potential at the point
(2,2)7

Answer: The equation for the potential due to a point charge is
v =kl
r

where r is the distance from the charge ¢ to the point at which one is finding the potential. We
have to two charges, so let’s start with g;:

Vi =k

1
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where r; is the distance between (0,0) and (2,2). This is

rm=v2-02+2-02=Vi+4=v8=2V3
Hence

q1
Vi=k——
1 53

Then the potential due to ¢ is

Va = k2

T2

Now 74 is the distance from (2,2) and (0,4):

ro=v(2-02+(4-22=vVi+4=2V3
and

Vo= k2 = p L

T2 2\/§
Thus

q k

qz
k + k = +
2\/?: 2\/§ 2\/§(Q1 (]2)

Let us now discuss a problem involving electric potential energy.

V=Vi+V=

Ezample 2-8 (similar to Chapter 20, # 18, p.676 in Serway and Jewett, Ed. 4)
Say we have 4 charges with the following configuration (length unit is meter):

20 % 1079C = ¢y : (0,0.04)
—20%1072C = ¢ : (0, —0.04)
10%1079C = g3 : (0,0)

40 % 1072C = ¢4 : (0.03,0)

q1, 92, q3 are glued in place, while I am holding g4 in place. What is the total electric potential
energy of the configuration? If I let go of ¢4, in what direction will it move? After an infinite
amount of time, what will be its speed?

Answer: Think of this as a series of springs. A spring has potential energy because if it is
compressed or elongated and then let go, it will exert a force. The same is true of these charges.
Charge ¢; will move due to ¢o if it becomes unglued; it will also move due to g3 and gq4. Therefore
it is as though there are 4 elongated or compressed springs containing potential energy. Hence:

q1492
T12

U=k

is the potential energy contained between ¢ and ¢;. Without doing an work we can see that
r12 = 0.08 meter. Can you see what the other potential energies are going to be? They will be
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q194

Uiz = kquS;UlZ =k
r13 T14

where 713 = 0.04 and r14 = v/0.032 +0.042 = /(1072)2(32 + 4%) = 1072/25 = 0.05 meter.
This we could guess by remembering our 3-4-5 triangles. This gives

U =Upp+ Uiz + Uy = 42 + 2193 Jrkcnqz;
12 13 14

_ kQ1Q2 Jrkfll% +kq1Q4
T12 713 714

=U;

7205205 (107°)?  20%10% (107°)> 20540 % (107°)?

=1.44%10"%J
8% 102 15102 5% 102 *

This is not the total electric potential energy—what about the enrgy stored between ¢, and g47
We need now to add all the combinations:

Uiotal = U2 + Uiz + U1g + Uz + Uy + Usy

We don’t need to add Us; to this, because there is one value for the electric potential energy
stored between g; and ga—interchanging the order of the indices on U doesn’t produce extra energy.
So one way to solve for the total electric potential energy is to sum U,; over all combinations of
charges 7 and j, and then multiply by % because we’re overcounting by a factor of 2 by summing
over all potentials where ij is just interchanged. This is in fact just what we’ve done above. So
remember the useful formula:

1 1 qiq;
an:, Ui'zf kij

So ro3 = 0.04, 94 = 0.05, and r34 = 0.03 meter; thus

4342 +kQ2Q4 +kQ3Q4
732 T24 T34

Upotar = 1.44 %1074 T + k

—20%10% (1079)2  —20%40* (107%)2  40% 10 (1072)?
4 %102 5% 102 3% 102

=1.44 % 107*J + 8.99 % 10°( )

=1.44%10"*J - 6.89%x107° = 7.51 % 107°>J

Now if T let go of g4, in which direction will it move? We only have one negative charge and
it’s along the y axis, and a positive charge along the y axis that is of the same magnitude and the
same distance from the origin, in the other direction. So without doing any calculations we can
state that the y components from these two charges cancel, and therefore g4 will move solely along
the x axis—away from the other charges.

The charge ¢4 will move along the x axis forever; but what will its speed be after an infinite
period of time? The key is to use conservation of energy here. When ¢4 is extremely far away from
the other charges, it has no potential energy, since our convention is that the electric potential is
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0 at » = oo. Its energy is solely kinetic, then. So over this period, electric potential energy is
converted into kinetic energy. We can say this in another way: the change in energy of ¢4 is zero.
Thus

AE=0=AU+AK =U; —U; + K; — K, = U, + K;

:*U¢+Kf:0¢Ui:Kf
The initial electric potential energy is

(Q1Q4 + 4294 + QSQ4) —192%10~4J

T14 24 T34

1 [2%1.2%10~4
:>7m1)2:Kf=1.2*10_4:v: srlex V0
2 m

in meters per second. Where m is the mass of q,.

Ui=K;y=Uy=Uis +Uss +U3zs =k

I want to highlight an equation noted in this previous example. A straightforward way of
calculating the electric potential energy of a bunch of charges is via

Utotal =5 § Uij =3 § k ZHJ
2 " 2 o i

Finally, let’s discuss how to calculate the electric potential due to continuous charges.
THE ELECTRIC POTENTIAL OUTSIDE OF CONTINUOUS CHARGE DISTRIBUTIONS

The method for doing this is fundamentally the same as that we used for finding the electric field
due to continuous charge distributions. A continuous charge distribution is formed from an infinite
number of infintesimal charges, as an approximation. So we choose an arbitrary point charge dg
and use the equation for the potential of a point charge:

dq

r

Jav=v= [
r

The best way to learn how to perform such calculations is to discuss an example.

dv =k

and then the total potential is

Example 2-9
I give you a 2-D disk of radius a with a constant charge density on its surface. The y axis
perpendicular to the disk and is going through its center. The z axis is up and the x axis points

out of the page. Find the potential along the y axis due to the disk.

Answer: We start with the equation for the potential due to a continuous charge distribution:
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d
V= / K
r
Let’s start with dgq. Remember that we have to rewrite this using the charge density. The

surface charge density is

charge _ dq
area  dA

Since the disk is really a circle, we should use polar coordinates. In these coordinates, the
differential element of area is

dA = RARdO

where 6 is the angle around the disk and R is the distance of a point on the disk from the center
of the disk. Now we can substitute this into our equation for the charge density:
dq dq
o= — =
dA  RdRdo

= RodRdf = dq

Thus we see that dg is related to the differential angle df; it would therefore be incorrect to just
integrate over dq directly. We must replace dg with its function in terms of df, and only then can
we integrate. Substituting, we get

v i RodbdR
wholedisk r

Remember that r is the distance from the point at which we’re finding the potential to the
charge dq. The distance from some point on the disk to a point on the x axis is

r=+v/x2+ R2
We therefore have

v i RodfdR
wholedisk 'V x? + R?

First let’s note that when integrating over 6, everything in the integral is constant. In other
words, there is no function of 6 in the integral. We can therefore integrate over 8 right away. But
what should our limits of integration be? We need integrate over the entire disk to find the potential
of the entire disk; the angle around the whole disk is 27, and the distance from the center of all
points on the disk goes from 0 to a. Our limits of integration must then be from 0 to 27 and 0 to
a. We can integrate over 6 to get3

RodR

Nl

2m a
V= / ([ k
0 0
The integral over 6 will give 2m:

“  RodR “  RodR
V:\gﬂe/ b —op [ ke
o VR ) VTR

3We can seperate thes two integrals like this because of a mathematical theorem called Fubini’s Theorem.
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Now we have to integrate over R. We must use u-substitution: define v = 22 + R?. Then we
need to find the relationship between du and dR, because ultimately we need to integrate over du.
Remember that 22 is actually a constant in the integral; thus

d(u) = d(2* + R?) = du = 2RdR
Now we replace v = 22 + R? and du = 2RdR:

1
V:mm/ 5??
limits U

The limits must be altered, because we’'ve changed variables. However we can ignore this for
now, integrate, and then substitute the original variable back in. Now we integrate:

d
V= Uﬂ'k/ 1—1;2 = oﬂ'k/ u Y 2du
limits U limits

1/2 2 2\1/2
_ Uﬂk‘“mmL _ gﬂk‘g&
1/2 1/2

= 20mk[(2® + a®)V/? — 1]

Let’s think about our answer. What would happen if the radius of the disk shrunk to 0?7 Then
there would be no disk! If there were no disk, there would be no charges and therefore no electric
potential. The disk radius shrinking to 0 corresponds to a = 0. What does our answer yield in this
case? We get

V =20mk[zr —2] =0

So far, so good. Now, z is the distnace along the x axis from the center of the disk. What
should the potential be if we moved along the x axis to infinity? But remember our convention that
the potential at infinity is 0. Thus V(z — co) = 0; our equation yields

V(z — o00) = lim 207k[(z? + a®)Y/? — 1]

T—00

T—00

2
= 20wk lim [z(1 4+ %)1/2 — 1]
x

=0

The function (1 + 2—2)1/2 will approach 1 as ¢ — oco. Thus z(1 + 2—2)1/2 — « should approach 0
as x — oo. This is ’hand-waving’, but we can be more precise by graphing V:

37



0.0006

0.0005

0.0004

> 0.0003

0.0002

0.0001

0.0000

I | I I | I I | I I | I I
0 2000 4000 6000 8000 10000

Here I've set 20mk = 1 and a = 1 for technical simplicity (mathematica doesn’t want to plot
functions with undetermined constants). But we can see that this will go to zero as r — oo, for all
finite values of @ and 2o7k.

Now what if we wanted to find the electric field along the x axis near this disk? We we can use
the relation

av

E=——
dr

Finding the electric field everwhere is beyond the scope of this course; so we can just find the
derivative of the electric field along only the x axis:

av 1
E = = —27mk[§(x2 +a?®) V220 — 1] = noklz(2® + a?)7V/? = 1]
x

Check this answer by finding the electric field by integrating the equation
over the whole disk.

Before we continue, I'd like to discuss an important property of certain electric fields.
CONSERVATIVE AND NONCONSERVATIVE ELECTRIC FIELDS

The potential we have defined is a function: it assigns a number to every point in space. If there

were two potentials associated with a single point in space, there would be no unique potential and
no potential function (using the precise definition). Of course, the potential is only defined up to
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an arbitrary constant. But once we define what that constant is, then we have a definite function
that assigns one potential value to every point in space.
Now remember that relationship between the electric field and the potential:

AVz—/F~£

What happens if we use this to find the change in potential between the same point—in other
words, integrate the electric field over some trajectory that begins at one point (say, point a) and
ends at the same point? Well the change in potential must be zero in this case. We have

AV:Va—Va:—j{E-ﬁzo

where the circle on the integral means that it is over a closed trajectory (i.e., one that begins
and ends at the same point). So therefore the electric fields we’ve been discussing so far have the
property that

fﬁm:o

for any closed trajectory. Another way of saying this is that this kind of electric field is con-
servative. 1 say ’this kind’ because not all electric fields are conservative; we will come across
nonconservative fields when discussing Faraday’s law.

A conservative electric field, by the way, indicates a conservative electric force. The work done
by electric fields around a closed loop must be zero, since

fﬁ-%:o:o:f@*.%:fﬁﬁzwmk

Furthermore, a conservative field is necessarily one which is path-independent. This means that
the difference in potential between two points,

AV:_/ﬁ.dz

does not depend on the path over which we integrate [ E - ds.
I can’t help but mention that this is true of any vector field that can be written as the gradient
of a function, where the gradient of a function V' is defined to be
gradV = A%

where

d d d
o i dd
<dgc’dy’dz>

in rectangular coordinates. The electric field we have been discussing so far is in general defined
to be
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E=-VV

This automatically implies that E is a conservative vector field. One way to show this is via
Stoke’s Theorem, which states that

fz.z:/ (V x A)-d

So if there were a vector field A such that V x A = 0, then it must be true that f A.ds=0.
In other words, the field must be conservative. In our case, we're writing our field as the gradient
of a function, but it is true that for any function V,

¥V xVV=0

So therefore
ﬁx(—§)=0:>ﬁXE2:O:>%F>-%

and the electric field is necessarily conservative. However this is not true in general. It is only
true for special cases.

Section IT-4: Gauss’ Law

We now have two ways of calculating the electric field due to charges: by integrating k% over
all the charges, and by integrating k% to find the electric potential and then using the relationship
FE = f‘%{. I want to discuss another very important and often easy way of calculating the electric
field. This method is based on a mathematical theorem—the Divergence Theorem—that is also often
called Gauss’ Law. A thorough discussion of the divergence theorem won’t conern us here; we will
just focus on its application to electricity. *

Let’s go back to the concept of electric field lines. The more charges are in an area, the greater
number of electric field lines that are emitted. Thus the number of electric field lines is related
to the magnitude of charge. But how do we quantify the number of electric field lines? We could
ask an analogous question: how can we quantify the amount of water passing through a net in a
pool? We would do this by multiplying the differntial element of area at a point on the net by the
amount of water passing through that differential element of area, and then summing over all of
these terms. If dA is the differential element of area, and W is the amount of water passing through
dA, then the flux of water passing through the total net area is

Flux = /WdA

The ’flux’, then, is the total amount of water passing through the net. But what about the
direction of the flow of water? What if the water is flowing parallel to the net? If this were the
case, there would be no water flowing through the net, and so no flux. We can use our dot product

4The divergnce theorem states: f V. Adv = f A - ds. Here dVmeans a differential element of

volume sur face
volume. The surface integral is over a completely closed surface, and the volume integral is over the entire volume

enclosed by that surface. This was first published by Carl Gauss.
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trick, and take the dot product of the amount of water W and the differential element dA. The
vector W is in the direction of the water, and therefore we need dA to be perpendicular to the
suface of the net. Thus when W is perpendicular to the surface of the net, it will be parallel to
dA and the dot product will be just WdA. And when W is parallel to the net—i.e., when it is
perpendicular to dA-the dot product will be 0. Thus a more general definition is

Fluxz/v_v‘.ﬂ

Now let’s construct a similar equation by analogy for electricity. Instead of a flux of water, we
need to write down an equation for the flux of electric field lines. So instead of talking about the
magnitude and direction of water passing through a tiny bit of area, we need to talk about the
magnitude and direction of the electric field passing through a tiny bit of area. Thus the electric
flux is

electricflux = E - dA=a
area

The symbol @ is widely used for flux. So now we have half of Gauss’ Law. The other half is
not so easy to follow—it comes from a mathematical theorm, as I’ve mentioned. But Gauss asserted
that the electric flux through any closed surface is proportional to the amount of charge enclosed
by the surface. A way to picture this is to think of a light bulb in a box with transparent sides.
The total flux of light through the sides of the box is proportional to the brightness of the bulb.
The shape of the box is irrelevant; if I replaced the box with a large transparent sphere, the total
amount of light passing through the sphere would be the same, right? How could it be different?
Gauss’ Law operates in the same way. Imprecisely, Gauss’ Law states:

Q):c*qe:jfﬁoﬂ

where ¢ is some proportionality constant, and the integral symbol with the circle means that
the integral is over an entire surface that (1) is completely closed and (2) contains a total charge g..
The vector dA is perpendicular to the surface, and its magnitude is just dA. Notice that I didn’t
say ’the’ entire surface; I said ’an’ entire surface. Just like the light bulb contained in a transparent
surface, I can choose from an infinite number of surfaces. If I put the light bulb in a closed surface
that’s in the shape of a velociraptor, will the total flux change? Of course not—unless the raptor
has been shot, in which case it’s no longer a closed surface and therefore doesn’t count.

This equation is of little practical use, however, unless we can determine what this constant is.
Well let’s compare this to the equation for the electric field outside of a point charge ¢. It is

E =k

9y
r2

which we get from the definition of T and the equation for T that is experimentally determined.
Let’s try to derive this from Gauss’ Law. We need to choose a surface, though. We will have to
evaluate the integral ¢ T - dA over the entire surface, so we should try to ensure that the surface
we choose has two properties:

1. The vector E is perpendicular to the surface; then, E -dA = EdA because E is parallel to
dA. This makes integration much easier.
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2. This is the most important part. The electric field T should be constant on the entire
surface that encloses the charge ¢. If its constant, we can pull it out of the integral like so:
55 E-dA = ﬁf dA. Tf we can’t do this, we must integrate over ﬁ, which we don’t know. How
can we evaluate this integral? We can’t—and so Gauss’ Law, while still valid, is pretty useless.
If #1 is also true, we can easily evaluate the dot product to get E - $ dA=F $dA=EA.

Thus if the above two conditions are met, then we can immediately say ¢ E -dA = EA. Thus,
according to Gauss’ Law,

fﬁwﬁ:c*qe:EA

where A is the area of the surface which encloses the charge g. Thus solving for E becomes
quite simple, if we know A.

A Very Important Point About Gauss’ Law.

Notice that only the charges enclosed by the surface contribute to the flux. Any charge outside
the surface contributes percisely nothing to the total flux through the surface. But think about
this: say there were a point charge outside of a surface, and no charges inside of it; what would
the electric field on this surface be? From our previous discussion of the electric field of a point
charge, we know that there should be a nonzero electric field on this surface. However, Gauss’ Law
tells us that the flux through this surface would be zero. How can this be, if there are electric field
lines passing through the surface? This can only be, of course, if all the fluxes across the surface
cancel for all charges outside the surface. This is not intuitive—at least it wasn’t for me when I first
learned Gauss’ Law.

So remember this key fact:

Charges outside of a closed surface contribute nothing to the total electric flux through the sur-
face.

Now, back to our regularly scheduled programming.

So what type of surface should we choose? Well we know that the electric field lines radiate
directly outward from positive charges (let’s take ¢ > 0), and the magnitude of the electric field
depends only on the distance from the charge. Thus we need a surface that is the same distance
away from a point. Also, we need a surface where the electric field vectors are perpendicular to it.
Can you guess which surface we should choose? A hollow sphere! Ok so,

}{Ewm:c*qe:/ EdA:E/ dA
sphere sphere

= EAsphere = Anr?E
since the surface area of a hollow (or filled) sphere is 47r2. The enclosed charge q. is ¢. Thus,

cqr

c* Qe = 41’ E = E = gy

So now,
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q . cqr
2 A
r2 47r?

E=kK

c

k= —
= 47

This must be the constant ¢ such that Gauss’ Law is consistent with our previous equations for
the electric field. It is customary to define a new constant ¢y such that

1
 dwe
Thus
1 c N 1
= —_— C = —
dmeg 4w €0

This is the customary way of writing Gauss’ Law (this is in SI units; there are many different
types of units):

7{@.@:%

€0

Remember: ¢, is the total enclosed charge by a closed surface, and the integral is over this
enclosed surface. This surface, by the way, is often called the Gaussian surface.

You might ask why the heck we’d want to define yet a new constant. Well it is useful because
Gauss’ Law must be altered when being used to find the electric field in materials; in particular,
different materials have different constants in place of €.

So we have Gauss’ Law. Let’s apply this to problems, to better understand it.

Example 2-10: Electric field outside of a charges sphere

What is the electric field outside of a sphere containing a charge ¢ that is homogenously (evenly)
distributed inside of it?

Answer: First, we must determine what Gaussian surface to use. We can in principle use any
surface, so long as its closed. But not every surface is useful, for the reasons discussed above. Since
we have a sphere with a charge evenly distributed in it, we have symmetry. If we take the sphere
and rotate it about its center, should the electric field around it change? It would not make sense
for it to do so, because the sphere looks exactly the same from all directions. In fact, if you didn’t
see me rotate the sphere, you wouldn’t be able to determine if I had done so. Thus, the electric field
around the sphere should only have a radial dependence—it should not change if the distance from
the center of the sphere does not change. Furthermore, the direction of the electric field should be
radial-it should point directly outward from the sphere.

We therefore need a Gaussian surface such that this kind of electric field is constant on the
surface, and such that the electric field is perpendicular to the surface. How about a surface where
each point is the same distance away from the center of the sphere? This would work perfectly. So
we should choose our gaussian surface to be a hollow sphere. Since the hollow sphere satisfies the
two conditions listed above, we can write
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fﬁ-ﬂzzi:EA

0

A is the surface area of the Gaussian surface—in this case, a hollow sphere. The surface area is
A = 4772, and thus

q—e=4ﬂ'r2E:>E: g

€0 4dmegr?

is the magnitude of the electric field outside of the charged sphere. Since the Gaussian surface
encloses the entire charged sphere, the total enclosed charge, q., is ¢. We have already asserted
that the electric field lines radiate directly outward, so the electric field is

qr
4dregr?

This is the same electric field outside of a point charge! Gauss’ Law tells us that the electric
field outside of a sphere with a charge evenly distributed in it, is the same as that of a point charge.

Example 2-11: Electric field inside of an evenly charged sphere
Now find the electric field inside a sphere with an evenly distributed charge @, and a radius R.

From the same symmetry arguments we used above, we can conclude again that the best Gaus-
sian surface (in fact, the only good one to use) is a hollow sphere. Thus, as before,

fﬁ.m:%:m

€0

But we must be careful here—q. is the total charge enclosed by the surface. But the surface is no
longer enclosing the entire charge @Q); it is only enclosing part of it. But how much is it enclosing?
To asnwer this question we use the same concept that saved us before: charge density.

The volumetric charge density is ggl‘j;iee This is not necessarily constant, but in our problem
we’ve assumed that the charge is distributed evenly, and so here the density is in fact constant.

Usually the greek letter p is used to denote volumetric charge density:

charge Q

volume %ﬂ'R?’

where the volume of our charged sphere is %ﬂ'RB. So if we multiply the volume of the sphere by
its charge density, we get the total charge:

4
pgﬂ'RS =Q

How about we do this for the part of the charged sphere enclosed by our spherical Gaussian?
The total charge enclosed by the Gaussian is, then,

PSTT = (e

3

; Q .
But we can now replace p with T
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4 4 Q 4 4 Qr
pgﬂ'?" =(Ge = = -

We can now substitute this into Gauss’ Law:

3
% Qr
= =FA=
€0 €0R3

Remember that A is the surface area of the Gaussian; here our Gaussian is a hollow sphere, and
its surface area is, like before, 47r2. Thus
Qr37 Qrt

3
@ 4B E = =

FA=
e R3 dmegr?R3  4AmwegR3

Again, we've already presumed that the direction of the electric field is radially outward from
the center of the charged sphere, so we ca just stick a 7 on the magnitude and be done with it.

We therefore have our answer. So now let’s put them together; what does the electric field look
like inside and outside an evenly charged sphere? Here I've (qualitatively) graphed the solutions
for you:
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| |
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Electric Field (setting 1

0.0 0.5 1.0 1.5 2.0
radius (setting R=1)

The red part of the graph represents the electric field inside the charged sphere, whereas the blue
part represents the electric field outside. I've set some arbitrary constants to 1 purely for simplicity;
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they can take an infinite number of arbitrary values, and if so the plot would look qualitatively the
same.
I want to point out that it is only because p is constant that we can write p%ﬂR?’ =Q. Ifp
were not constant, we would need to define p at particular points in the sphere:
dq
P=av

were dV is a differential element of volume (NOT potential). Therefore, the total charge in an

object is
[da=q= [ pav

If p were constant, we could take it out of the integral:

Q:/pdV:p/dV:pV

which is precisely the result we wrote down before.
Example 2-12: Electric field outside of a cylinder
What is the electric field outside of a cylinder with an evenly distributed charge Q7

Answer: The very first step is to choose a Gaussian surface that satisfies our two conditions. A
cylinder, like a sphere, has a symmetry: if I rotate the cylinder around the axis that goes through
its center, the electric field around it should not change. Thus the electric field should be entirely
radial, with the exception that this is not true near the edges of the cylinder. The edges of a
cylinder destroy the symmetry, and so if we are to use Gauss’ Law we must only find the electric
field near the center of the cylinder.

So our Gaussian surface is therefore a hollow cylinder. The length of the Gaussian, let’ say, is [.
What is the charge enclosed by the Gaussian? We need the lineral charge density A, A = % Thus
the enclosed charge is

qe = M

Thus

fﬁ CdA = g _ EAcaoussian = E * 2mwrl

€o

e Al
= E«x271rl = de _ 2
€0 €0

A7 AT

- onrley  27reg

Note that the answer here doesn’t depend on the length [ of the Gaussian. This is good, because
[ is totally arbitrary and thus should cancel.
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A FEw WoORDS ABoUuT CONDUCTORS AND INSULATORS

We have not discussed properties of materials up to now. We have found the electric field inside
a charged sphere—but of what material is the sphere made? Are electric fields affected by materials?
The answer is yes—but this subject is far too complex and deep to discuss it in its entirely. The
electric field in the sphere that we found, by the way, is not quite correct; the field is altered by the
presence of the material, a fact we completely ignored. I thus just want to talk about two categories
of materials: conductors and insulators. You probably already know the distinction between these
two materials, so let’s dive right in.

A conductor is a material that has an abundance of relatively free electrons. By ’relatively free’,
I mean that they can, with little resistance, move around the conductor. Electrons have a very
tiny mass, so they tend to move rather quickly. Say there is a conductor that overall is electrically
neutral. If there is an electric field inside this conductor due to a buildup of charges inside it, then
the electrons will rapidly move to around the conductor until they ’neutralize’ the charge. This
will make the electric field vanish. If I then throw excess electrons on the conductor, they will very
quickly move away from each other and eventually occupy positions that maximize the distance
between them. Therefore charge on a conductor will exist on its surface; and the electric field inside
a conductor is zero. An insulator, as you might guess, is a material with the opposite property:
electrons are ’stuck’ in place and cannot move freely throughout the material. So remember the
two basic properties of conductors:

1. The electric field inside a conductor is zero, and, equivalently, there is no buildup of charges
inside it.

2. If a conductor has an overall charge, all charges are spread out on the surface of the conductor.

We will not discuss these properties too frequently or thoroughly, but they are integral to more
advanced studies of EM.

Let’s apply this to a simple problem—finding the electric field outside of the surface of a conduc-
tor.

Example 2-13: Electric field outside of a conductor’s surface

There shouldn’t be a build-up of charges on a particular part of the surface. So if we zoom in
on a very small part of the surface, it would look flat. If this seems like an odd statement, think
of our experience on the Earth. The Earth is spherical, but since we inhabit only a tiny portion of
the surface of the Earth, we see it as flat.

So the electric field on a tiny flat portion should be perpendicular to the surface, because all
parallel components should cancel. This is very 'hand-waving’ and not very scientific, but a full
explanation is byond the scope of this course.

Anyway, we should choose a Gaussian where the electric field is constant on, and perpendicular
to, the surface. Our surface is a cylinder that we stick over the surface of the conductor. Since
there is no electric field inside a conductor, the bottom of the conductor has no flux through it,
nor do the rounded sides because the electric field is perpendicular to the surface (and therefore
parallel to the sides). So we can write

j{ﬁ.m:%:m

€0
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In general, A is the surface of the Gaussian—but in this case F only flows through the top of the
cylinder, and therefore A is really just the area of the top of the cylinder. The area is

A=nmr?

though we won’t need this. What is the enclosed charge? If we multiple the surface area by the
area, we will get the charge over the area. If the surface charge is o, then

ge = 0A
Hence,
pA= e _ o4
€0 )
—p=2
€0

This is a rather famous equation, and it gives the electric field just outside of a conductor.
What is the material is not a conductor—in other words, if there is an electric field inside it? Then
there would be an electric field passing through the top and bottom portions of the cylinder. Our
equations are the same, except that the area of the Gaussian is 2A:

o

oap=4 .o
€0 260

This is the electric field outside of a nonconductor. (CHECK)
Let’s take another example.

Ezample 2-14: Electric field inside and outside of an insulator surrounded by a conductor (sim-

ilar to Ch.19, #65, pg. 641 in Serway and Jewett, Ed. /)

Say we have an insulating sphere of radius a, surrounded by a conducting spherical shell of
inner radius b and outer radius c. There is a charge @ on the inner sphere, and no charge on the
conductor. Find the electric field everywhere.

Answer: There can be an electric field inside an insulator, and so we use the same Gauss’ Law
method to find it as before. Again, we ignore the effects of the material on the electric field. For
sake of time and space I won’t repeat it here. The answer we got before was

o Qrr
T dmwegR3

What is the electric field inbetween the inner and out spheres? Again we have the same answer
as before, which was

Qr

4dmregr?

Since the outer spherical shell is a conductor, we know that the electric field inside of it is zero.
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What about the electric field outside of the conducting shell? The total enclosed charge is the
same, and we still need a spherical Gaussian surface, so the electric field is

_Qr

4Amregr?

the same as the electric field inbetween the two materials.

Section II-5: Application: Capacitors

In this last section of part II, we discuss a particular application of all the physics we’ve been
learning. The ability to hold charge and then release it is an important property that is required
in certain devices. For example, defibrillators require a rapid release of charge to have the desired
effects. This ability to hold charge is called capacitance.

More precisely, capacitance is defined as the amount of charge that can be held or stored per
volt:

Q

AV

Capacitance is always (for our purposes) positive; thus is we ever get a negative change in
potential, we will just take the absolute value. What is the unit for capacitance? Well the unit of
charge is the Coloumb, and that of potential is the Volt; so the unit of capacitance, which is the
Farad (F), is

1P
1V
A Farad is a very large unit of measurement. Many of the run of the mill capacitors are measured
in 1073 Farads.

Now, charge cannot be stored in one space-if positive and negative charges are not physically
seperated, they will move together and neutralize. Thus to actually build a capacitor we need to
seperate the charges on two different conductors. Thus @ is the amount of charge stored on one
of the conductors and AV is the potential difference between the conductors. There are many
different types of capacitors, including chemically based ones that don’t consist of two seperated
conductors. However this is meant only to be an introduction to capacitance, and we won’t concern
ourselves with that here. Let’s start with the simplest capacitor—the parallel plate capacitor.

PARALLEL PLATE CAPACITORS

A Parallel plate capacitor is just what it sounds: two parallel, conducting plates that are
seperated by a distance that we’ll call d. Let’s calculate the capacitance of this capacitor. Let’s
place an arbitrary charge @ on each place—though one place has a +@Q and the other one has a —(Q.
Therefore there is an electric field between the plates, that is directed from the '+’ plate to the ’-’
plate. Let’s take the area of each of the plates to be A. What is the magnitude of the electric field
between the plates? Well these plates are conductors, and we’ve already found the electric field
outside of a conductor; it is

E =

o
€0

where o is the surface charge density of each plate. Ultimately, we need to find an equation for
AV. But we know that potential is related to the electric field; recall the equation

49



AV:—/E*.CTS’

where AV is the difference in electric potential between two points, and where the integral is
between those two points. So what is the electric potential difference between the two plates. Well
ds is a differential element of length along the integration trajectory. The electric field inbetween
the two plates does not really flow from one plate to another in straight lines, but if we stay away
from the edges of the plates this is 5 2 good approximation. So if we integrate from fr(gn the '+’ plate
to the -’ plate in a straight line, ds will be in the same direction as E'; hence E - ds = Eds. Also,
we will approximate the magnitude of the electric field as that outside of a conductor, £ = =. We
can now substitute these into the potential equation, and take the absolute value of AV:
AV:/Eds: Tgs= 2 [ a5 =22
€0 €0 €0
The surface charge density is not a variable over the integral, and of course ¢; is a constant. So
we can take them out of the integral, as I’ve done. Now, the surface charge density is

S
A
Substituting this into our AV,
Qd
AV = —
AEO

Now we can substitute this into our capacitance equation:

Q  Ae
C = —_— = —
d
1‘4260 d

This is the capacitance of a parallel plate capacitor. It is a famous result, and a rather simple
one. If we increase the area A of the plates, the capacitance increases. The opposite relation holds
for the distance d between the plates.

Notice that the capacitance is a geometrical property; it depends on the area of the plates and
the distance between then. It does not depend upon the charge on the plates, or the potential
between them (the capacitance is the ratio of the two, it’s not related to the actual values of these).
This in general is true. We will see that the capacitance of all the capacitors we will study are based
on the capacitors’ geometry. There are capacitors that depend on things like voltage and current,
but that is for more advanced courses.

We can continue to perform the same calculations for different capacitor shapes. Let us turn to
a cylindrical capacitor now.

CYLINDRICAL CAPACITORS

Say we have a capacitor that consists of two concentric cylinders. The inner cylinder has a radius
of a and an arbitrary charge +(@), and the outer one has a radius b and am arbitrary charge —@Q.
What is the capacitance of this capacitor? We use the same basic method as before, by calculating
the electric field and from this use the difference in potential between the charges. We have already
found the electric field outside of a charged cylinder (using Gauss’ Law); it is
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27reg

where, remember, A is the linear charge density. We now find the difference in potential using

|AV|:/E)~Z§

AT —
= / . ds
limits 2mreg

LNe now integrate radially, from the inner cylinder to the outer one. Thus dr = ds and 7 - ds =
7 -dr = dr. What are the limits of integration? They are from r = a to r = b. We have

PY. b At A A b
-ds = -ds = “dr=—""Inr=-—"1n-
/h-mits 27reg § /a 27reg y 27reo/a r 27T60|a nr 2meg n
But since A = ¢

7, we can substitute this in and we will see that the @ in the definition of
capacitance will cancel with this one. Here, L is the length of our Gaussian that enclosed a charge
Q. Remember that we must stay away from the edges of the cylinders, because the assumptions
we need to make to use Gauss’ Law break down there. Subtituting, we have

Q b

In -
2w Leg na

[AV] =

Finally, we substitute this into our definition of capacitance:

Q 27’1’L60
b b
a a

C=—7

27 Leg In

In

So once again, we see that capacitance is a geometrical property. The larger the ratio of g, the
smaller the capacitance; the longer the capacitor, the larger the capacitance (Again, we’re ignoring
the capacitance of the edges of the cylinders.).

Let’s now discuss how to place multiple capacitors in circuits.

MuLTIPLE CAPACITORS IN CIRCUITS

You already know what a circuit is, I'm sure. We haven’t begun discussing circuits, but for now
we will use this word to mean components that are connected by wires. For example, we could have
a battery, which produces a voltage difference across it, connected to several capacitors. There are
two distinct ways of adding capacitors—in and in parallel and series. We begin with parallel.

Parallel Capacitors

Circuit elements connected in parallel are those that have the same potential across them. For
example, two capacitors C7 and Cs can be connected in parallel like so:

o1



AV

Ignore the fact that C is darker than Cs; this is due to a lack of open office drawing skills on my
part. Anyway, note the symbols here. A capacitor is denoted by two parallel lines, and a battery
(in other words, a voltage source), is represented by two parallel lines of different lengths—the longer
line is the higher voltage side of the battery, as you can see in the drawing.

These two capacitors are parallel because the voltage difference between them is the same, AV.
This is because there is no voltage drop along the wires connecting the capacitors. A circuit element
that can reduce a voltage along a wire is called a resistor; we will discuss resistors soon. For now,
it is not terribly relevant.

The capacitor C; has a charge Q1 on it, and Cs has a charge Q)2 on it. What if we wanted
to replace these two capacitors with a single capacitor that had the equivalent capacitance? Then
we’d have to learn how to add capacitors in parallel. To begin, let’s write down the capacitance of
these two:

_
NG
_ @
AN

Replacing the capacitors with an equivalent capacitor would make the circuit look like
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The key to continuing from this point is to realize that if we replace the two capacitors by a
single capacitor, the charge on it will be the sum of the charges on C; and C5. If the charge on the
equivalent capacitance is ), then

Q=0Q1+Q2
The capacitance of the equivalent capacitor is
Q@ 1 +Q2
C=Av= Ay “OTe

Thus, when two capacitors C; and Cs are in parallel, they add directly:

C=C1+0C,
We can easily generalize this to any number of capacitors connected in series:

C=C1+0Cy+C35+ ...

Series Capacitors
The other way to add capacitors is by adding capacitors in series. Circuit elements are in series

if the same charge is going through them. Circuit elements in series are connected by the same
wire; for example, two capacitors connected in series looks like
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So C and Cs have the same charge across them, but the voltages across them are not generally

the same. The voltages across C; and Cy are AV; and AV, respectively; and the charges on C
and Chare 1 and )2, respectively. So

Q1=02=@Q
The voltage across both capacitors is AV, and therefore

AV = AV + AV,

Now let’s write the defintion of capacitance for each capacitor:

@ Q . Q
Cy = 1—— 1:>AV1—01
J— 2_ j—
Cy = ;2_ ;2:>AV2_—C;2

Now we substitute both of these equations into our equation for AV:

AV = AV + AV,

e e 1 1
S AV=a 1 ~ Q%6 T
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If we replaced the two capacitors with on equavalent capacitor of capacitance C, then

_Q _9
C_AV:>AV_C

These two equations are equal; setting them equal, we get

1 1. Q

AV = 4 )=
1, 1_1
c, G, C

This is how two capacitors add when in series.
We can extend this to any number of capacitors in series:

Section II-6: Current, Resistance, and Circuits

Let’s continue our examples of applications of what we’ve been learning by discussing circuits
more generally.

You have heard of current, I’'m sure. Current is the flow of electric charge over time; the
definition is

_d

I=
dt

I is commonly used for current. The unit of current we will use is the Ampere, abbreviated A.

Current doesn’t flow equally well in all materials. We've already discussed that there are some
materials in which electrons flow quite freely (known as conductors), and others in which electrons’s
flow is severely restricted (known as insulators). We can quantify this by introducing the concept
of resistance, which is just what it sounds like: the resistance of a material to the flow of electrons.
Electrons, or any other charges, will flow when there potential differences between points in the
material; remember that the change in potential over distance is the electric field (or the negative of
it). The greater the change in potential, the greater the current. There is a law that the relationship
between these two variables is linear; this is called Ohm’s Law:

V=IR
where [ is the current, R is the resistance, and V is the potential difference across the part of
the circuit in which the current I exists. The unit of resistace we will use is the Ohm, which is
abbreviated by the greek letter 2.
How would we go about adding resistors in a circuit? Let’s start with resistors in series.

Series Resistors

Two resistors in series look like
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Let’s use Ohm’s Law to figure out how to add these two resistors, so that we could replace them
with a single equivalent resistance. First of all, the current going through the resistors is the same,
while the voltage differences across them are different-let’s call them V; and V5. Using Ohm’s Law,
we get

Vi=1IR,

Vo =1IR;
If we add the voltage differences across both resistors, we get the battery voltage V:
V=Vi+1

If we replaced the two resistors with a single equivalent resistance R, we could apply Ohm’s
Law:

V=IR
Now, let’s replace Vi and V5 using Ohm’s Law:
V=Vi+Vo=1IR)+ IRy =1(R; + R2)
But of course, V also is
V=IR=I(Ri+Ry)=R=R;1+ Ry

So when in series, resistors add directly. We can generalize this to any number of resistors in
parallel:

R=Ri+Ry+ R3z+ ..

Let’s discuss resistors in parallel now.
Parallel Resistors

Two resistors in parallel look like
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Two parallel resistors like these have the same voltage differences across them—specifically, V.
However, the current through each resistor is in general different. Applying Ohm’s Law, we get

v
V=hRi=—-—=1
v =5 1

V
V=DLRy= — =1
242 R2 2

I we replace these two resistors with a single equivalent resistance, we can apply Ohm’s Law:
v
V=IR= =-=1
R

where [ is the current through the battery V. What is the relationship between I and Iy, I5?
Well if we replace the two resistors with a single resistance R, then the current through R must be
Il + .[2. So

I=5L+1

Then, we can substitute our previous equations into this:

v_v. v
R R R
Ll

R Ry R

This is the way two resistors add when in series. We can generalize this to any number of resistors:

1—1+1+1+
R Ry Ry Ry
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PowegR IN CIRCUITS

How do we apply energy considerations to resistors? It turns out that it’s rather easy. Let’s
start with the equation for the electric potential energy:

U=qV

We need to recall a concept from introductory mechanics—power. Remember that power is the
work done per time:

dw
P=""
dt

But the work done by a circuit element is equal to the potential energy it dissipates: dW =
dU = d(qV). Then we can write that
d(qV d
p_ddvV) _ da
dt dt
where V' is the potential difference across a resistor, and we presume that it remains constant.
The charge through the resistor, however, in general changes over time. Our definition of current
is I = %; hence:
P=1V

This is the power dissipated in a resistor, through which there is a current I and across which
there is a potential difference V. However by using Ohm’s Law we can rewrite this in two ways:

P=1I(IR)=1I’R

2
poyV W
R R
Each of these three equations for the power in a resistor is equally valid. You should use the
equation that is the most useful for the problem; if you have the current through the resistor and
its resistance, then use I?R; if instead you have the voltage across it and its resistance, use ‘%.
Notice that I said P is the power dissipated in a resistor. Resistors don’t add energy to circuits,
they act like brakes to the flow of current and, like brakes, remove energy from a system in the

form of heat.
KIRCHOFF’S LAwWS

What if we have a circuit for which we have a limited about of information—like the voltage
of a battery and the values of its resistors—and we want to know the current in each part of the
circuit? We clearly need to apply some physics principles, which will allow us to write down some
equations; then by solving them we will hopefully have solved for the currents and such. These
‘physics principles’ are in the form of two laws called ’Kirchoff’s Laws’. Let’s discuss them one by
one.
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1. Conservation of Charge. It is known that charge is conserved—charges can be moved
around but cannot be created nor destroyed. This, of course, applies to circuits. The point
at which several wires merge or diverge in a circuit is called a node. At each node, charge
is conserved. But current is just the movement of charge, and so at each node current is
conserved. This is the first law:

Z Linitial = Z Ifinal

2. Conservation of Energy. You already know about conservation of energy, and as you
might guess it applies to circuits. If you were an electron, you could go on the ’circuit loop
ride’—traveling around and entire loop in a circuit. If you could measure the electric potential
around the loop, what should you get? Let’s say you measured the potential at the start
and got V,, and then at the and of the ride (when you returned to the same point), you
measured and got V;,. Then what you would be asserting is that the same point can have
different potentials, which runs counter to the concept of a potential that we’ve discussed. It
also cannot be true if the electric field in question is conservative, which ours is. So we require
that the change in electric potential around an entire loop is zero:

A‘/loop =0
If T multiply the change in potential by the charge of the electron, I will get
Al]loop =0

for any charge that goes on the ’circuit loop ride’. So we can think of this as an application
of the conservation of energy.

The best way to learn these is to apply them to problems. Let’s start with this:

Ezample 2-15: Finding currents inside a circuit (Ch.21, Ex. 21.9, pg. 708 in Serway and
Jewett, Ed. 4)

We have the following circuit:
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Find all the currents in the resistor.

Answer: Before we being these problems, we must pick the directions of the currents. Of course
we don’t know the directions yet, but if we pick the wrong directions we will get negative currents—
but the magnitude of the currents will be correct. So let’s call the current that goes through the
10V battery I;, and it is going from left to right. The current in the 14V battery is I, traveling
from left to right through it. Finally the current through the 2Q resistor is I3, traveling from right
to left.

Now we need to apply the laws we’ve just learned methodically, which will give us equations we
can solve. First let’s apply the conservation of charge. Let’s look at the node where all three wires
meet to the right of the 6€) resistor. We know that all the currents going into it must be equal to
the sum of the currents leaving it. I and I; and coming into the node, and I3 is leaving. Therefore:

L +1, =13

Now let’s apply the second law to the loops. We can apply it to any closed loop in a circuit.
Let’s start with the top loop consisting of the two batteries and the 62 and 4 resistors. Let’s call
this loop 1. We’ll begin at a point inbetween the 10V battery and the 62 battery, as we’ll sum
in a counterclockwise direction. The current I; is going through the 6€2 resistor from left to right,
and we are summing in this direction. Now resistors resist the flow of current and dissipate energy,
so there should be a voltage drop in this direction—in other words, the voltage (or potential-same
thing) to the left of the resistor should be greater than the voltage to the right. So as we travel
through this resistor, the voltage difference we write down must be negative:

—61;
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Then, we travel through the 14V battery. Remember that the short side is the negative terminal,
and so we're traveling from the negative to the positive terminal and therefore experiencing an
increase in potential. So we write this as a positive change in potential.

We then travel through the 4 resistor. I, is traveling upwards through this resistor, and yet
we are 'traveling’ downwards. Thus the change in potential should be positive:

41,

Finally, we ’travel’ through the 10V battery, going from the negative to positive terminals. This
change in potential is positive. So, summing over the entire loop,

0=—-6I; +4I>+14+10

0=—6I; +4I5+ 24
We must do the same thing for the bottom loop. We get
0=-2I3+10—-61

Now we have three equations and three unknowns, so we should be able to solve for all the
currents. Solving, we get

I, =24
Iy = —3A
Iy=—1A

You should be able to solve those three equations to get these currents.

Now let’s turn to the physics of charging capacitors.

CHARGING CAPACITORS

You know that capacitors hold charge. But how do we quantify this charge? How can we predict

what charge will be held by a capacitor after a specified time? Well let’s start with a capacitor that
initially has no charge on it, connected to a battery. For instance, say we have the following circuit:
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This is referred to as an RC circuit, for the simple reason that it consists of a resistor and
capacitor in series. Let’s apply the second law. Summing over the whole circuit in a clockwise

fashion,
0=V-V.—-IR

V. is the voltage across the capacitor. The voltage across the capacitor is negative because the
left plate has a positive potential, while the right plate has a negative potential. We can use the

definition of capacitance to replace V:
q q

C:— ‘/vc:—
V. C

Since we want an equation for the charge ¢ on the capacitor as a function of time, we should

replace the current with its definition:

dgq
I1=—
dt
Now our equation is
g dq
0=V-=-—R
C dt

R, V, and C are constant, and so we should be able to solve this differential equation. Let’s do

some rearranging:

q dq
v C dtR
a _ _dq
= V+C 7
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¢ \_ _dg
Rt R T W
dq
=dt =—
%)
NP RCdq _ RCdq

(=VC+q) (VC—q)

t 9 —RCdq
= dt = —/ — 7
/tg o (VC—q)

=t—ty=—[RCIn(VC — q) — RC'In(VC)]

Finally, we integrate:

VC —q

= —RC'In( Ve )

—(t—to)/RC _ VC—q

=€ Ve

Therefore, the charge on the capacitor as a function of time is, when the capacitor is charging,
=q(t)=VC(1 - e_(t_tO)/RC)
For simplicity we can set tg = 0:
= q(t) = VO(1 — e /EC)

Let’s think about whether this equation makes any sense. What if we were to allow this capacitor
to charge forever? Well then the charge on the capacitor would be maximum, and the charge a
capacitor can hold is

q=VC
So we should expect that our equation yields this for t = co. When ¢t = oo,

e—t/RC =0

Therefore as t — oo, ¢ — VC. Good thing!
Of course, at t = 0 there should be no charge on the capacitor. So at t = 0,

e—t/RC =1

and therefore ¢(t) = 0.
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Since we’ve been so successful at finding the charge on a charging capacitor, maybe we could
find the current on it, too? Luckily, there is a simple relationship between the current and charge:

dq
==
dt
Therefore,
1 1%
It) =VC(—(— —t/RCy _ Y _—t/RC
(1) = VO(~(—qg)e /™) = e
The initial current is
Vv
=5 =1

What should the current be after an infinite period of time, when the capacitor is fully charged?
WEell if there were a flow of charge, then the capacitor would accumulate more charge. But this
cannot be, because the capacitor is fully charged. So our equation should yield no current as ¢t — oco.
We get

I(t - 00) — 0
from the equation we just derived.
DISCHARGING CAPACITORS

What is the charge held by a capacitor that is discharging” What if we charged a capacitor and
put it in series with a resistor? Our circuit would look like

R

We can apply the same method as we did for a charging capacitor, by starting with the Kirchoff’s
second law:

0=IR+V,

So we have
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_dg q
0= dtR+6

which is a bit easier to solve. We get

dt =~ pe
q

t q _dq
= dt:/ —RC = —RC(Ing — Inqo)
to w 9
where ¢q is the initial charge of the capacitor, and ¢ is the charge after some time t.

—(t—ty) = RCIn L
q0

= ¢~ (t—t0)/RC _ q
4o

= qoe™ /R = (1)

Let’s see if this makes sense. The initial charge on the capacitor we’'ve defined as qy. So when,
t =to,

q0e’ = g0 = q(to)

We also know that after the capacitor has discharged for an infinite period of time, there should be
no charge left. So as t — oo,

q— qoe” > —0

as we expect.
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PartIll: The Electromagnetic Mystery Deepens—Magnetism

Section ITI-1: Of Magnets and Monopoles, Magnetic Fields and Forces

For several millenia it has been known that there exists some phenomenon, involving forces
acting at a distance, that is distinct from the electric force. For instance, sailors for hundreds of
years have known that some materials will automatically direct themselves toward certain directions
on the Earth. The first compasses were made around the 13th century “A.D.”; and I believe the first
reference to the use of magnetic materials for navigation was in 1119 “A.D.”, in China. Eventually,
for better or (more likely) for worse, Europeans realized its usefulness and it became invaluable to
European explorers.

It has only been in the past 180 years or so, however, that magnetism has been understood
more precisely. There is an entire history to be written about this, but we don’t have time to delve
into that here. So let’s start with some of the similarities and differences between electricity and
magnetism.

Electric forces occur between individual electric charges, called monopoles—meaning that each
charge is either negative or positive. But it is a fact that no magnetic charges like this have ever been
observed. Magnetic forces occur between individual packets that contain two poles—one negative
and one positive.

These 'packets’ are called magnets. You might think that you can ’trick’ nature by just cutting
a magnet in half, but you’d be unnerved to discover that instead of having two magnetic monopoles,
you would have two new magnets! Why magnets always have two poles is not known, and many
physicists believe that magnetic monopoles do in fact exist, but have for some reason become
exceptionally rare. One leading explaination is that monopoles were common in the early universe,
but their density was then enormously depressed by a rapid and intense period of cosmic inflation,
when the universe expanded by a factor of about €% (e ~ 2.7). A period of 'reheating’ followed,
where matter densities were increased by the production of particles; monopoles, obviously, were
excluded from production. These are just hypotheses, however.

Anyway, the important thing to remember is that the smallest units between which magnetic
forces act are magnets, which contain two poles—one negative, one positive. Let’s start with some
similarities and differences between magnetism and electricity.

First, the electric field around a positive charge is
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\J

whereas the magnetic field around a magnet is

Just like electric field lines, magnetic field lines emanate from positive charges. However, since
magnetic charges are tied to negative ones in magnets, magnetic fields start from the positive pole
and wrap around to the negative pole. Let’s turn to magnetic forces now.

MAGNETIC FORCES

The force exerted on charges from magnetic fields is dependent upon the velocity of the charges.
By experiment the force on a charge ¢, that has a velocity 7', in a magnetic field B has been
determined to be

F=qvxB

This can be determined from more advanced studies on electromagnetism, but that is beyond
this course.

What is the magnetic force on a charge ¢ that is moving in the same direction as the magnetic
field; this is because in that case T would be parallel to g, and the cross product of two parallel
vectors is always zero:

F:qﬁxﬁzqm‘?

ésin(0) =0

if @ is parallel to B. And when is the magnetic force maximum? Well sin is maximum when

the angle is 7; in other words, when the vectors are perpendicular. Thus when 7" is perpendicular

to ?, the magnetic foce is maximum. In this case:

F=qv xB=q|7 ‘?(ésm(g) —q|7| ]E“é
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W%ere ¢ is a unit vector determined through the right hand rule. It is perpenicular to both @
and

So we see that the magnetic force is not as simple as the electric force. The unit of the magnetic
field is:

force = charge x speed * magneticfield

t
= Newton = Coloub * Merer .
second

1Ns

=B=——=1T
Cm

which is a Tesla, a Newton second per Coloumb meter. Or, replacing a Newton with a kg;” , we
have

kgms kg

1T = = —

Cms?2 Cs

which is an equivalent defintion of a Tesla. A Tesla is a very large unit, and often magnetic
fields are measured in Gauss, defined as

10*Gauss = 1Tesla

The magnetic field of the Earth ranges from about 0.3 Gauss to about 0.6 Gauss, depending
upon where on the Earth one measures it.

Let’s discuss an example of how to use the magnetic force. Say we have an electron of charge
q moving in the 7 direction with a velocity v, and we have a magnetic field B in the j direction.
What is the magnetic force on this electron? It is

F=qvxB
:qUTXBT
:qBv?:?

What if the electron is moving in the k direction and the magnetic field is in the j direction?
By convention, if the magnetic field is out of the page we use dots as a symbol:
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If a magnetic field is into the page, by convention we use Xs:

X X X X
X X X X
X X X X
X X X X

Let’s now look at an example.

Ezxample 3-1: Determining the initial direction of deflection (Ch.22, #1, pg. 757 in Serway and
Jewett, Fd. 4)

a. Determine the initial direction of deflection of a positively charged particle moving to the
right that enters a region where the magnetic field is into the page.

Answer: The velocity is T = vi; the magnetic field is B = —Bl. Thus

F=qvxB=—qBixk= —quB(—j) = quBj
The initial deflection is up.

b. Ditto for a negatively charged particle traveling to the left, that enters a region where the
magnetic field is up.

Answer: The velocity is @ = —wvi; the magnetic field is B = Bj. Thus
F =q¢qv x B =—quBi x j = —quB(—k) = quBk

c. Ditto for a positively charged particle traveling to the left, that enters a region where the
magnetic field is to the right.

Answer: The velocity is T = —vi; the magnetic field is B = Bi. Thus

F=qvxB=—-qBixi=0
there is no force!

d. Ditto for a positively charged particle traveling to the left, that enters a region where the
magnetic field directed up and to the left, making a 45 degree angle with the horizontal.
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Answer: The velocity is T = v7J; the magnetic field is B = B(%E + %]) Thus

A 1. 1 - vB . 4 4 4 vB
FeqvxB=qBjx(—i+—)=220Gxi+ix))=-22%
v el (\/EZ \/5]) ﬂ( i+ixd) V2

So we have an equation for the magnetic force on a charges particle. Therefore the total force
on a charged particle, from both magnetic and electric fields, is

?:q?x?—&—qﬁ

=¢vxB+E)

This is the Lorentz force.
Ezample 3-2: The Lorentz Force, part I (Ch.22, #10, pg. 757 in Serway and Jewett, Ed. 4)

Say we have a particle with a charge ¢ that is moving along the 7 direction, and there is a
magnetic field of magnitude B = 15 % 10737 and in the j direction. What electric field would one
have to apply to the charge in order to ensure that the Lorentz force vanishes.

Answer: The Lorentz force is F =0 =¢q(7 x B+ E)= — ¥ x B = E. The left hand side is
?x?:Bvisz—ka
Now,
E = vBk

This is the electric field we need to apply to ensure that the Lorentz force is zero.
MAGNETIC FORCE ON A CURRENT

We can, with some skill, apply the magnetic force on a charge to a current. A current, of course,
is just a string of moving charges. Like our previous problems, we will take an arbitrary charge in
a current and write down the magnetic force on it from a magnetic field. Let’s use the language of
calculus:

dF = dqv x B

Now, the velocity of the electrons is the speed and direction of the current. We can write this
as

»-d
dt

dl
dt -

where dl is a differential element of length in the direction of the current. Now, dq@ is dg
We can rewrite this as

dqT = %ﬂ:ﬁi
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Now, our initial equation is
dFF =1dl x B

So what if we want to find the force on all the charges due to B? Well we sum over all the
charges by integrating:

which we integrate over the whole current. The "M’ subscript denotes that it’s a magnetic force.
Another, simpler way of writing this is

ﬁﬂ:/ TxB
current

where, of course, T =1dl.

Ezample 3-3: Force on a Semi-Circular Wire (Ch.22, Example 22-4, pg. 740 in Serway and
Jewett, Ed. 4)

What is the total magnetic force, due to a magnetic field B= B}', on a semiccircular wire with
a current I that is traveling counterclockwise? The radius of the semicircle is R.

Answer: The equation we need is

Fi-[ raixB
current

Let’s do this in a piecemeal fashion. We’ll start with the straight wire. Here, dl = idz. Taking
the cross product,

dl x B =idx x B = Bdxi x j = Bdzk
This implies that

F. = / IBdzk

R
- / IBdxk = 2IBRk = F,
—R

The subscript ’s’ denotes ’straight’, as in t_l)le straight portion of the wire. The semicircular part
is trickier. Let’s say 6 is the angle between I and B. We can then use the definition of the cross
product:

T x B = IBdl(—k)sin6
Since we're dealing with a semicircle, dl = Rd#; replacing this we get

— T x B = —IBRd0ksin 6
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Then we integrate, and voila:

F=— / IBRAOk sin §
0

= —|7(~IBRkcosf) = IBRk(—1—1) = —2IBRk = F,
The ’c¢’ here denotes ’circle’. We conclude, therefore, that the total force is zero:

Fr=F.+F.=0

Ezample 3-4: Force on a Circular Wire (Ch.22, #17, pg. 740 in Serway and Jewett, Ed. 4)

What is the magnetic force on a clockwise (from non-magnet side) current that is just above
the positive pole of a magnet?

The magnetic field is bent around the wire, so at the wire its projected outward at angle 8 from
the vertical. The radius of the circular wire is R.

Answer: We can write the magnetic field as

B = B(isinf + j cos )

Now we need to find ﬂ, a differential element of length in the direction of the current. This can
be tricky business, so let’s use a symmetry argument to make this considerably easier. Let’s take
the rightmost point on the wire. What is ﬁ here? Well the current is clockwise, so dl = dik. The
little arc length dl is Rd¢. Thus, dl = Rdk at this point. So at this point, the cross product is

T x B =1Idl x B((isinf + j cosb)
= IRd¢k x B(isinf + j cos )
= IBRd(k x isin@ + k x j cos6)

= IBRd$(j sin + —i cos )
If we take the leftmost point, then dl = —Rd¢k and B(—isinf + jcos#). Then,

T x B = —IRd¢k x B(—isinf + j cos)

= —ITRBd¢(—k x isinf + k x jcos0)

= —TRBd¢(—jsinf + (—i) cos 0)
= IRBd¢(jsinf + i cos )
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We can see that the ¢ components cancel. With more work, we could do the same calculation for
many different points, and we would see that for each point on the loop there is another opposing
point that cancels the 7 component of T x B. This is not very rigorous, but we can conclude that
the only nonzero component of T x B after integration will be

T X ﬁlnonzero - IRBdQSj sin 0

Therefore,

27 27
Fu = Idl x B = / IRBd¢jsinf = IRBjsin / d¢ = 2nIRBj sin 6
0 0

current

Up to now we have not discussed how to actually calculate the magnetic field. I have mentioned
that magnetic fields are created by magnets, though I haven’t written down an equation describing
these fields.

I also haven’t mentioned that there is an intimate connection between magnetism and electricity.
This is not at all intuitive, considering the marked differences between magnetic and electric fields
that I've mentioned. In fact, I'm holding out on you a bit—the electric and magnetic fields are
actually different parts of the same field. This realization, however, did not come until several
suggestive experiments were performed.

We start with Hans Christian Orsted, a Danish physicist who, on April 21, 1820, noticed during
a lecture that he was able to deflect a compass needle by switching on and off a current. Many
years later, it was discovered how to quantify this: the Biot-Savart law. We turn to this now.

Section III-2: Calculating the Magnetic Field, Part 1: Biot-Savart Law

The Biot-Savart law tells us how a current produces a magnetic field. Say we have a current
where at each point the differential element of length along it is dl. Now we wish to find the
magnetic field at a point a distance r from the point where dl is. Obviously r is a variable and
will take a different value for each point on the current. You can guess what we’re going to do
here-we’ll write down an equation for the magnetic field produced by this little piece of current
and then integrate over the whole current. The magnetic field produced by a tiny piece of current
of length El), at a distance r from it, is

@_ﬂlmxf

4 72

where 7 is a unit vector pointing from the tiny piece of current dl to the point at which one is
finding the magnetic field. Notice of course that we have a new constant here: pg, which is called
the vacuum permeability and in SI units is 47 * 10~7. Finally we must integrate over the entire
current:

/@:/C @I@)xfzﬁ

2
urrent 4 r

As always we must apply this to problems in order to understand how to use it.

Ezample 3-4: Magnetic Field due to a Circular Wire (Ch.22, Exzample 22-6, pg. 744 in Serway
and Jewett, Ed. 4)
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Find the magnetic field along the axis that goes through the center of a circular wire with a
counterclockwise (from the top) current.

FINISH.

Ezample 3-5: Magnetic Field due to a straight lightning bolt (Ch.22, #24, pg. 759 in Serway
and Jewett, Ed. /)

We have a straight lightning bolt traveling upwards. Lightning is, of course, electric current; it
therefore produces a magnetic field. The current is I = 10*A. Lightning bolts are not straight, as
you know, but we will approximate it as such. Anyway, what is the magnetic field at a point 100
meters away? Assume the lightning bolt is infinitely long.

Answer: Let’s say the bolt is along the y axis. Therefore dl = jdy. The vector 7 points from
an arbitrary point on the bolt to the point 100 meters away. Let’s call the distance along the y
axis from this point 'y’; then, if we take the point at which we’re finding the magnetic field to be a
point 100 meters from the bolt along the x axis,

1007 + yJ
/1002 + g2

The square of the distance from the arbitrary point on the current to the point at which we're
finding the electric field, is

’F:

r? =100% + ¢

‘We have

100i+y]
?7 m[me/ \/1002 442
b

poit 47 12 ot 4T 1002 + 42

Iidy x
Ho JoY

_/ po Idyj x (100i + yy)
oo A (1002 + y2)3/2

o [ 100Idyj x i
T dr oo (1002 4 42)3/2

since j X j = 0. Finally,

B_ 100p01 /°° dy(—k)
dr J_. (1002 + y2)3/2

This is a tricky integral that requires more advanced calculus. We can just use integral tables
or mathematica to get
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1 _/OO dy
5000  J_. (1002 + y2)3/2
Thus,

_ —100uolk  —polk  —dmx 1077 % 10%k

T 47 %5000 200w 2007
—10-3k 1073 . PR

= 2% 107°kT

We could ask an interesting question at this point: what if we had two straight wires, each with
a current, next to each other? Each of them creates a magnetic field, and we know that magnetic
fields induce forces on currents. So the left current creates a magnetic field that induces a force on
the right current, and vice versa. Let’s see how to calculate these forces.

Ezample 3-6: Magnetic Force between Currents

Say we have two straight currents directed upward, I; and I, at a distance d away from one
another. What is the force on one current from the other? Take I; to the left of I.

Answer: First let’s note that due to Newton’s Third Law, the force on 1 from 2 is equal and
opposite to the force on 2 from 1. So we can just pick one and the other force we’ll know via
Newton.

Let’s find the force on I; from I5. The current I produces a magnetic field which then exerts
a force on Iy. So the magnetic field from I is

—polid~ [ d
B 9, _Holi k/ Y
T )y R+ d2)E

This comes directly from the previous example. The magnetic field is from a section of Is of
length 2L-this is why I multiplied by 2. I could just integrate from —L to L instead of from 0 to
L, but the integral would be more complex in that case. And since the current is straight and the
same all along the wire, I can just multiply by two to get twice the magnetic field.

I want to make a subtle point here. This is the magnetic field from a relatively section of a
long wire. But what happens to the current when it gets to the end of the wire? Well it’ll have
to be looped around eventually to the begining to the wire; but in doing this, we're changing the
magnetic field because this section of wire produces a more complicated field. However, we will for
the moment ignore this, and deal with it later.

The integral is

/L dy B L
o WP+d2)32 @2V rI?
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Therefore the magnetic field is

5 _ —tohid Lk —peli Lk
2 3Vd?+ L? 2r dyvd? + L?

Notice that this is into the page. We have come across another and very useful form of the
right-hand rule: if you place your thumb in the direction of the current, and the curl your four
fingers in the direction of your palm, then the direction of your four fingers is the direction of the
magnetic field. Since the current is upwards, the magnetic field curls around the current in circles,
going into the page on the right of the current and out of the page on the left of the current.

Now we can use the equation for the force on a current from a magnetic field:

Fon12 = IQEZ) X ?

current

The vector dl is di = jdy; therefore

= ~ _MOII L]%
Fonl2 B current IZdy] 8 ( 47T d V d2 + L2

)

_ ,mwh L t

_ogieh L e
o ave2+ 2 )y

_I ,u0I1 L?A, L

Holr L[y
o vtz ), W

7,[140.[1]2 L2i
27 dv/d? + L2

The force on I from I; is to the left—in other words, it’s an attractive force. Remember the
subtle point I made before—that eventually the current will have to loop around, and this will
change our equation for B. So we will have to make the approximation that the wire is really,
really long and that these trouble-making portions of the wire produce negligible magnetic fields.
So the approximation is L > d (in other words, the wires are close together compared to their
length). In that case,

L? L?
s =T
Vd>+ 12 VL2

We can make this more rigorous by graphing \/% and L:
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The red solid graph is \/1L+2T’ and the blue dashed graph is L. I've set d = 1 for technical
purposes—it’s easier to graph that function than that with an arbitrary constant. But the graph
would be qualitatively the same with any other value of the constant. You can see that the graphs
begin to coalesce as L becomes large; or more precisely, as L > 1.

Thus, when L > d,

= N0L11]2A.
Fonte = =g !

So when two wires have currents in the same direction, the forces between them are attractive;
when two wires have currents in the opposite direction (as you might guess), the forces between
them are repulsive. The magnetic field by one of these wires is, making this approximation,

— el
§ _ Mol i
2md
since
L L 1
— g
VT ViI?
when L > d.

The Biot-Savart law is one way of calculating the magnetic field from a current. Remember when
we were calculating the electric field from charges, there were two methods: a brute integration
method, where we wrote down the electric field due to a tiny bit of charge and then integrated
over all the charges; and then another method based on a mathematical theorem, and we discussed
how it was only useful if we have symmetry in the charges. The same applies to calculating the
magnetic field. The brute force method is the Biot-Savart law; the symmetry-based way is called
Ampere’s law, which we shall discuss now.

7



Section ITI-3: Calculating the Magnetic Field, Part 2: Ampere’s Law.

Ampere’s law is intimately related to a mathematical theorem called Stoke’s Theorem, whose
general form won’t concern us here®. Ampere’s law states that the line integral of the magnetic
field around a closed loop is proportional to the current passing through the loop. It states

bﬂ:fﬁ-%

where ds is a little piece of length tangent to a closed loop, and b is the proportionality constant®,
and I is the current passing through the loop. The word ’'loop’ is misleading, because the integral
just has to be a closed contour—it doesn’t have to be circular. Now let’s apply this to a problem for
which we already have the answer, so that we can determine the constant c.

Let’s recap the equation for the magnetic field around a wire. From the previous section we get

—unls
B ="Ml
2md

for the magnetic field to the right of an infinite current that is oriented upwards. Let us use
Ampere’s law to calculate the magnetic field around a wire. First, we must decide what loop to
use. Like Gauss’ Law, we need to fulfill some conditions in order to make Ampere’s law useful. If
we’re solving for ?, which we are, then we need to bring it out of the integral; if we can’t do this,
we’ll be integrating over a function we don’t know. We ran across this when we studied Gauss’
Law, and we concluded that, while still valid, Gauss’ Law is not useful unless the electric field
is constant along the entirety of the surface. Analogously, Ampere’s law is not useful unless the
magnetic field Bis constant all along the loop. And since we have a dot product, we would really
prefer if B-ds= Bds; in other words, if Bis parallel to ds. So what loop should we choose? Well
we’ve already stated that the magnetic field around a straight current wraps around it in a circular
fashion. So we should choose a circle as our loop, of radius d. This is in general, by the way, called
an Amperian Loop.

Ok so we know that B - ds = Bds, and that T is constant along the loop since it depends only
on the distance one is from the wire and the magnitude of the current. Therefore,

7{§~£:de5

What is the integral of ds around the whole loop? It is the circumference of the circle, which is

%ds =27d

Hence,
j{ﬁ-%:B?{ds:deB:b*h
Thus,
b polh _
T 2nd  2nd = b= o

5Stoke’s Theorem states that fama (_V) x B)-dA = f B-dA

6This constant depends on the units used; here I derive it simply for SI units.
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Amperes law is, in all its glory,

%?-d_)s:uol

Keep in mind the I is the current enclosed by the closed loop, and the integral is around this
loop.

What if the wire were to have a radius? Well we could apply Ampere’s law in the same way,
with the caveat that the Amperian loop must be outside the wire. What if we wanted to find the
magnetic field inside the wire? Let’s see how to do that.

MAGNETIC FIELD INSIDE A WIRE

First we must determine what Amperian loop to use. The same considerations as before apply,
so we should choose a circle inside the wire. The current outside this circle contributes nothing to
the integral f B - ds. let’s take the current of the whole wire to be I ; what is the current inside
the loop of radius r, if the radius of the wire is a? Once again let’s use our secret weapon—density.
The cross-section current density is

1

o=—=
wa?
Which we will assume is constant. Then, the current in a cross-section of radius r is

2 7'('7'2 7’2

Ienclosed = Tr°0 = 72[ = 7[
T™a a

Writing down Ampere’s law,

%? . % = MOIenclosed

r2

= Noaj—r

And now, we must integrate the magnetic field around this circle of radius r:

][?st:des:B%ds:B*Qmﬂ

Therefore,

2 2 r

T T
L I=Bx2mr=B=p—1I=pl—s =B
Hoa e Hoorar Hotora?

Which is directed around the enclosed current in a circular fashion. The unit vector in this
direction is ¢. So we can write

ro

—_
Binside = MOIW
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We can check our work by looking at what this equation gives for the magnetic field on the
surface of the wire, which should be the same as that we’d get from the equation for the magnetic
field outside the wire. In other words, at the boundary they should give the same result. So at
r=a,

I
Boutside(a) = gﬁ%
and
a__ mol

Binside(a) = ,LLOI = Boutside(a)

2ra?  2wa

They give the same result, which is good!

I talked before about how the electric field obeys the Superposition Principle-which means that
if we have several electric fields in a region of space, then the total electric field is just the sum of
the individual electric fields. The same principle applies to magnetic fields. We shall now turn to
an example of this.

Example 3-5: Magnetic Field at the Center of j straight wires

We have 4 straight wires at the corners of a square; the two left currents are going into the page,
and the two right currents are coming out of the page. The sides of the square are of length 0.2
meter. Fach of the currents is I = 5A. What is the magnetic field at the center of the square?

Answer: We will call the current at the top left I,. Then the current at the top right is I..
Directly below this is I, and the current at the bottom left is I,. Let’s find the magnetic field at
the center from the a current (top left). The distance from the center to I, is r = %\/0.22 +0.22 =

0.1v2 = 1—‘/05. Using our equation we’ve already derived for the magnetic field outside of a (very
long, straight) wire,

_ poly 4wk 1077 %5

B = -
“ V2
2nr om Y2

=7.1%107%T

It is directed tangent to a circle around I, (counterclockwise direction). We need to pick axes,
so let’s choose the diagonal line from b to d to be the y axis, the positive end directed toward d
(top right). Thus,

B—a> = _Ba.;
We now do the same thing for I,. We get

-7

_ Loty _ Ar 10775 7 1%10-5T
27r o V2
10

By

The magnitude of the magnetic fields are all the same, actually, since they are all the same
distance from the center of the square. The direction of By is down and to the right, along the line
connecting a and d. The positive x axis is along this line, toward a (top left). Hence

B, = —Byi
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B, is in the same direction:

B.=-B.i
and the direction of Fd is the same as E):
By = —Bdj
The total field, then, is
B =B+ By+B. + Bq

=7.1%107%(—2i — 27)

= —14.2%107%(1 +))
which is directly downwards.
MAGNETIC FIELD INSIDE A SOLENEID

FINISH

Section III-4: Faraday’s Law and Lenz’s Law
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