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Abstract

In earlier work, we (KI and BW) gave a two line “almost proof” (for supersymmetric RG flo
of the weakest form of the conjectured 4da-theorem, thataIR < aUV, using our result that the exa
superconformal R-symmetry of 4d SCFTs maximizesa = 3TrR3 − TrR. The proof was incomplet
because of two identified loopholes: theories with accidental symmetries, and the fact that it
a local maximum ofa. Here we discuss and extend a proposal of Kutasov (which helps clos
latter loophole) in whicha-maximization is generalized away from the endpoints of the RG fl
with Lagrange multipliers that are conjectured tobe identified with the running coupling constan
a-maximization then yields a monotonically decreasing “a-function” along the RG flow to the IR. A
we discuss, this proposal in fact suggests the strongest version of thea-theorem: that 4d RG flows ar
gradient flows of ana-function, with positive-definite metric. In the perturbative limit, the RG fl
metric thus obtained is shown to agree precisely with that found by very different computatio
Osborn and collaborators. As examples, we discuss a new class of 4d SCFTs, along with th
descriptions and IR phases, obtained from SQCD by coupling some of the flavors to added s
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1. Introduction

There is an intuition that RG flows are a one-way process, with information about th
UV modes lost as one coarse-grains. More precisely (since even an RG fixed poin
formal field theory (CFT) has UV modes going above the cutoff), the intuition is
non-trivial RG flows should always decrease the number ofmasslessdegrees of freedom
relevant deformations will lift some massless degrees of freedom, and RG flow to t
coarse-grains away these lifted modes, with no new modes becoming massless.

Let us distinguish several possibilities:

(1) One can define a quantity,c, that properly counts the massless degrees of freedom
CFT (e.g.,c > 0 for all unitarity CFTs, andc = c1 + c2 for two decoupled CFTs) suc
that the endpoints of all (unitarity) RG flows satisfycIR < cUV.

(2) A stronger claim is thatc can be extended to a monotonically decreasing “c-function”
c(g(t)) along the entire RG flow to the IR:

(1.1)ċ(g) = −βI (g)
∂c

∂gI
� 0,

with ċ = 0 iff the theory is conformal. Herė= d
dt

, with t = − logµ the RG “time”,
increasing towards the IR, anḋgI (t) = −βI (g), with gI (t) the running couplings.

(3) The strongest possibility is that RG flow is gradient flow of thec-function,

(1.2)βI (g) = GIJ (g)
∂c(g)

∂gJ
and

∂c(g)

∂gI
= GIJ (g)βJ (g)

(hereGIJ ≡ (GIJ )−1) with GIJ (g) > 0 a positive-definite metric (all eigenvalu
positive) on the space of coupling constants. Eq.(1.2)then impliesċ � 0,

(1.3)ċ(g(t)) = −βI ∂c

∂gI
= −GIJ βIβJ � 0,

with ċ = 0 iff the theory is conformal.

The possibility that RG flow is gradient flowwith positive-definite metric was propose
(and verified to 3-loop order in 4d multi-componentλφ4 theory) by Wallace and Zia[1]. In
2d, Zamolodchikov[2] defined a functionc(g), equal to the central charge of the Viraso
algebra for CFTs, which he proved satisfies(1.3)with GIJ (g) > 0 (for unitary theories)
GIJ is determined from the two-point functions〈OI (x)OJ (y)〉 of the operators thatgI and
gJ source. This proves version (2) above in 2d, and suggests the strongest version (3
dot product withβI could be eliminated from both sides of(1.3)). It was also demonstrate
[2] that the strongest version(1.2)is indeed true, at least in conformal perturbation the
in the vicinity of any 2d RG fixed point.

The apparent generality of these intuitionssuggest that analogous statements sho
apply for RG flows in any spacetime dimension. Cardy[3] conjectured that an appropr
ate quantity2 for counting the number of massless degrees of freedom of 4d CFTs
2 This candidate does not have an analog for odd spacetime dimensions, unfortunately.
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conformal anomalya on a curved spacetime:3

(1.4)a ∼
∫
S4

〈
T µ

µ

〉
.

The weakest version of the 4da-theorem conjecture is then that the conformal anomaa

satisfiesa > 0 for every (unitary) 4d RG fixed point, andaUV > aIR for the endpoints o
all (unitary) 4d RG flows. Every known computable example (both non-supersymm
and using SUSY exact results) is strikingly, and often highly non-trivially, compatible
this conjecture. It would be very interesting and powerful if thisa-theorem conjecture i
indeed a completely general property of all(unitary) 4d RG flows. At present, howeve
there is not yet a general, and generally accepted, proof of the conjectured 4da-theorem.
See, e.g.,[4,6–8,30]for further discussion of thea-theorem conjecture.

Given the striking successes of the weaker version of the 4da-theorem, it is natural to
consider the 4d analogs of the strongerpossibilities (2) and (3) above: perhapsa can be
extended to a monotonically decreasing “a-function” a(gI ) along the entire RG flow, an
perhaps the beta functions are gradients of thisa-function, with positive-definite metric
as in (1.2). Osborn and collaborators[9,10] investigated this in perturbation theory f
4d QFTs (by considering renormalization withspatially dependent couplings) and inde
found a candidatea-functiona(g) which satisfies a relation similar to(1.2):

∂a(g)

∂gI
= (GIJ + ∂IWJ − ∂J WI )β

J ,

(1.5)wherea(g) = aconf(g) + WI(g)βI (g).

The candidatea-function a(gI ) coincides with the conformal anomaly4 aconf(g) at the
endpoints of the RG flow. The possible term∂[IWJ ] in (1.5), a possible difference from
gradient flow(1.2), was found to vanish in every example, to all orders checked. A
it is not manifest in this approach thatGIJ (g) > 0 (GIJ (g) is defined via beta function
βµν ∼ GIJ (g)∂µgI ∂νg

J upon taking the couplings to be spatially dependent), butGIJ > 0
was verified to be true in every example, to all orders checked[9,10].

Here we will explore these ideas in supersymmetric theories, where it is possi
obtain exact results. Supersymmetry relates the stress tensor to a particular R-symme
which we will refer to as the superconformal R-symmetry (even when the theory i
conformal). The matter chiral superfieldsQi have superconformalU(1)R charge

(1.6)R(Qi) = 2

3
∆(Qi) = 2

3

(
1+ 1

2
γi

)
,

3 A general curved 4d spacetime background has two independent anomaly coefficients,〈T µ
µ 〉 = a(Euler) +

c(Weyl)2, but (Weyl)2 = 0 vanishes on a conformally flat background such asS4. This is just as well, since
its coefficientc (so named because it also appears in〈Tµν(x)Tρσ (0)〉 in flat space) is known to not have de
inite monotonicity under RG flow[4,5]. So we will not discussc further, and will replace “c” with “ a” in the
conjectured 4d analogs of the above statements.

4 To avoid repeatedly writing 3/32, we rescalea relative to other references,ahere= (32/3)ausual, and write

our a-function asahere(g) = (32/3)ãOsborn(g). To avoid a factor of 4/3 which would then show up in(1.5), we
also rescale ourGIJ relative to[9,10]: Ghere

IJ
= 4

3Gthere
IJ

.
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related toQi ’s anomalous dimension. The exact beta functions are related to the viol
of the superconformal R-symmetry. For example, the NSVZ exact beta function[11] for
the gauge coupling of gauge groupG, with matter fieldsQi in representationsri , is

βNSVZ(g) =
(

3g3/16π2

1− g2T (G)

8π2

)
β̂G(R),

(1.7)β̂G(R) ≡ −
[
T (G) +

∑
i

T (ri )(Ri − 1)

]
,

with T (G) the quadratic Casimir of the adjoint andT (ri) that of representationri . Like-
wise, the exact beta function for the couplingh of a superpotential termW = h

∏
i Q

n(W)i
i

can be written as (using∆(h) = 3− ∆(W) to write h ∼ µ(3/2)(R(W)−2)):

βW(h) ≡ −ḣ = 3

2
hβ̂W (R),

(1.8)β̂W (R) ≡ R(W) − 2=
∑

i

n(W)iR(Qi) − 2.

β̂G(R) and β̂W (R) are simply linear combinations of the R-charges, independent o
coupling constants. They are defined to have the same sign as the full beta functio
represent the violation of the R-symmetry by the interactions:β̂G(R) is the coefficient
TrRG2 of the U(1)R current’s ABJ anomaly, and̂βW(R) gives the violation of the R
symmetry by the superpotential.

At the superconformal endpoints of RG flow, thesuperconformal R-current evolves
a conservedU(1)R∗ ⊂ SU(2,2|1), as the interactions flow to a zero of their beta functio
The superconformal R-charges of the fields determine the exact operator dimens
gauge-invariant chiral primary operators via∆(O) = 3

2R∗(O) (computable in terms o
R∗(Qi) since R-charges are simply additive). Moreover, as shown in[5,12], the ’t Hooft
anomalies ofU(1)R∗ determine the exact central charge of the SCFT:

(1.9)aSCFT= 3 TrR3∗ − TrR∗.

It was shown in[13] how to uniquely pick out the specialU(1)R∗ ⊂ SU(2,2|1), from
among all possible conserved R-symmetries (satisfyingβ̂(R) = 0): it is that whichmaxi-
mizesthe combination of ’t Hooft anomalies

(1.10)atrial(R) = 3 TrR3 − TrR.

At the unique local maximum, the function(1.10)coincides with the conformal anoma
aSCFT(1.9), hence the name “a-maximization”. E.g., for a free chiral superfieldatrial(R) =
3(R − 1)3 − (R − 1), as plotted inFig. 1, with local maximum at point (A). The sam
qualitative picture ofFig. 1 applies for interacting theories. The functionatrial(R), and its
local maximumR∗ and valuea∗, can be exactly computed, even for strongly interac

RG fixed points, via the power of ’t Hooft anomaly matching. See, e.g.,[14–20]for some
extensions and applications ofa-maximization.
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Fig. 1. The trial central chargeatrial(R) (with R∗ values indicated for free field case).

a-maximization has several immediate general corollaries. E.g., it implies[13] in com-
plete generality, forany4dN = 1 SCFT,5 that the superconformalR∗ charges, and henc
the exact scaling dimension of chiral primary operators and the central chargesa∗ andc∗,
are necessarily very special numbers:quadratic irrationals, of the general form

(1.11)R∗, a∗ ∈ {n+√
m

p

∣∣ n ∈ Z, m ∈ Z�0, p ∈ Z	=0
}
.

Quadratic irrational numbers are a measure zero subset of the reals,6 with special propertie
(e.g., precisely they have continued fraction form that is periodic). The result(1.11)implies
that the superconformalU(1)R charges and central chargea∗ cannot vary continuously
therefore, for any SCFT, they cannot depend on any continuous moduli.

As also discussed in[13], a-maximization gives a two line “almost proof” of thea-
theorem for supersymmetric RG flows: relevant deformations will break some of the
symmetries, placing additional constraints on the IR R-symmetry as compared wi
UV one,FIR ⊂FUV, and maximizing a function over a subspace leads to smaller max
value, henceaIR < aUV–QED! However, as also pointed out in[13], each of these two
lines has possible exceptions. First of all, the IR SCFT can have additional accidental sy
metries not present in the UV theory, in which caseFIR 	⊂ FUV; the result of[13] implies
thatatrial should be maximized overall flavor symmetries, including all accidental one
so it is crucial that accidental symmetries be properly included. The two-line proof need
to be supplemented with additional physical information to apply to cases with acciden

5 Theories with accidental symmetries could be exceptions to these general statements, though all known s
examples, for example, those associated with singular points ofN = 2 Seiberg–Witten curves[21,22], still satisfy
the above general statements.

6 Rational numbers are a subset of the quadratic irrationals. SCFTs with string dual descriptions are typic
limited to this subset, though recently string geometry examples were obtained for which the R-charges are
rational[23], though they are indeed quadraticirrational, compatible with(1.11)(and the general prediction from
(1.11) is that any (generally singular)H5, such thatAdS5 × H5 is dual to aN = 1 SCFT, must have quadrat

irrational volumes). There are manySUSY gauge theory examples with R-charges that are quadratic irrational
but not rational.
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symmetries. The caveat for the second line of the proof is the fact that the maximum
a local one. E.g., inFig. 1, suppose that the UV theory is at local maximum (A): perturb
away from there will reducea, but we need to rule out the possibility that the deforma
might eventually drive the value ofa up to a point such as (D) in the IR, witha(D) > a(A),
violatingaIR < aUV.

In [19] Kutasov made a very interesting proposal, which helps close the second loo
by extendinga-maximization away from the RG fixed points. Assuming thatFIR ⊂ FUV
(in Section4, we will discuss an extension for certain accidental symmetries), the idea
implement the additional constraints associated withFIR ⊂FUV via Lagrange multipliers
We will write this generally as

(1.12)a(R,λI ) = 3 TrR3 − TrR +
∑
I

λI β̂
I (R),

with β̂I (R) the linear constraints on the R-charges mentioned above, andβ̂I = 0 at the
IR SCFT. Extremizing(1.12)w.r.t. R, holding the Lagrange multipliersλI fixed, yields
R(λI ), and plugging back into(1.12)gives

(1.13)a(λI ) ≡ a
(
R(λI ), λI

)
such that

∂a(λ)

∂λI

= β̂I
(
R(λ)

)
,

using the fact thatR(λI ) solves∂a/∂R = 0. The observation now is that the functiona(λI )

interpolates betweenaUV andaIR, and(1.13)suggests thata(λI ) is monotonic, using the
physical intuition that beta functions are expected to have a definite sign along the ent
RG flow: once a coupling hits a zero of the beta function, it just stops running (e.g., it
not overshoot a zero).

It was conjectured in[19] that the Lagrange multipliersλI are to be identified with the
running coupling constantsg2

I in some scheme. The extremizing solutionR(λ) of (1.12)
is interpreted as the RG flow of the superconformal R-charges, anda(λ) (1.13) is inter-
preted as a monotonically decreasinga-function along the RG flow to the IR. For releva
interactions,λ̇I > 0, so(1.13) with β̂I < 0 implies thatȧ < 0. Likewise, for irrelevan
interactions,̇λI < 0 and(1.13), with β̂I > 0, again leads tȯa < 0.

We will expand upon and further check the interpretation of(1.13) as defining a
monotonically decreasinga-function along the RG flow. Our main point is that this p
posal suggests the strongest version (3) of thea-theorem conjecture: that the exact R
flows are indeed gradient flows of thea-function (1.13), as in(1.2), with metric on the
space of coupling constants given by

(1.14)GIJ (g) = f K
J (g)

∂λK(g)

∂gI
, whereβ̂K(R) = f K

J (g)βJ (g).

A sufficient condition for this metric to be positive-definite is that thef K
J (g) are positive,

e.g.,g does not flow beyond the apparent pole in the denominator ofβNSVZ(g) in (1.7),
and the relation (scheme change) between theλK and thegJ are monotonic.

In Sections2.1 and 2.2, we review the RG flow of the R-symmetry in the stress ten

supermultiplet, and thea-maximization method[13] for determining the superconformal
R-charge at RG fixed points, as well as the extension of[15] for cases with accidental
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symmetries. In Section2.3 we review Kutasov’s proposal fora-maximization with La-
grange multipliers[19], first for the case of gauge interactions only. In Section2.4, we use
(1.6) and the R-chargesR(λ) obtained by extremizing(1.12)to compute the anomalou
dimensions

(1.15)γi(λ) = 3R(λI )Qi − 2 = 1−
√

1+ λC(ri)

|G| ,

comparing with perturbative computations ofγi(g). This provides both a non-trivial chec
of a-maximization and its extensions, andalso a means to determine the relation,λI (g), of
λI to the to coupling constantg in a given scheme, e.g., that of the NSVZ beta function
Section2.4, we will check(1.15)to three loops, comparing with the computations of[24]
(the one-loop check was already verified in[13], and the two-loop check was discuss
and verified in[19]). In Section2.5 we will discussa-maximization along the RG flow
for superpotential interactions, obtaining theone-loop (scheme-independent part) relat
between the Lagrange multiplier and the superpotential Yukawa coupling. In Section2.6,
after reviewinga-maximization with Lagrange multipliers forSU(Nc) SQCD (which was
discussed in[19]), we apply this method to its magneticSU(Nf − Nc) Seiberg[25] dual.
Analyzing the magnetic theory, we point out that theR(λI ) which extremizes(1.12)is a
solution of a quadratic equation and that, in the RG flow ofR(λI ) to the IR,λ can flow
from increasing on one branch to decreasingλ on the other branch.

In Section3, we point out that(1.13), with the Lagrange multipliers interpreted
the running coupling constants, demonstrates that RG flow is indeed gradient flow
metric (1.14). We compute this metric for gauge (this case already appears in[19])
and Yukawa interactions. In the perturbative limit, we compare these metrics with
computed by Freedman and Osborn[10], and find perfect agreement for the leadi
scheme-independent coefficients. In other words, thea-function (1.13), computed bya-
maximization with Lagrange multipliers, agrees with that proposed and computed per
batively in[9,10] (at least to leading perturbative order).

In Section4, we propose an extension of the Lagrange multiplier method of[19] to
apply for RG flows with accidental symmetries associated with gauge-invariant operat
hitting their unitarity bound and becoming free. This extension leads to a monotonica
decreasinga-function for such RG flows, showing in particular thata-maximization in-
deed ensures thataIR < aUV for these RG flows too. We also comment in Section4 on
the challenge of finding a natural, monotonically decreasinga-function for RG flows asso
ciated with the Higgs mechanism: there arecontributions (the eaten matter fields) who
effect is to reducea in the IR, as well as contributions (the uneaten matter fields) w
effect is to increasea in the IR, and the challenge is to find an interpolating function wh
makes it manifest that the former always outweighs the latter.

Finally, in Section5, we illustrate some of these ideas with a new class of 4d SC
which are simply a deformation of SQCD, where some general fraction of the flavors a
coupled to added singlets. For two special cases, no flavors coupled to singlets and
vors coupled to singlets, these theories coincide with SQCD and its magnetic Seibe
[25]. Our generalizations interpolate betweenthese two special cases. As we discuss, th

new SCFTs, which we generally refer to as SSQCD (for singlets+ SQCD) have a dual de-
scription, obtained as a deformation of Seiberg duality[25]. Though these new SCFTs are
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simply related to SQCD, they could not have been analyzed before the introduction
a-maximization method[13]. In ordinary SQCD, mesons hitting their unitarity bound and
decoupling coincides with the entire magnetic dual being IR-free[25]. In our SSQCD gen
eralizations, on the other hand, mesons can decouple with the rest of the SCFT rem
interacting. In the magnetic dual description, the superpotential term involving that m
becomes irrelevant, but other superpotential terms and the dual gauge coupling can rem
interacting.

Note added: The results of our Section2.4(including, in particular, the scheme chan
with ∂ lnFi/∂g ∼ C(ri)

2g3 + O(g5)) were subsequently independently obtained in[31].

2. The superconformal R-symmetry, a-maximization, and Lagrange multipliers

2.1. The flowing R-charges

N = 1 supersymmetry puts the stress-energy tensorTµν into a current supermultiple
Tαα̇(x, θ, θ̄), whose first component is aU(1)R current (and other components inclu
the supercharge currents). For superconformal theories, this R-current is conserved, a
is the U(1)R ⊂ SU(2,2|1) in the superconformal algebra. For non-conformal theories
supersymmetry relates the dilatation current divergenceT

µ
µ to that of this R-current, via

(2.1)∇̄ α̇Tαα̇ = ∇αLT ,

with LT the chiral superfield trace anomaly, e.g.,

(2.2)LT = − β̂(R)

64π2

(
WαWα

)
gauge−

τIJ

96π2

(
WI

α WαJ
)
flavor +

c

24π2
W2 − a

24π2
Ξ,

with the first term the gauge beta function, the second the contribution associate
background fields coupled to flavor currents, and the last two terms the contributions
ciated with a background metric and gauge fieldcoupled to the superconformal R-curre
See[12] for a discussion of the latter terms. We will refer to theU(1)R current inTαα̇ as
the superconformal R-current, whether or not the theory is conformal, keeping in mind th
in the non-conformal case this R-symmetry is violated.

Whether or not the theory is conformal, supersymmetry relates the superconform
charges to the scaling dimensions of the fields:

(2.3)R(Qi) = 2

3
∆(Qi) = 2

3

(
1+ 1

2
γi

)
,

with γi the anomalous dimension of fieldQi . Consider a RG flow, e.g., with asymptotica
free gauge fields and matter in the UV, to an interacting RG fixed point in the IR. A
this RG flow we can write the superconformal R-current as

(2.4)Rµ = Rµ
cons+ X

µ
flow,

with R
µ
consa conserved current, andXµ

flow not conserved. The currentX
µ
flow gets an anom
alous dimension, and becomes irrelevant, flowing to zero in the IR, so the R-symmetry in
the stress tensor supermultiplet flows asR → Rcons in the IR.
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As an example, consider SQCD:SU(Nc) gauge theory withNf fundamental flavors
Qf andQ̃f̃ (takingNf in the superconformal window[25] 3

2Nc < Nf < 3Nc). There is
a unique conserved R-symmetry that commutes with all the flavor symmetries and
conjugation,Rcons(Qf ) = Rcons(Q̃f̃ ) = 1− Nc/Nf . This R-symmetry is conserved alon
the entire RG flow, but it is only the R-symmetry in the stress tensor supermultiplet at
SCFT fixed point. Along the RG flow, the R-symmetry in the stress tensor supermu
is the sum of terms(2.4), with X

µ
flow → 0 in the IR (see, e.g.,[26]). The superconformal R

charges evolve along the RG flow, fromRUV(Qf ) = RUV(Q̃f̃ ) = Rfree = 2/3 (asymptotic

freedom), to those of the IR SCFT,RIR(Qf ) = RIR(Q̃f̃ ) = Rcons= 1− Nc/Nf .
Using the result of[5,12], the conformal anomaly at the UV and IR endpoints of the

flow are given byaUV = 3 TrR3
UV − TrRUV andaIR = 3 TrR3

IR − TrRIR. ’t Hooft anomaly
matching does not equateaUV andaIR, because the R-charges themselves are differe
the UV and the IR, with the R-current inTαα̇ not even conserved along the RG flow. E.
for SQCD (withNf in the superconformal window)

(2.5)aUV = 2
(
N2

c − 1
) + 2NcNf

(
3

(
−1

3

)3

+ 1

3

)
= 2

(
N2

c − 1
) + 2

9
(2NcNf ),

the free-field contribution expected by asymptotic freedom (afree
V = 2 andafree

Q = 2/9 in
our normalizations). At the IR endpoint of the RG flow, the conformal anomaly is

aIR = 2
(
N2

c − 1
) + 2NcNf

(
3

(
− Nc

Nf

)3

+ Nc

Nf

)

(2.6)= 4N2
c − 2− 6N4

c

N2
f

≡ aSQCD(Nc,Nf ),

where we usedRIR = Rcons. ’t Hooft anomaly matching is used to evaluate theseRIR
’t Hooft anomalies using the weakly coupled degrees of freedom of the UV endpo
the flow (sinceRIR, unlike the R-symmetry inTαα̇ , is here conserved along the entire R
flow). As predicted by thea-theorem conjecture,aUV > aIR. In the UV, the matter fields
are at point (A) inFig. 1, and in the IR they are at a lower point such as (C) inFig. 1.

It is non-trivial thataSCFT> 0, even at strongly coupled RG fixed points, as desired
count of massless d.o.f. E.g., expression(2.6)satisfiesaSQCD(Nc,Nf ) > aSQCD(Nc,Nf −
1), as expected by thea-theorem conjecture, since we can RG flow from the theory w
Nf flavors in the UV to one withNf − 1 flavors in the IR by giving a mass to a flavo
If continued to sufficiently smallNf , (2.6) would give negativea. But Nf never gets
sufficiently small to violatea > 0, because forNf � 3

2Nc something different happens,
can be seen from the fact that the mesonsM = QQ̃ hit the unitarity boundR(M) � 2/3;
in fact, the entire magnetic dual then becomes free[25].

2.2. a-maximization at RG fixed points
Let us briefly recall the argument of[13], that the exact superconformal R-symmetry
maximizesatrial = 3 TrR3

t − TrRt . We write the general trialU(1)R symmetry asRt =
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R0 + ∑
I sIFI , whereR0 is an arbitrary R-symmetry, theFI are non-R flavor symmetrie

andsI are real coefficients. The superconformal R-symmetryU(1)R∗ ⊂ SU(2,2|1) corre-
sponds to some particular values of thes∗I , that we would like to determine. The result
[13] is that they are uniquely determined by the ’t Hooft anomaly relations

(2.7)9 TrR2∗FI = TrFI for all FI ,

(2.8)TrR∗FI FJ = −1

3
τIJ < 0.

Relation(2.7) is equivalent to the statement that the exact superconformal R-sym
extremizesatrial = 3 TrR3

t − TrRt ; becauseatrial is a cubic function,(2.7) is a quadratic
equation forR in each variablesI . The inequality(2.8) then implies that the correct ex
tremum is the unique one which locally maximizesatrial.

Relation(2.7) was obtained in[13] by using supersymmetry to relate the two cor
sponding anomaly triangle diagrams,〈FI RR〉 and〈FI T T 〉. A non-R flavor supercurren
JI is at one vertex and the super-stress tensorTαα̇, containing both the superconform
U(1)R current and the stress tensor, is at the other two vertices. Using a result o[27],
the 〈JI (z1)Tαα̇(z2)Tββ̇(z3)〉 three-point function, and hence its anomaly, is uniquely
termined by the superconformal Ward identities up to an overall normalization coeffi
this implies that the anomalies on the two sides of(2.7)have fixed ratio, and the factor o
9 can then be fixed by considering the free-field case, where the fermions haveR = −1/3.
Another way to obtain(2.7) is to consider the anomalous violation of the flavor sup
currentJI upon turning on a background coupled toTαα̇ , i.e., a background metric an
background gauge fields coupled to the superconformal R-current:(2.7) is obtained upon
arguing thatD̄2JI = kIW2, with no contribution proportional to the chirally project
super Euler densityΞ [13].

The equality in(2.8), obtained in[5], relates the ’t Hooft anomaly for〈RFI FJ 〉 to the
coefficientsτIJ of the flavor current two-point functions〈Jµ

I (x)J ν
J (y)〉. The inequality in

(2.8) then follows upon using unitarity to argue that the current–current two-point f
tion coefficients are a positive-definite matrix,τIJ > 0. The extremum condition(2.7) is
a quadratic equation, and inequality(2.8)determines that the correct solution is uniqu
determined to be that which locally maximizesatrial.

For a generalN = 1 SUSY gauge theory, with gauge groupG and matter chiral su
perfieldsQi in representationsri of G, (2.7) constrains the superconformal R-charg
R(Qi) ≡ Ri to satisfy

(2.9)
∑

i

|ri |(FI )i
(
9(Ri − 1)2 − 1

) = 0.

(FI )i ≡ FI (Qi) are any flavor charges of the matter fields, which must beG-anomaly-free:

(2.10)TrFI G
2 =

∑
i

(FI )iT (ri ) = 0,
with T (ri) the quadratic Casimir of representationri . Superpotential interactions further
constrain the charges(FI )i ; for now, consider the case of gauge interactions only. The
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general solution forRi , satisfying(2.7)for any flavor charges(FI )i satisfying(2.10), is

(2.11)Ri = 1− 1

3

√
1+ λ∗T (ri)

|ri | .

λ∗ is a parameter that is fixed by the constraint thatU(1)R be anomaly-free:

(2.12)TrRG2 = T (G) +
∑

i

T (ri)(Ri − 1) = T (G) − 1

3

∑
i

√
1+ λ∗T (ri)

|ri | = 0.

The branch of the square-roots are determined by(2.8), which for gauge interactions ha
sign corresponding to negative anomalous dimensions, since(2.11)and(1.6)yield for the
RG fixed point anomalous dimensions:

(2.13)γi(g∗) = 3Ri − 2 = 1−
√

1+ λ∗T (ri)

|ri | = 1−
√

1+ λ∗C(ri)

|G| .

As standard, we define group theory factors as

Trri
(
T AT B

) = T (ri)δ
AB,

(2.14)
|G|∑
A=1

T A
ri

T A
ri

= C(ri)1|ri |×|ri |, soC(ri) = |G|T (ri)

|ri | ,

normalizing quadratic Casimirs so thatT (G) = Nc andT (Fund) = 1
2 for SU(Nc).

As discussed in[13], a non-trivial check ofa-maximization is that(2.13)indeed repro-
duces the correct anomalous dimensions for perturbatively accessible RG fixed points:

(2.15)γi(g) = − g2

4π2
C(ri) + O

(
g4).

Expanding the exact result(2.13)for smallλ and comparing with(2.15)yields

(2.16)λ∗ = g2∗|G|
2π2 + O

(
g4∗

)
,

with bothλ∗ andg∗ determined at the RG fixed point in terms of the group theory fac
[13] by the condition thatU(1)R∗ be anomaly-free (equivalently,βNSVZ = 0).

The above results are valid as long as there are no accidental symmetries in the IR
require modification when IR accidental symmetries are present[15], because we musta-
maximize over all flavor symmetries, includingall accidental symmetries. Restricting t
landscape of allowed R-charges, by not accounting for the possibility of mixing wit
accidental symmetries, would lead to incorrect results. A crucial issue then become
one can determine what accidental symmetries might be present.

One particular type of accidental symmetry,which is under control, is that associat
with gauge-invariant composite operatorshitting a unitarity bound, and becoming free.
be concrete, suppose that dim(M) operatorsM = QQ̃ become free, with an accident

U(1)M symmetry, under which only the composite operatorsM are charged; theU(1)M
charge isFM , with FM(M) = 1 and all other fields neutral.a-maximization must include
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mixing with U(1)M : Rtrial = R
(0)
trial + sMFM . atrial = 3 TrR3

trial − TrRtrial can be compute
using ’t Hooft anomaly matching. Maximizing oversM yieldsR∗(M) = 2/3, as appropri-
ate for a free field, withR∗(M) 	= R∗(Q) + R∗(Q̃) because of the mixing withU(1)M .
There is an important residual effect on the quantity to be maximized for determ
y ≡ R(Q) andỹ ≡ R(Q̃) [15] (see[16] for a derivation along the lines sketched here):

(2.17)a(1)(y, ỹ, . . .) = a(0)(y, ỹ, . . .) + dim(M)

(
2

9
− 3(y + ỹ − 1)3 + y + ỹ − 1

)
.

The additional term in(2.17)vanishes whenR0(M) ≡ y + ỹ = 2/3, as does its firs
derivative. This ensures thata-maximization yieldsR∗ charges and central chargeaCFT
that are continuous and smooth (first derivative continuous, though higher derivativ
generally discontinuous) across a transition where the operatorsM become free (say as
function of parameters that can be varied, such asNc/Nf ).

2.3. a-maximization with Lagrange multipliers

We first review Kutasov’s proposal[19] for the case of gauge interactions only. The id
is to implement the constraint that the superconformalU(1)R be anomaly-free at the IR
fixed point via a Lagrange multiplierλ, maximizing(1.12)

a(Ri, λ) = 2|G| +
∑

i

|ri |
[
3(Ri − 1)3 − (Ri − 1)

]
(2.18)− λ

(
T (G) +

∑
i

T (ri)(Ri − 1)
)
.

Extremizing(2.18)w.r.t. Ri yields

(2.19)Ri(λ) = 1− 1

3

√
1+ λT (ri)

|ri | = 1− 1

3

√
1+ λC(ri)

|G| .

Plugging back into(2.18)yields

(2.20)a(λ) ≡ a
(
Ri(λ),λ

) = 2|G| − λT (G) + 2

9

∑
i

|ri |
(

1+ λT (ri)

|ri |
)3/2

.

BecauseRi(λ) solves∂a/∂Ri = 0, we have

(2.21)
d

dλ
a(λ) = ∂

∂λ
a(Ri, λ) = −T (G) −

∑
i

T (ri)(Ri − 1) ≡ β̂G(Ri).

Extremizing now inλ has solutionλ∗, where(2.21)vanishes, andRi(λ∗) are the same as i
(2.11). Also, evaluating(2.18)with bothRi andλ extremized yieldsa(R(λ∗), λ∗) = aSCFT,
since the additional term proportional toλ in (2.18)vanishes atλ = λ∗.

The proposal of[19] is to interpret(2.19)and(2.20)as the running R-charges anda-
function, along theentire RG flow, from the UV to the IR, with the Lagrange multiplierλ
interpreted as the running gauge couplingg2 in some scheme. The RG flow from UV to
IR corresponds toλ : 0 → λ∗. Sinceλ is increasing along the RG flow to the IR,λ̇ > 0,
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and the beta function along the RG flow is negative,(2.21)implies that thisa-function is
monotonically decreasing along the RG flow,ȧ � 0, with ȧ = 0 at precisely the IR SCFT
where the beta function vanishes.

The RG flow can be pictured usingFig. 1. In the UV,λ = 0 and the matter chiral supe
fields all haveRi = 2/3, at point (A). Extremizing(2.18)w.r.t.Ri implies thatRi should sit
at a point where the slope of the function inFig. 1equalsλT (ri), giving (2.19). Increasing
λ thus takesRi to where the slope is positive, i.e., down the hill to the left of point (
reducinga. Eventually the flow hits a zero of the beta function and stops, withR(Qi) at
some point (C) inFig. 1.

2.4. Comparing with the explicit perturbative computations of Jack, Jones,
and North[24]

The proposal is that(2.19)gives the exact R-charges along the entire RG flow. He
the exact anomalous dimensions, along the entire RG flow, are given by

(2.22)γi(λ) = 2
(
∆(Qi) − 1

) = 3Ri − 2 = 1−
√

1+ λC(ri)

|G| .

In this subsection, we will compare this with explicit perturbative computations, exten
the higher-loop check made in[19]. Note that the expression(2.22)is obviously compati-
ble with thea-maximization result(2.13)for the exact anomalous dimension at RG fix
points. The check here is thus also a higher-loop extension of the check in[13] between
the exacta-maximization results and explicit perturbative computations, for those RG
point theories which are perturbatively accessible.

Expanding(2.22)in λ̂ ≡ λ/2|G| yields (for uniform notation, we take(−1)!! ≡ 1)

γi(λ) =
∞∑

p=1

(2p − 3)!!
p! (−λ̂)pC(ri)

p

(2.23)= −λ̂C(ri) + λ̂2

2
C(ri)

2 − λ̂3

2
C(ri)

3 + 5λ̂4

8
C(ri)

4 + · · · .
Comparing with the 1-loop anomalous dimensions(2.15)then yields

(2.24)λ̂ ≡ λ

2|G| = g2

4π2 +
∞∑

q=2

Aqg2q,

the analog of(2.16), now interpreted as applying along the entire RG flow;(2.24) is in-
deed compatible with the interpretation ofλ as corresponding to the running couplin
The undetermined coefficientsAq�2 in (2.24)reflect the standard renormalization sche
freedom to reparametrize the coupling constant. In general, if one scheme has couplingg

and wavefunction renormalization factorsZi(g), another could have couplingg′(g) and
wavefunction renormalizationZ′

i (g
′) = Zi(g)Fi(g). The anomalous dimensions and b

function of the two schemes are then related by
(2.25)γ ′
i (g

′) = γi(g) − β(g)
∂ lnFi(g)

∂g
and β ′(g′) = ∂g′(g)

∂g
β(g).
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We will compare the prediction(2.23)with the explicit higher-loop computations of[24],
assuming initially that the only scheme difference is a change of coupling constantλ =
λ(g), as in(2.24), assuming initially thatFi(g) = const in(2.25).

Keeping arbitraryAq in (2.24), (2.23)yields

(2.26)γi(g) =
∞∑

p=1

(2p − 3)!!
p!

(
−g2C(ri)

4π2
−

∞∑
q=2

AqC(ri)g
2q

)p

.

Expanding yields predicted expressions for thep-loop anomalous dimensions:

γ
(1)
i = −C(ri)

4π2
g2, γ

(2)
i =

(
C(ri)

2

32π4
− A2C(ri)

)
g4,

γ
(3)
i =

(
−C(ri)

3

128π6 + A2
C(ri)

2

4π2 − A3C(ri)

)
g6,

(2.27)

γ (4) =
(

5

8

C(ri)
4

(4π2)4
− 3

2
A2

C(ri)
3

(4π2)2
+ 1

2

(
2

A3

4π2
+ A2

2

)
C(ri)

2 − A4C(ri)

)
g8, etc.

The prediction, for generalp-loops, is that the highest power ofC(ri) is C(ri)
p . The

coefficient of this highest power term is hence scheme-independent, and predicted

γ
(p)
i (g) =

(
(2p − 3)!!

p!
(

−C(ri)

4π2

)p

(2.28)+
p−1∑
�=1

(scheme-dependent coeffs.)C(ri)
�

)
g2p.

Moreover, for eachp, the scheme-dependent coefficients ofC(ri)
� in (2.28)are fixed in

terms of those of lower orders of perturbation theory for 2� � < p (only the coefficient of
the� = 1 term is not already determined by the results from lower orders in perturb
theory). The structure of the scheme-dependent coefficients is predicted to be such th
there exists a particular scheme, corresponding to setting allAq>2 = 0, in (2.24)in which
thep-loop anomalous dimension has only theC(ri)

p term in(2.28).
As discussed in[19], the predictedγ (2) in (2.27)indeed agrees with that obtained fro

explicit computation of the Feynmandiagrams: the scheme-independentC(ri)
2 term in-

deed has the same coefficient,7 and matching the coefficient of theC(ri) term fixes the
coefficientA2 in the expression(2.24)for λ in the particular scheme adopted in[24]:

(2.29)

A2 = b1

64π4 , with b1 ≡ 3T (G) −
∑

i

T (ri ), in the particular scheme of[24].
7 In comparing with[24], note that we define anomalous dimensions as∆(Qi) = 1+ 1
2γi , whereas the defi-

nition in [24] would not have the12 , soγhere= 2γthere.
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We can now go tothree loops, comparing the prediction(2.27)with the perturbative
results of[24]. We indeed find precise agreement forthe scheme-independent coefficie
of the g6C(ri)

3 term! However, using(2.29) in (2.27), our prediction for the (scheme
dependent) coefficient of theg6C(ri)

2 term in γ
(3)
i is twice that obtained in[24]. Fortu-

nately, this difference (as in(2.29)) is proportional to (the leading term of)β(g). Thus
(2.27)can be salvaged by including a further scheme difference(2.25), between that of the
Lagrange multiplier method and that of[24], coming from a non-trivial difference in th
wavefunction renormalization starting at two loops:∂ lnFi/∂g ∼ C(ri)

2g3.

2.5. Including superpotential interactions

Let us now consider the case of both gaugeinteractions and those associated wit
superpotential termW = h

∏
i Q

n(W)i
i . If this W is relevant, the IR SCFT has the add

constraint that the superpotential8 has total R-charge 2, which can again be implemen
with a Lagrange multiplier. The prescription is then to modify(2.18) by adding a term
λW (R(W) − 2), with R(W) = ∑

i Rin(W)i . Extremizinga(Ri, λG,λW) w.r.t. the Ri ,
holdingλG andλW fixed, then modifies(2.19)to

(2.30)Ri(λG,λW ) = 1− 1

3

√
1+ λGT (ri)

|ri | − n(W)iλW

|ri | .

PluggingRi(λG,λW ) back intoa(Ri, λG,λW ) yields thea-function

a(λG,λW ) = 2|G| − λGT (G) + λW

(
n(W) − 2

)
(2.31)+ 2

9

∑
i

|ri |
(

1+ λGT (ri)

|ri | − n(W)iλW

|ri |
)3/2

,

with nW = ∑
i n(W)i the degree of the superpotential. Thisa-function satisfies

(2.32)
∂a

∂λG

= β̂G and
∂a

∂λW

= β̂W ,

proportional to the exact gauge and Yukawa beta functions, as defined in(1.7)and(1.8).
The conjecture is again thatλW can be interpreted as the running superpotential Yuk

couplingh2, in some appropriate scheme. Using(2.19)for the exact R-charges yields exa
anomalous dimensions

(2.33)γi = 3Ri − 2= 1−
√

1+ λGT (ri)

|ri | − λW n(W)i

|ri | .

We can again write this exact expression for the anomalous dimensions as

(2.34)γi = 1−
√

1− 2γ
(1)
i ,

8 We use the fact that the form of the superpotential is not renormalized along the RG flow: the only ren

ization is that of the overall couplingh (coming from the renormalization of the kinetic terms). Non-perturbative
corrections to the superpotential are avoided if there is sufficient matter, so that

∑
i T (ri ) � T (G).
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with

(2.35)γ
(1)
i = −λGT (ri)

2|ri | + n(W)iλW

2|ri | ,

to be identified with the one-loop anomalous dimension. Comparing with explicit pe
bative computations allows us to check this result, e.g., verifying the 1/|ri | dependence in
(2.33)and(2.35), and to find the leading relation betweenλW andh2.

To fix the normalization, let us first compare(2.35)with perturbation theory for a singl
chiral superfieldQ, with cubic superpotentialW = 1

6hQ3 (son(W) = 3 in (2.35)):

(2.36)γ
(1)
Q = |h|2

16π2
= 3λW

2
, henceλW = |h|2

24π2
+O

(
h4).

With many chiral superfieldsQi and superpotentialW = 1
6hijkQiQjQk , the one-loop

anomalous dimension matrix is

(2.37)γ (1)i
j = hiklh∗

jkl

16π2 .

Suppose that the matter fields form distinct irreps of a group, withhijk = hT rirj rk , with
T rirj rk an invariant tensor to contract the group indices of those irreps. Schur’s lemm
ensures that the anomalous dimension matrix(2.37) is diagonal and proportional to th
identity matrix for each irrep, and taking the trace fixes the coefficient to be

(2.38)γ (1)i
j = δi

j

hklmh∗
klm

16π2|ri |
(
with hklmh∗

klm = |h|2T rirj rkT ∗
rirj rk

≡ |h|2|T |2),
giving γ (1) ∼ 1/|ri |, as predicted from(2.33). Comparing(2.33)and(2.38)yields,

(2.39)λW = |h|2|T |2
24π2 + higher-loop (scheme-dependent) corrections.

As in the previous subsection, one can do higher-loop comparisons with the results o[24],
where the anomalous dimensions were computed to three loops, including the contri
from Yukawa couplings. But there is significant scheme freedom in redefining the Yu
couplings, including their tensor structure, so we will not here explicitly discuss the h
order dictionary(2.39)betweenλW and the Yukawa couplings in the scheme of[24].

2.6. An example: electric and magnetic SQCD

ForSU(Nc) SQCD, withNf fundamental flavorsQf , Q̃f̃ , (2.19)gives[19]

(2.40)RQ(λ) = RQ̃(λ) = 1− 1

3

√
1+ λG

2Nc

,

and thus thea-function along the flow is[19]

( ) 4
(

λ
)3/2
(2.41)a(λ) = 2 N2
c − 1 − λGNc +

9
NcNf 1+ G

2Nc

.
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The asymptotically free UV theory corresponds toλ = 0, and the RG flow to the IR corre
sponds toλ : 0 → λ∗, where

(2.42)
λG∗
2Nc

=
(

3Nc

Nf

)2

− 1

is where the R-charges(2.40)are anomaly-free, and hence(2.41)is critical andβNSVZ = 0.
The magnetic dual[25] is G̃ = SU(Ñc) ≡ SU(Nf − Nc) SCQD, withNf dual quarks

qf , q̃f , andN2
f added singletsMf g̃ , with superpotential

(2.43)W = hMf g̃qf q̃g̃.

The quantity to maximize for the RG flow of the dual theory is

a = 2
(
Ñ2

c − 1
) + 2ÑcNf

(
3(Rq − 1)3 − (Rq − 1)

) + N2
f

(
3(RM − 1)3 − (RM − 1)

)
(2.44)− λG̃

(
Ñc + Nf (Rq − 1)

) + λh(2Rq + RM − 2).

Extremizing inRq andRM , holdingλG̃ andλh fixed yields

R(q) = R(q̃) = 1− 1

3

√
1+ λG̃

2Ñc

− λh

ÑcNf

,

(2.45)R(M) = 1− ε
1

3

√
1− λh

N2
f

.

IncreasingλG̃, and hence the magnetic gauge group couplingg̃2, lowersR(q), whereas
increasingλh increasesR(q) andR(M). Plugging back into(2.44)yieldsa-function

a(λG̃, λM) = 2
(
Ñ2

c − 1
) − λG̃Ñc

(2.46)+ 4

9
ÑcNf

(
1+ λ

G̃

2Ñc

)3/2

+ ε
2

9
N2

f

(
1− λh

N2
f

)3/2

,

whoseλ gradients giveβ̂G̃ andβ̂W .
Theε = ± in (2.45)corresponds to the choice of branch sign in the square root, a

a main point of this subsection. TakingNf > 3
2Nc , the magnetic theory is asymptotica

free, and the UV limit has the free-field R-chargesR(q) → 2/3 andR(M) → 2/3, and
henceλG̃ → 0 andλh → 0, with ε = +1 in (2.45). As the magnetic theory RG flows to th
IR, λh increases, and henceR(M) moves toR(M) > 2/3 (unitarity requiresR(M) � 2/3,
with equality iff it is a free field). InFig. 1, R(M) flows from point (A) towards point (B)
If the IR fixed point is sufficiently strong coupling,R(M) can increase pastR(M) = 1, in
which caseλh must first increase toN2

f on theε = +1 branch of(2.45), and then we mus
switch to theε = −1 branch, after whichλh must decrease as we flow farther in the IR.

As an extreme example, forNf ≈ 3Nc (just below) the electric theory is barely as
ymptotically free and hence weakly coupled in the IR, whereas the magnetic dual i
strongly coupled in the IR. At the RG fixed point, we know from the electric side

RIR(Q) ≈ 2/3, and thusRIR(M) ≈ 4/3, i.e.,R(M) in the magnetic theory flows from
RUV(M) = 2/3 toRIR(M) ≈ 4/3. Using(2.45), the flow starts in the UV withε = +1 and
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Fig. 2. Hypothetical plot ofλh(h2), with ε = +1 on the top part andε = −1 on the bottom.

λh increasing from zero to its maximal valueλh = N2
f , after which the continued flow t

the IR is on theε = −1 branch, withλh decreasing, withλh → 0 at the IR fixed point
Thoughλh ≈ 0 at the IR fixed point, the magnetic dual is certainly strongly coupled,
we expect thath2∗ is not small. As we will discuss in the next section, in order to h
positive-definite metricGIJ and monotonically decreasinga-function, we expect that th
Jacobian∂λK/∂gI should be positive (positive eigenvalues); assuming the off-diag
terms to be negligible, this requiresdλh/dh2 > 0, suggesting the “shark fin” shape
Fig. 2.

The slope of the beta function at a RG fixed point,β ′(α∗), is a scheme-independe
quantity, which gives the anomalous dimension of the leading irrelevant operator
which we flow into a RG fixed point (i.e.,FµνF

µν for gauge interactions). For SUS
gauge theories,β ′(α∗) was argued to be related to the anomalous dimension of the Ko
current at the RG fixed point[28]. Using a claimed map of this current to that of t
magnetic dual it was argued thatβ ′(g2∗)elec= β ′

min(g
2∗, h2∗)mag [28]. For Nf /Nc = 3

2 + δ,
with δ � 1, the magnetic RG fixed point is weakly coupled andβ ′

min(g
2∗, h2∗)mag can be

perturbatively computed; doing so, the claim of[28] leads to a prediction forβ ′(α∗) in
the corresponding, strongly coupled electric theory[28], β ′(α∗) = (28/3)δ2. We do not,
however, find this qualitative behavior, of havingβ ′(α∗) → 0 asδ → 0, in (dβ̂/dλ)λ∗ =
(Nf /6Nc)

2, as computed using(2.41)and(2.42). The factor fromβNSVZ/β̂ in (1.7)does
not help (if anything, it is large in this limit); the only apparent way to getβ ′ → 0 would
be if (dλ/dα)|α∗ → 0 asδ → 0. We do not know whether or not this is the case.

3. RG flow = gradient flow: evidence for the strongest version of the a-theorem

Writing the generala-function again asa(λ) = a(R(λ),λ) with

(3.1)a(R,λI ) = 3 TrR3 − TrR +
∑
I

λI β̂
I (R),

andR(λ) obtained by extremizing inR, theλK gradients of this function give

( )

(3.2)

∂a(λ)

∂λK

= β̂K R(λ) .



inator

ready

-

e

E. Barnes et al. / Nuclear Physics B 702 (2004) 131–162 149

The β̂K(R) are proportional to the exact beta functions, which we will write as

(3.3)β̂K(R) = f K
J (g)βJ (g).

Thus(3.2)demonstrates that the exact RG flow is indeed gradient flow! Writing theλI as
functions of the couplingsgJ in a general scheme, we have

(3.4)
∂a

∂gI
= ∂a

∂λK

∂λK

∂gI
= f K

J (g)
∂λK

∂gI
βJ (g) ≡ GIJ (g)βJ (g).

This gives the beta-functions as gradients of thea-function, as in(1.2), with metric for the
space ofgI coupling constants

(3.5)GIJ (g) = f K
J (g)

∂λK

∂gI
.

A sufficient condition forGIJ (g) > 0 and the strongest version of thea-theorem is
f K

J (g) > 0 (e.g., we do not continue past the apparent pole associated with the denom
of βNSVZ) and the coupling constant reparametrizationλK(g) is monotonic,∂λK/∂gI > 0.

Using(3.5)and(1.7), the exact metric for gauge couplings is (this case appears al
in [19])

(3.6)Ggg = β̂

β

dλG

dg
= 16π2

3g3

(
1− g2T (G)

8π2

)
dλG

dg
,

with λG(g) that for the NSVZg scheme. As long asg2T (G) < 8π2 and λG(g) is
monotonic,(3.6) satisfiesGgg > 0. Using(2.24) and(2.29), for weak coupling we ap
proximate:

Ggg = 16π2

3g3

(
1− g2T (G)

8π2

)(
g|G|
π2 + |G|g3b1

8π4 + · · ·
)

(3.7)≈ 16|G|
3g2

(
1+ g2

8π2

(
b1 − T (G)

))
.

Likewise, for Yukawa couplings, using(3.5)and(1.8), the exact metric is

(3.8)Ghh = β̂

β

dλh

dh
= 4

3

dλh

d(h2)
,

which satisfiesGhh > 0 as long asλh(h) is monotonic. Using(2.39), we can approximat
for weak coupling

(3.9)Ghh = 4

3

dλh

d(h2)
≈ 4

3

(
1

24π2 +O
(
h2)).

Consider, e.g., the magnetic dual of SQCD, with gauge groupSU(Ñc), with gauge cou-
pling g̃, and superpotential(2.43), with Yukawa couplingh. Thea-function(2.44)gives
the beta-functions as gradient flow:(

∂a
) ( ∂λ

G̃ ∂λh
)(

2 −3 g̃2T (G̃)
)( )
(3.10)∂g̃

∂a
∂h

= 4

3
∂g̃ ∂g̃

∂λ
G̃

∂h
∂λh

∂h

4π g (1−
8π2 ) 0

0 (2h)−1

βNSVZ(g̃)

βW (h)
.
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A sufficient condition for positive metric in(3.10)is positivity of the JacobiandλK/dgI

and g̃2T (G) < 8π2. Assuming that the off-diagonal components of the metric are
appreciable (they are zero in perturbation theory), positivity of the Jacobian req
dλh/dh2 > 0, which motivated the shark-fin shape ofFig. 2, for the case ofNf ≈ 3Nc,

As we discussed in the introduction, we can compare metricsGIJ , as computed above
with those computed by Osborn and collaborators in the context of 4d field theori
curved spacetime, with spatially dependent couplings. The supersymmetric case w
sidered by Freedman and Osborn in[10]. To compare expressions, we need to acco
for our rescalings mentioned infootnote 4, ahere(g) = (32/3)ãthere(g), andGhere

IJ (g) =
4
3Gthere

IJ (g). We then find that the leading, scheme-independent, term in both the m
Ggg (3.7), and also the Yukawa coupling metric(3.9), agree precisely with those found b
Freedman and Osborn[10]! (The coefficient of the subleading, scheme-dependent ter
(3.7), however, does not agree with that obtained in[10]: rather thanb1 − T (G) of (3.7),
the coefficient obtained in[10] was 5

2b1 − T (G). The apparent difference,∼ b1, could be
completed at higher orders into a difference∼ β(g), which would at least vanish at th
endpoints of the RG flow. More work is needed to verify if this is a real difference in
metric anda-function, or perhaps associatedwith a scheme discrepancy.)

The method of Osborn was to consider renormalization for spatially dependent co
pling constants, e.g., withGIJ coming from beta functionsβµν ∼ GIJ (g)∂µgI ∂νg

J . This
is very reminiscent of the AdS/CFT correspondence, where coupling constants corre
to fields in the bulk, withGIJ naturally associated with the sigma model metricGbulk

IJ of
these bulk fields. Indeed, in[29] it was argued that the AdS holographic RG flow lead
ċ = −GIJ βIβJ , with metricGIJ = 2cGbulk

IJ . This again suggests that RG flow is gradi
flow, with positive-definite metric, though it is important to emphasize that the AdS/
correspondence seems limited to a very restricted subset of all possible CFTs. In an
GIJ = 2cGbulk

IJ gives a nice insight into the result for the leading perturbative metri
Ggg ∼ |G|/g2 (3.7): it matches with the (SL(2,Z)-invariant) dilaton kinetic terms in th
bulk: Lbulk = −1

2(τ2)
−2∂µτ∂µτ̄ (hereτ = θ

2π
+ 4πig−2, so 1

4(d(logτ2))
2 = (d(logg))2).

4. a-maximization along RG flows with accidental symmetries, and comments about
Higgsing

The Lagrange multiplier method needs to be extended in order to apply to RG
with accidental symmetries, or those associated with Higgsing[19]. In this section, we
will discuss an extension of the proposal of[19] for the case of accidental symmetri
associated with gauge-invariant operators hitting the unitaritybound and becoming free
This extension defines a monotonically decreasinga-function along such RG flows. Th
shows, in particular, thata-maximization indeed ensures thataUV > aIR is automatically
satisfied for such RG flows. We will next discuss Higgsing RG flows, where we do no
have a good candidatea-function, or general argument foraUV > aIR.

4.1. Accidental symmetries
Accidental symmetries, present in the IR but not in the UV, challenge thea-theorem
conjecture. Additional symmetries broadenthe landscape over which we are maximizing
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atrial, increasing the value ofaIR. To avoid violatingaIR < aUV thus requires that the IR
theory must not have too much accidental symmetry; at present, however, we do no
of a general way to prove that the possibleaccidental symmetries are always sufficien
bounded so as to be compatible withaIR < aUV. Here we will limit our discussion to
particular type of accidental symmetry, that of a gauge-invariant operator hitting its u
ity bound and becoming free (without additionalfree fields, such as free magnetic qua
and gluons, whose existence would have been hard to predict from the spectrum of
invariant operators of the UV theory).

Near the UV start of the RG flow, we will use for thea-function, following[19],

(4.1)a(0)(R,λI ) = 3 TrR3 − TrR +
∑
I

λI β̂I (R).

Extremizing this in theRi has solutionR(0)
i (λI ), and plugging back in givesa-function

a(0)(λI ) = a(0)(Ri(λI ), λI ). We propose that theseR(0)(λI ) and a(0)(λI ) give the R-
charges and thea-function initially along the RG flow, up until the point where the a
cidental symmetry arises: until the flow hitsa value of the Lagrange multiplier/couplin
constantsλ(0)

I where a gauge-invariant composite operatorM hits R(M) = 2/3. At that
point on the RG flow, includingthe effect of the accidentalU(1)M means patching ont
anothera-function, with the correction term of[15] added to(4.1):

(4.2)a(1)(Ri, λI ) = a(0)(R,λI ) + dim(M)

(
2

9
− 3(RM − 1)3 + RM − 1

)
,

with RM = ∑
i RimI for M = ∏

i Q
mi

i . Now (4.2) is extremized to findR(1)
i (λI ), and

plugging these back into(4.2)givesa-functiona(1)(λI ) = a(1)(R
(1)
i (λI ), λI ). If other op-

eratorsM ′ hit R(M ′) = 2/3 further down the RG flow, we had similarly patch onto
a-functiona(2) obtained by adding the analogous correction term to(4.2).

So the running R-chargesRi(λI ) anda-functiona(λI ) along the entire RG flow ar
proposed to be given by this patching procedure, with the patches occurring at ever
along the RG flow where some gauge-invariant operator hits the unitarity bound. Th
portant point is that, despite the patching together, theRi(λI ) anda(λI ) thus obtained are
continuous along the entire RG flow, as presumably areṘi (λI ) and ȧ(λI ), because the
added term in(4.2) vanishes at the patching location, whereRM = 2/3, as does its firs
derivative w.r.t.RM . Moreover, the patched togethera-function still satisfies

∂a(λI )

∂λI

= β̂I (R),

with β̂I (R) the same linear combinations of the (patched together) R-chargeRi , propor-
tional to the exact beta functions, as in(1.7)and(1.8). Thus the patched-togethera-function
continues to satisfẏa(λI ) < 0. In particular, for the endpoints of the RG flow, this dem
strates thata-maximization automatically ensures that the accidental symmetries of t
above type never violateaIR < aUV.
Here is a suggestive way to obtain this same patching-together prescription. Consider
coupling theN2

f composite, gauge-invariant meson operatorsQf Q̃g̃ to the same number
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of added sources,Lf g̃ , and also introduce into the theory the same number of added g
invariant fieldsMf g̃ , with added superpotential

(4.3)W = Lf g̃Qf Q̃g̃ + hLf g̃Mf g̃.

We think of the second term, with couplingh, as a perturbation. Starting ath = 0, we have
R(M) = 2/3 andR(L) = 2−R(QQ̃), so theh perturbation is relevant ifR(QQ̃) > 2/3. In
this case, the effect of the two terms in(4.3) is thatL andM are both massive, and hen
should be integrated out. TheL e.o.m. setsMf g̃ = Qf Q̃g̃ , the M e.o.m. setsLf g̃ = 0,
and the upshot is that we are back to were we would have been had we not includ
2N2

f additional fieldsLf g̃ andMf g̃ . In particular, these massive fields make cancel

contributions to ’t Hooft anomalies and hence to thea-functiona = 3 TrR3 − TrR.
On the other hand, ifR(QQ̃) < 2/3, the second term in(4.3) is irrelevant, and theN2

f

fields Mf g̃ are then decoupled free fields, withR(M) = 2/3. This gives the 2/9 term
in (4.2), and the remaining additional terms in(4.2) are the contribution of the field
Lf g̃ (whose R-charge is fixed by the first term in(4.3) to beR(L) = 2 − R(QQ̃)). The
a-function computed with these added fields and superpotential interactions involve
tional Lagrange multipliers, associated with the added superpotential terms, but should
equivalent to the patched-together prescription described above.

4.2. Higgsing

Giving a chiral superfield an expectation value breaks the gauge groupG → H . There
is then a Higgsing RG flow, from the unbrokenG theory in the UV (as the vevs the
negligible), to theH theory in the IR, with the massiveG/H fields decoupled. We do no
have a candidatea-function, or a general argument thataIR < aUV, for Higgsing RG flows.
We will simply illustrate the challenge here, takingWtree= 0 for simplicity.

WhenG → H , the G matter fieldsQi decompose intoH representations asQi →∑
µ Qiµ, some of which are eaten. As with other RG flows, we can compute�a ≡

aIR − aUV from the IR vs. UV R-charges of the chiral superfields, with the gauge
contribution unchanged and canceling in�a. The fact that the low energy group do
change, fromG to H , is accounted for by the contribution to�a of the |G| − |H | matter
fields eaten by the Higgs mechanism. At the IR fixed point, these eaten matter fields w
haveRIR(Qeaten) = 0, as seen by the fact that their fermionic components pair up to
mass with theG/H gauginos; their contribution to�a then correctly accounts forG → H .
We will write the total�a as�a = �aeaten+�auneaten. Thea-theorem conjecture predic
�a < 0. The eaten contribution satisfies�aeaten< 0 if RUV(Qeaten) > 0, e.g., at point (C)
in Fig. 3, which is the case for RG fixed points withWtree = 0 and sufficient matter to
avoid generatingWdyn. (Theories withWtree can have matter with negativeR-charge, as
seen, e.g., in[15] for the theory withWtree= TrXk+1.)

Very generally, however,�auneaten> 0, because Higgsing leads to an IR theory tha
less asymptotically free than the UV theory. The uneaten matter fields move up th
of Fig. 3 (which is a blown-up portion ofFig. 1), from point (C) in the UV, to a large

value in the IR. Those that areH -charged move partially up the hill, and those that areH -
singlets are IR-free, and hence move all the way up to point (A) in the IR. Thea-theorem
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Fig. 3. Eaten and uneaten matter fields contribute oppositely to�a.

prediction that�a < 0 thus requires that�aeatenbe sufficiently negative, to compensa
for �auneaten> 0.

To illustrate all this, considerSU(Nc) SQCD withNf flavors in the superconforma
window range3

2Nc < Nf < 3Nc. As reviewed in Section2, this theory has

(4.4)aSCFT= aSQCD(Nc,Nf ) ≡ 2
(
N2

c − 1
) + 2NcNf

(
Nc

Nf

− 3
N3

c

N3
f

)
.

Giving an expectation value to one of the flavors yields aSU(Nc) → SU(Nc −1) Higgsing
RG flow, withNf → Nf − 1, anda-theorem prediction

(4.5)aSQCD(Nc,Nf ) > aSQCD(Nc − 1,Nf − 1) + 2

9
(2Nf − 1),

with the last term from the 2Nf −1 uneaten singlets (decomposing(Nc) → (Nc −1)+(1)).
This inequality can be thought of as a statement about the contributions of the 2NcNf

matter fields to�a ≡ aIR − aUV. In the UV limit of the Higgsing flow, all of these field
start at point (C) inFig. 3, with RUV = 1−(Nc/Nf ). In the IR limit, the 2(Nc −1)(Nf −1)

uneaten charged matter fields move slightly up the hill ofFig. 3 (to RIR = 1 − (Nc −
1/Nf − 1)), contributing to an increase ina. The 2Nf − 1 uneaten singlets also contribu
positively to�a, moving up the hill inFig. 3 from point (C) to point (A), withR = 2/3.
Only the|G| − |H | = 2Nc − 1 eaten matter fields contribute to a decreased value ofaIR,
moving down the hill ofFig. 3from point (C) toRIR(Qeaten) = 0.

Since�auneaten> 0, it is non-trivial to prove that the eaten matter field contributio
sufficient to ensure that�a < 0. Indeed,(4.5)would be violated forNf sufficiently small,
if we did not account for the effect of accidental symmetries forNf � 3

2Nc. Upon taking
into account these accidental symmetries,�a < 0 is satisfied. Proving that Higgsing R
flows always satisfy�a < 0 thus generally requires accounting for accidental symmetries

Perhaps it is possible to prove thataIR < aUV is satisfied whenever the unitarity bound
condition is satisfied by all gauge-invariant operators, with accidental symmetries giving
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R = 2/3 for any gauge-invariant operators appearing to violate the unitarity bound, b
have not found an effective way to implement this.

An attempt to generalize the proposal of[19] for defining a flowinga-function for Hig-
gsing RG flows would be to introduce severalLagrange multipliers, to interpolate alon
each of the three flows depicted inFig. 3, λe for the eaten matter fields,λu.c. for the uneaten
charged matter, andλu.s. for uneaten singlet matter fields. The Higgsing RG flow wo
then correspond to some pathλe(t), λu.c.(t), λu.s.(t), along which we would like to find a
monotonically decreasinga-function. Some clever choice of path would be required, s
only the flow associated withλe has the needed sign of decreasinga.

5. New SCFTs from SQCD with singlets: SSQCD

In this section, we illustrate some of the points discussed in the previous section
a new set of examples. ConsiderSU(Nc) SQCD withNf fundamental flavorsQi andQ̃ĩ

(with i = 1, . . . ,Nf ), andN ′
f additional flavorsQ′

i′ andQ̃′
ĩ′ (with i ′ = 1, . . . ,N ′

f ), with

theN ′
f flavors coupled toN ′2

f singletsSi′ j̃ ′
by a superpotential term

(5.1)W = hSi′ j̃ ′
Q′

i′Q̃
′
j̃ ′ .

For h = 0, the theory is just SQCD, withNf + N ′
f flavors, which flows to an interactin

SCFT in the superconformal window32Nc < Nf + N ′
f < 3Nc. The superpotential(5.1) is

a relevant deformation of these SCFTs,h : 0→ h∗ 	= 0, driving a RG flow to a new family
of SCFTs in the IR, labeled by(Nc,Nf ,N ′

f ). The usual SQCD RG fixed points are t
special caseN ′

f = 0 (electric description) orNf = 0 (dual, magnetic description).
TheSU(Nf + N ′

f − Nc) Seiberg dual[25] of the theory withh = 0 can be deforme
by the superpotential(5.1), whose effect in the dual is simply a mass term that pairs up
N ′2

f added singletsS with theN ′2
f mesonsM ′ (whichQ′Q̃′ map to). The dual descriptio

of the new RG fixed points associated with(5.1) is thus simply a deformation of Seibe
duality, where we integrate out the massive gauge singletsS′ andM ′. What is left is an
SU(Ñc) gauge theory, withÑc ≡ Nf + N ′

f − Nc, with Nf flavors of dual quarks,q ′,
and q̃ ′ (if Q ∈ Nf of SU(Nf )L, thenq ′ ∈ N̄f), andN ′

f flavorsq , and q̃ (if Q′ ∈ N′
f of

SU(N ′
f ), thenq ∈ N̄′

f), andN2
f gauge singletsMij̃ , and 2Nf N ′

f singletsPij̃ ′ , andP ′
ĩj ′ ,

with superpotential (suppressing flavor and color indices)

(5.2)W = Mq ′q̃ ′ + Pq ′q̃ + P ′q̃ ′q.

The first term in(5.2) is similar to the superpotential(5.1) of the electric theory, with an
exchangeNf ↔ N ′

f in the number of flavors coupled to singlets. But the additionaP

andP ′ terms in(5.2)distinguish the magnetic duals from the original electric theory(5.1),
so the duality doesnot simply equate the SCFT, obtained from the electric theory w
(Nc,Nf ,N ′

f ), to that obtained from the electric theory with(Nf + N ′
f − Nc,N

′
f ,Nf ).

Duality equates these two SCFTs only for the special case of SQCD,Nf N ′
f = 0; for
Nf N ′
f 	= 0, the electric(Nc,Nf ,N ′

f ) and(Nf + N ′
f − Nc,N

′
f ,Nf ) theories are distinct

(each with their own, distinct, magnetic dual). The duality map for mesons, singlets, and
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baryonic operators is

QQ̃ → M, S → −qq̃, QQ̃′ → P, Q′Q̃ → P ′,
(5.3)QrQ′Nc−r ←→ q ′Nf −rq

N ′
f −Nc+r

(with r an arbitrary integer).
Both the electric and magnetic theories have anSU(Nf )L × SU(Nf )R × SU(N ′

f )L ×
SU(N ′

f )R × U(1)B × U(1)B ′ × U(1)F × U(1)R0 flavor symmetry. E.g., takingh 	= 0
in (5.1) breaks the axialSU(Nf + N ′

f ) to SU(Nf ) × SU(N ′
f ) × U(1)F , so theU(1)F

charges areF(Q) = F(Q̃) = N ′
f /(Nf + N ′

f ) andF(Q′) = F(Q̃′) = −Nf /(Nf + N ′
f ). It

is straightforward to list all of the flavor charges in the electric and magnetic duals, a
verify that they are compatible with the mappings(5.3), and also to verify that all of thei
’t Hooft anomalies match. All of these checks are guaranteed to work, because they wor
for the original Seiberg duality[25], and the above new SCFTs and duality are obta
from those via a relevant deformation and its map to the dual description.

Despite the fact that these new SCFTs are such a simple deformation of those associa
with SQCD, they could not have been quantitatively analyzed prior to the introduction[13]
of thea-maximization method for determining the superconformal R-charges. The r
is that there are three independent R-charges,R(Q) = R(Q̃) ≡ y, R(Q′) = R(Q̃′) ≡ y ′,
andR(S) ≡ z, but only two constraints among them, anomaly freedom and the cons
that the superpotential(5.1)respect the R-symmetry:

(5.4)Nc + Nf

(
R(Q) − 1

) + N ′
f

(
R(Q′) − 1

) = 0 and R(S) + 2R(Q′) = 2.

This is because the R-symmetry can mix with theU(1)F flavor symmetry, whose effect
to allow R(Q) andR(Q′) to differ. We will first discussa-maximization at the RG fixed
points, imposing(5.4)at the outset, and then nexta-maximization along the RG flow, wit
(5.4) imposed along the lines of[19], with Lagrange multipliers.

5.1. a-maximization at the RG fixed point

Before getting started, it is worth noting that the superconformal R-charges, ob
via a-maximization in the above electric and magnetic dual theories, will be compa
with the duality maps(5.3), which require

(5.5)2R∗(Q) = R∗(M), R∗(S) = 2R∗(q), R∗(Q) + R∗(Q′) = R∗(P ).

The two duals have the same flavor symmetries and ’t Hooft anomalies, so we are ma
ing the same functionatrial(s) in both descriptions. The result is that the superconfor
R-charges of the electric and magnetic theories are related by

(5.6)R∗(q ′) = 1− R∗(Q), R∗(q) = 1− R∗(Q′),

which imply (5.5).
In the electric theory we haveR(Q) = R(Q̃) ≡ y, R(Q′) = R(Q̃′) ≡ y ′, andR(S) ≡ z,
which are subject to the constraints(5.4) at the RG fixed point. We use these to elimi-
natey ′ andz in favor of y, and we then obtainy at the RG fixed point by maximizing
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atrial = 3 TrR3 − TrR, which we write as (takingNc , Nf , andN ′
f all large, to simplify the

expressions, holding fixedx ≡ Nc/Nf andn ≡ N ′
f /Nf ):

a

2Nf N ′
f

(x,n, y)

= x

n

[
3(y − 1)3 − y + 1

] + x

[
3

(
1− y − x

n

)3

− 1− y − x

n

]

(5.7)+ n

2

[
3

(
2

(
x + y − 1

n

)
− 1

)3

−
(

2

(
x + y − 1

n

)
− 1

)]
+ x2

n
.

Maximizing this with respect toy determines the superconformal R-charge to be

y = 1

3x − 3n(4+ nx)

{
−3

[
2n(2+ n) + (

n(n − 4) − 1
)
x + x2]

(5.8)+
√

n2
(
9x2(x − 2n)2 + 8n(1− n2)x + 4n2

)}
.

The result(5.8) is only valid over a range ofx and n for which no gauge-invarian
operator violates the unitarity bound. The first operator to hit the unitarity bound i
mesonM = QQ̃, which hits the unitarity bound whenR(Q) = 1/3; solving(5.8) for the
valuexM(n) such thaty(xM(n)) = 1/3, the unitarity bound is hit atxM(n) = 1

3(1+ 5n −√
1− 14n + 13n2 ). So(5.8) is valid for x < xM(n), and needs correction to account

the accidental symmetry associated with the free-fieldsM whenx � xM(n).
We also know that, whenNf + N ′

f � 3
2Nc , i.e., whenx � xFM(n) ≡ 2

3(1 + n), the
theory is in a free magnetic phase, with IR-free quarks,SU(Nf + N ′

f − Nc) gluons, and
singletsM, P , P ′. The phases are as inFig. 4: for n = N ′

f /Nf < 2 (e.g., for the usua
SQCD, wheren = 0) the theory goes directly from having no accidental symmetrie
free magnetic phase, where the entire magnetic theory is IR-free. On the other ha
n � 2, there is a wedge in the(x,n) parameter space where the fieldQQ̃ hits its unitarity
bound, while the dual is still asymptotically free. In this wedge, the IR theory remains
interacting SCFT, with only the fieldM becoming free and decoupled.

In the wedgexM < x < xFM, whereM = QQ̃ hits the unitarity bound, but the theory
not in the free magnetic phase, the effect of the accidentalU(1)M symmetry is, as in[15],
simply to replace theM field contributions with those of free fields: we instead maxim
the quantity

(5.9)a(1) = a(0) +
(

2

9
− 3(2y − 1)3 + (2y − 1)

)
N2

f .

The maximizing solution for the superconformal R-charges, and the maximal valuea for
the central charge, are pasted-together with the solution(5.8) at x = xM(n). Because the
added quantity in(5.9)has a second order zero aty = 2/3, these pasted together quantit
are continuous and smooth (first derivatives match) atx = xM(n).

The magnetic description of the decoupling ofM in the wedgexM(n) < x < xFM(n)
is very simple, the termMq ′q̃ ′ in the dual superpotential(5.2) is then irrelevant: when its
coefficient is small,R(Mq ′q̃ ′) > 2, becauseR(M) ≈ 2/3 andR(q ′) > 2/3 for x > xM(n).
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Fig. 4. Phases of SSQCD.

In the IR, this irrelevant term goes away, and the dual superpotential becomes

(5.10)Wmag= Pq ′q̃ + P ′q̃ ′q.

When we now computẽatrial in the magnetic theory, with superpotential(5.10), we obtain
the same result as on the electric side, reproducing the correction term in(5.9).

5.2. a-function, viaa-maximization with Lagrange multipliers

For the electric theory,a-maximization along the RG flow, imposing(5.4) with La-
grange multipliers, yields

R(Q) = 1− 1

3

√
1+ λG

2Nc

, R(Q′) = 1− 1

3

√
1+ λG

2Nc

− λS

NcN
′
f

,

(5.11)R(S) = 1− 1

3
ε

√
1− λS

N ′2
f

,

with both branchesε = ±1 generally needed, as we discussed in Section2.6. Plugging
these back intoa(Ri, λI ) yieldsa(λG,λS),

a = 4

9
NcNf

(
1+ λG

2Nc

)3/2

+ 4

9
NcN

′
f

(
1+ λG

2Nc

− λS

NcN
′
f

)3/2

(5.12)+ 2

9
N ′2

f ε

(
1− λS

N ′2
f

)3/2

+ 2N2
c − λGNc + λS.

It would be interesting to determine the RG flow path of the gauge coupling and sup
tential coupling Lagrange multipliers,λG(t) andλS(t) to their eventual IR values, whe

(5.12)is critical. It is gradient flow, as discussed in Section3, but to actually determine the
full trajectory requires knowing the fullλI (g).
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Similarly, a-maximization along the RG flow, with Lagrange multipliers, in the m
netic dual yields

R(q) = 1− 1

3

√√√√1+ λ̃G

Ñc

− λ̃P

2ÑcN
′
f

, R(M) = 1− 1

3
εM

√√√√1− λ̃M

N2
f

,

R(q ′) = 1− 1

3

√
1+ λ̃G

Ñc

− λ̃M

ÑcNf

− λ̃P

2ÑcNf

,

(5.13)R(P) = 1− 1

3
εP

√√√√1− λ̃P

2Nf N ′
f

.

In the wedgexM(n) < x < xFM(n), whereM decouples but the theory is otherwi
interacting, the RG fixed point has̃λ∗

M = 0. This happens whenR(q ′) > 2/3, hence
λ̃P /2Nf > λ̃G in (5.13).

5.3. Predictions and checks of thea-theorem

Having obtained the superconformal R-chargeR∗ via a-maximization, as discusse
above, we can computea(Nc,Nf ,N ′

f ) = 3 TrR3∗ − TrR∗ for our new SCFTs. There ar
many RG flows associated with these theories, and in this subsection we will discu
check some of theaUV > aIR predictions.

First, there is the RG flow associated with superpotential(5.1). In the UV limit of this
flow, h → 0, and the theory is the SCFT associated with ordinary SQCD withNf + N ′

f

flavors plus theN ′2
f decoupled singlets, soaUV = aSQCD(Nc,Nf + N ′

f ) + 2
9N ′2

f . The
IR limit is our new SSQCD superconformal field theory, withaIR = a(Nc,Nf ,N ′

f ), so
aUV > aIR means

2N2
c + 2Nc

(
Nf + N ′

f

)(
3

(
− Nc

Nf + N ′
f

)3

−
(

− Nc

Nf + N ′
f

))
+ 2

9
N ′2

f

(5.14)> a
(
Nc,Nf ,N ′

f

)
.

For simplicity, we again consider the limit of largeNc , Nf , andN ′
f , holding fixedx ≡

Nc/Nf andn ≡ N ′
f /Nf . Definingâ(x, n) ≡ a(Nc,Nf ,N ′

f )/2Nf N ′
f , (5.14)becomes

(5.15)
x2

n
+ x

(
1+ 1

n

)(
−3

(
x

1+ n

)3

+ x

1+ n

)
+ n

9
> â(x,n).

We have verified numerically that this prediction is indeed satisfied.
Another RG flow is to start at our SSQCD fixed point and deform by giving aQ flavor

a mass. The IR theory is again SSQCD, but withNf → Nf − 1, andaUV > aIR becomes
(5.16)a
(
Nc,Nf ,N ′

f

)
> a

(
Nc,Nf − 1,N ′

f

)
.
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Fig. 5.Q mass RG flow, checkingaIR < aUV, i.e., 0> (x ∂
∂x

+ n ∂
∂n

− 1)â in the conformal window.

In the limit discussed above, this becomes

(5.17)â(x, n) > (1− ε)â
(
x(1+ ε), n(1+ ε)

)
with ε ≡ 1/Nf > 0. The orderε term then gives

(5.18)0 >

(
x

∂

∂x
+ n

∂

∂n
− 1

)
â(x, n),

which must hold for allx andn in the conformal window, 3x > 1+ n > 3
2x. In Fig. 5, we

have plotted the function on the right-hand side of(5.18). The plane at the top of the grap
indicates both the conformal window as well as where the right-hand side of(5.18)would
equal 0, soaIR < aUV is indeed always satisfied in the conformal window.

Now consider giving a mass to one of theq ′ flavors, which is equivalent to giving, sa
SN ′

f N ′
f

a non-zero expectation value. This drives the theory in the IR to a similar RG

point, with Nc → Nc , Nf → Nf , andN ′
f → N ′

f − 1. In addition, the IR fixed point ha
2N ′

f − 1 decoupled free singlets, coming from theSiN ′
f
. Thea-theorem thus requires

(5.19)a
(
Nc,Nf ,N ′

f

)
> a

(
Nc,Nf ,N ′

f − 1
) + 2

9

(
2N ′

f − 1
)
.

As above, we divide both sides by 2Nf N ′
f and take the term proportional toε ≡ 1/Nf > 0

to write this inequality as

(5.20)â + ∂â

∂n
>

2

9
n.

Once again, we find numerically that(5.20)is satisfied.
Now consider givingQNf Q̃Nf a non-zero expectation value. This leads to
(5.21)a
(
Nc,Nf ,N ′

f

)
> a

(
Nc − 1,Nf − 1,N ′

f

) + 2

9

(
2Nf + 2N ′

f − 1
)
,
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Fig. 6.Q vev Higgsing satisfiesaIR < aUV in the conformal window.

with the last term from the uneatenSU(Nc − 1) singlets, which are IR-free. We can wri
(5.21)as

(5.22)â(x, n) > (1− ε)â
(
(x − ε)(1+ ε), n(1+ ε)

) + 2

9

(
1+ 1

n

)
ε,

so, taking theε term,

(5.23)0 > −
(

1+ (1− x)
∂

∂x
− n

∂

∂n

)
â + 2

9

(
1+ 1

n

)
.

This inequality is shown inFig. 6, where there appears to be a region where it is
lated. But within the conformal window, the inequality is indeed satisfied. (Outside o
conformal window, additional contributions of free fields come to the rescue.)

There is a similar Higgsing RG flow upon givingQf Q̃′
Nf

an expectation value (i.e.,P

in the dual), andaUV > aIR is

(5.24)a
(
Nc,Nf ,N ′

f

)
> a

(
Nc − 1,Nf ,N ′

f − 1
) + 2

9
(2Nf ),

where there are fewer singlets than in(5.21)because some pair up with theSi′N ′
f

to get a
mass. We write(5.24)as

(5.25)â(x, n) >

(
1− 1

n
ε

)
â(x − ε,n − ε) + 2

9n
ε,

and hence

(5.26)

(
1

n
+ ∂

∂x
+ ∂

∂n

)
â >

2

9n
.

Once again, we numerically verified that this inequality is true.
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