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Quantum memories play a key role in facilitating tasks within quantum networks and quantum informa-
tion processing, including secure communications, advanced quantum sensing, and distributed quantum
computing. Progress in characterizing large nuclear-spin registers coupled to defect electronic spins has
been significant, but selecting memory qubits remains challenging due to the multitude of possible assign-
ments. Numerical simulations for evaluating entangling gate fidelities encounter obstacles, restricting
research to small registers, while experimental investigations are time-consuming and often limited to
well-understood samples. Here we present an efficient methodology for systematically assessing the con-
trollability of defect systems coupled to nuclear-spin registers. We showcase the approach by investigating
the generation of entanglement links between silicon monovacancy or divacancy centers in SiC and ran-
domly selected sets of nuclear spins within the two-species (13C and 29Si) nuclear register. We quantify
the performance of entangling gate operations and present the achievable gate fidelities, considering both
the size of the register and the presence of unwanted nuclear spins. We find that some control sequences
perform better than others depending on the number of target versus bath nuclei. This efficient approach is
a guide for both experimental investigation and engineering, facilitating the high-throughput exploration
of suitable defect systems for quantum memories.
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I. INTRODUCTION

Solid-state defect systems are a leading platform for
quantum networks, quantum sensing, and other quantum
information processing tasks. Defects in diamond, such as
nitrogen-vacancy (N-V) centers [1–3], silicon-vacancy (Si-
V) centers [4,5], and tin-vacancy (Sn-V) centers [6,7], have
been intensely studied and used for milestone demonstra-
tions of building blocks for quantum networks. Similarly,
various defects in silicon carbide (SiC) are explored for
such tasks due to the host material’s attractive properties
and the more desirable emission frequencies compared to
diamond defects. Among SiC defects, silicon vacancies
[8–10] and neutral divacancy centers [11] are especially
promising.

Considering the vast space of possible defects in a
wide range of host materials, the community is taking
steps toward a more systematic search for new defects
with desirable properties using computational tools such as
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density-functional theory [12,13]. The latter predict opto-
electronic and kinematic properties, which, while impor-
tant, do not suffice in determining the suitability of a
given defect for a particular quantum information pro-
cessing task. The most fundamental missing element in
such defect surveys is the evaluation of the operational
performance of the defect as a qubit in a larger quan-
tum register, typically composed of spinful isotopes in the
host material. For example, in network applications, the
electronic spin functions as the communication qubit due
to its spin-photon interface, while nearby nuclear spins
can serve as long-lived quantum memories needed for
quantum repeaters [14–16]. In the case of diamond, for
instance, the low but nonzero concentration of 13C nuclei,
together with their long coherence times, allows for the
development of quantum memories for information stor-
age and buffering. Such memory qubits are also often
necessary for entanglement distillation [3] and quantum
error-correction protocols [17], while they can also serve
as a useful resource for quantum sensing [18–21].

However, assessing and controlling nuclear-spin mem-
ories in solid-state spin-defect platforms faces challenges
on two fronts: (i) The nuclear spins are randomly situ-
ated at distant lattice sites, resulting in random hyperfine
(HF) interactions that are weak compared to the defect
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spin’s dephasing rate. (ii) The HF interactions between
nuclear spins and the electronic spin defect are always
present (they cannot be switched off). Thankfully, dynam-
ical decoupling (DD) pulse sequences offer a solution
to both challenges [22]. In principle, all nuclear spins
except a selected target one can be decoupled from the
defect by tuning parameters associated with these DD
sequences, particularly the interpulse spacings and the
number of iterations of a basic sequence unit. By vary-
ing these control knobs, different nuclear spins across
the total register can be selected. To date, impressive
experiments have been conducted to characterize the reg-
ister and demonstrate entangling quantum gates between
defect and nuclear-spin qubits [4,5,11,18,22–24]. More-
over, this approach has initiated first steps toward dis-
tributing entanglement across a network of a few quantum
nodes [1,25], implementing quantum repeater protocols
[24], performing entanglement distillation [3], or realizing
error-correction schemes [23,26,27]. Very recently, entan-
glement between nuclear-spin qubits coupled to two Si-V
centers in diamond at opposite ends of a 40-km fiber was
demonstrated [28].

Despite the significant progress in characterizing large
nuclear-spin registers [19], selecting memory qubits from
these registers remains inherently difficult due to the com-
binatorially large number of possible assignments. An
important metric in this selection process is the quality of
the gates for a given assignment. Unfortunately, numer-
ical simulations to evaluate gate fidelity face significant
hurdles, as they require solving for the time evolution of
the many-body system, rendering such calculations pro-
hibitively difficult for large registers. Consequently, only
small-sized registers could be simulated so far. Although
experimental investigations could partially alleviate this
challenge, they are time-consuming, and academic labs
often focus their investigations on a few well-understood
and characterized samples and are not yet as concerned
about questions of yield and scale.

In this paper, we address this challenge by establish-
ing an efficient method for assessing the controllability
of the total system consisting of the defect spin coupled
to an arbitrary multinuclear-spin register. We do this by
leveraging a recent formalism for characterizing multispin
entanglement [29] that completely sidesteps the need to
simulate many-body dynamics—a notoriously resource-
intensive and time-consuming computational task. Our
method enables one to rapidly and systematically iden-
tify suitable nuclear spins to use as memories, as well
as optimal control sequences for manipulating them with
high fidelity. While our method is general and can be
applied to any defect, we showcase our approach with
silicon monovacancy and divacancy defects in silicon car-
bide coupled to two species of nuclear spins, 13C and 29Si.
These defects are especially promising for networks due
to the fact that they emit at or near telecom bands. We

determine how electron-multinuclear gate fidelities depend
on the number of target versus bath nuclei. We compare
the performance of several leading DD sequences in this
task, finding that the relative performance depends on the
sizes of the nuclear-spin memory register and the nuclear-
spin bath. We further show that the sign difference in
the gyromagnetic ratios of the two nuclear-spin species
is beneficial for achieving high-fidelity multispin opera-
tions. Our results constitute an important step in comparing
the utility of different defect systems by allowing mem-
ory controllability to be included systematically in such
comparisons.

The paper is organized as follows. In Sec. II, we review
the case of a defect spin coupled to a single nuclear spin
and driven by π -pulse sequences. In Sec. III, we generalize
this to the case of multiple nuclear spins. We first discuss
the metric we use to quantify entanglement, and we then
apply this to selectively entangle a subset of nuclei in the
case of a defect in SiC coupled to 13C and 29Si nuclei. In
Sec. IV, we study the dependence of the gate fidelity on the
size of the multipartite entangled state, the size of the bath,
and the type of control sequence used. We summarize our
conclusions in Sec. V.

II. SINGLE NUCLEAR SPIN COUPLED TO
DEFECT AND DYNAMICAL DECOUPLING

Taminiau et al. [22] demonstrated that, by selecting
the pulse intervals of a DD sequence to satisfy a spe-
cific resonance condition dictated by the hyperfine (HF)
couplings, it is possible to rotate a desired nuclear spin
conditionally on the electronic spin state. This is possible
because DD sequences can dynamically modify the effec-
tive electron-nuclear HF interaction, enabling the coupling
of a specific nuclear spin to the electron spin while decou-
pling others. Well-known examples of DD sequences that
are widely used in the quantum information science com-
munity include the Carr-Purcell-Meiboom-Gill (CPMG)
[30–32] and Uhrig (UDD) [33] sequences. In this section,
we review existing results for single nuclear-spin control
via electronic spin driving.

As a first step, we review how one can create
electron–nuclear-spin entanglement using repeated DD
pulse sequences. For instance, one can use the CPMG
sequence on the electron and repeat the basic unit N times,
i.e., (τ/4–π–τ/2–π–τ/4)N , where τ is the duration of the
unit, and π represents the application of an instantaneous π
pulse. These π pulses are implemented experimentally via
a microwave drive to induce transitions between electronic
spin states directly. In practice, the π pulses have a finite
duration and amplitude, and they can be generated using a
vector source [34], where their features such as frequency,
duration, and amplitude are preset by an arbitrary wave-
form generator, while their pulse shapes can be Hermite
envelopes [24,35].

054073-2



HIGH-THROUGHPUT ASSESSMENT. . . PHYS. REV. APPLIED 22, 054073 (2024)

The Hamiltonian for a single electronic spin in SiC inter-
acting with a single nuclear spin (I = 1/2) is given by
[36]

H = ωL

2
1 ⊗ σz + A‖

2
Ze ⊗ σz + A⊥

2
Ze ⊗ σx

= σ00 ⊗ H0 + σ11 ⊗ H1. (1)

Here ωL is the Larmor frequency of the nuclear spin; σi,
with i ∈ {x, y, z}, are the Pauli matrices; and A‖ (A⊥) is
the parallel (perpendicular) component of the HF interac-
tion. The electronic spin operator Ze is defined as Ze =
s0σ00 + s1σ11, where σjj = |j 〉 〈j | are the electronic spin
projection operators, with |j = 0〉 and |j = 1〉 being the
two levels of the electronic spin multiplet used to define
the two-dimensional qubit space, while sj is the corre-
sponding spin projection quantum number. For instance,
N-V centers in diamond have total spin S = 1 and the logi-
cal qubit states are |s0 = 0〉 and |s1 = −1〉 [2]; while the
negatively charged silicon vacancy in SiC has S = 3/2
and the qubit states are typically defined to be |s0 = 1/2〉
and |s1 = 3/2〉 [9], or |s0 = −1/2〉 and |s1 = −3/2〉 [10].
Moreover, Hj = 1

2 [(ωL + sj A‖)σz + sj A⊥σx] is the Hamil-
tonian experienced by the nuclei, which is conditional on
the state of the electronic spin.

Notice that Eq. (1) assumes an external magnetic field
along the principal axis where the electron Zeeman split-
ting between the electron and nuclear spins is large. This
significant mismatch ensures that σz remains a good quan-
tum number throughout the dynamics. This approximation
is known as a secular approximation. Using the above
Hamiltonian, one can show that the evolution operator,
after one unit of the pulse sequence, can be written as
[22,29]

U = σ00 ⊗ Rn0(φ0)+ σ11 ⊗ Rn1(φ1), (2)

where Rnj (φj ) = e−iφj /2σ ·nj are the two conditional
nuclear-spin evolution operators defined by two rotation
axes nj and two angles φj . Both nj and φj depend on
the electronic spin state and the chosen pulse sequence.
The potential of creating controlled gates with the electron
as the control qubit and the nuclei as the target qubits is
already evident in Eq. (2). For instance, in the case where
φ1 = φ0 = π/2 and n0 = −n1 = x, the evolution oper-
ator yields (the cross-resonance) U = CRx(π/2) = σ00 ⊗
Rx(π/2)+ σ11 ⊗ R-x(π/2), which is equivalent to the con-
trolled NOT (CNOT) up to local rotations.

To leverage this conditional Hamiltonian to create
electron-nuclear entanglement, the electron spin must
be prepared in a superposition state, e.g., |+〉 = (|0〉 +
|1〉)/√2, while the nuclear spin can be initialized in the
state |0〉. In certain cases, the subsequent application of
N DD sequence units makes the two nuclear rotation

operators, Rnj (Nφj ), differ. This can happen, for exam-
ple, if the unit time, τ , is chosen such that the nuclear
rotation axes are antiparallel, i.e., n0 · n1 = −1. At this
time, the probability, P+, that the initial state |+〉 of the
electron is preserved reaches the minimum value, signi-
fying the creation of an electron–nuclear-spin Bell pair.
This probability (or coherence function) is calculated as
P+ = (1 + M )/2, with M = 1

2 Re tr[Rn0(Nφ0)R
†
n1(Nφ1)]

[22,29]. For instance, in the case of CPMG pulses, it holds
that φ0 = φ1 = φ and M = 1 − sin2(Nφ/2)(1 − n0 · n1),
where N is the number of applied unit sequences.

This last expression reveals that, for antiparallel axes
and accumulated phase Nφ = π/2, the resulting condi-
tional rotation leads to a dip in the electron’s coherence
function down to the value P+ = 1/2. The resonance
times at which this entanglement occurs can be calcu-
lated using the explicit formulas for the nuclear operators
Rnj (φj ), setting n0 · n1 = −1, and solving tr(Rn0R†

n1)/2 =
cos(φ0) cos(φ1)+ n0 · n1 sin(φ0) sin(φ1) for time τ , where
Rnj and φj depend on the pulse sequence and the unit
time τ . One can show that for CPMG, UDD3, and UDD4
sequences, the resonance times are given by [22,29]

τk 	 4π(2k − 1)
ω0 + ω1

, (3)

where ωj = √
(ωL + sj A‖)2 + (sj A⊥)2, and k ∈ Z+ is the

resonance order. As reported in [37], the UDD4 sequence
has additional resonance times located at τk 	 8π(2k −
1)/ω̃; see Fig. 1(d). These expressions for τk are approxi-
mate and valid for ωL 
 A‖, A⊥.

In general, when the resonance condition is satis-
fied (n0 · n1 = −1), a single DD unit creates a small
angle of rotation, as shown in Figs. 1(b)–1(d), and thus
a small amount of entanglement. A larger amount of
electron–nuclear-spin entanglement can be achieved by
iterating the unit sequence N times to accumulate the
desired angle of rotation Nφj . In Fig. 1, we present the
angle of rotation versus the unit time for the CPMG,
UDD3, and UDD4 sequences. Sequences with an odd num-
ber of pulses in the basic unit need to be repeated twice
to ensure the electron experiences an even number of π
pulses and returns to its initial state [29]. In the case of
CPMG and UDD3, the rotation angles are the same, i.e.,
φ0 = φ1. A straightforward way to create a large amount
of entanglement is to set the unit time equal to a res-
onance time (τ = τk), so that the dot product is always
n0 · n1 = −1, and apply N sequences such that the accu-
mulated angle is Nφ 	 π/2. This combination leads to a
perfect entangling gate CRx(π/2), which is equivalent to
CNOT up to single qubit rotations.

Although the time intervals between the π pulses are
given by the same formula for all UUDn sequences (see
Appendix A), the rotation angles are not equal for some
of them. The UDD4 sequence leads to a more complicated
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FIG. 1. (a) Schematic depicting a single silicon vacancy cou-
pled to nuclear spins through HF interaction. The spheres denote
both nuclear (13C, 29Si) and electronic spins. Additionally, we
illustrate the transition distance between the strongly coupled
and weakly coupled regimes, depicted as the T∗

2 limit (black
dashed line). (b)–(d) The rotation angles φj (solid and dashed
blue lines) and the dot product n0 · n1 (red) of nuclear axes plot-
ted as a function of the unit time τk of CPMG, UDD3, and
UDD4, respectively. For CPMG and UDD3, it holds that φ0 = φ1
and thus the blue lines (solid and dashed) are on top of each
other, while in UDD4 the two angles are distinguishable. For
the nuclear spin, we set (ωL, A‖, A⊥) = 2π × (100, 100, 80) kHz,
and the electron’s spin projections are (s0, s1) = (1/2, 3/2).
The time is normalized to the first-order resonance times
(τCPMG, τUDD3 , τUDD4) = (4.6487, 4.6444, 4.6495) µs.

evolution of the nuclear spin in which the rotation angle
depends differently on the state of the electron. This in
turn leads to a nontrivial dependence of the dot product
of its rotation axes on N . Thus, even if one fixes a reso-
nance time for the basic UDD4 unit, the nuclear rotation
axes can switch from antiparallel to parallel for values of
N where φ0 and φ1 become equal [29]. In this case, with
parallel axes (n0 · n1 = 1) and equal angles of rotation, the
nuclear spin undergoes an unconditional rotation and, thus,
no entanglement can be created.

As we show later on, perfect entanglement can also be
achieved by easing the restriction of the unit time being
equal to a resonance time, as long as the dot product
remains negative, n0 · n1 < 0. This is indeed very impor-
tant since it makes it possible to entangle the electron with
several nuclear spins (with different HF interactions) sim-
ply by tuning the pulse spacing τ to such a “multinuclear
resonance” time. Furthermore, the above feature can be
combined with the fact that π -pulse sequences can also
average out the interactions of the electron with unwanted
spins, ensuring some degree of selectivity with a target set
of spins.

III. ENTANGLEMENT IN
DEFECT–MULTINUCLEAR-SPIN SYSTEMS

We now move on to consider a defect electronic spin
coupled to a multinuclear-spin register. We first discuss
metrics for gauging the ability of HF interactions and DD
sequences to create entanglement in these systems. We
then discuss how to apply these metrics to select which
nuclear spins to entangle with the electronic spin and
which to decouple. We focus on the case of defects in
SiC coupled to two nuclear species (13C and 29Si) for
concreteness.

A. Quantifying entanglement in
electron–multinuclear-spin systems

Before we develop protocols for controlling and entan-
gling multiple nuclear spins, we first have to discuss how
we quantify entanglement in multinuclear-spin registers.
We begin with considering the entangling power for a
defect coupled to a single nuclear spin and then extend
the formalism to multiple nuclear spins by employing the
concept of one-tangles [38]. As will become clear in Sec.
IV, these quantities will guide our design toward selective
multinuclear-spin entangling gates.

The entangling power is a general property of logical
gate operations that disregards the details of a gate and
focuses solely on its entanglement capabilities [39]. The
entangling power of a two-qubit operator can be expressed
as [40]

εp = 1 − |G1|, (4)

where the function G1 is a Makhlin invariant (see
Appendix B) whose explicit form in the present context
of electron-nuclear entanglement is

G1=
(

cos
φ0(N )

2
cos

φ1(N )
2

+n01 sin
φ0(N )

2
sin

φ1(N )
2

)2

.

(5)

Here, we use the fact that, for any given π -pulse sequence
repeated N times, the electron-nuclear evolution opera-
tor maintains the structure described in Eq. (2), with the
only difference being that φj is now replaced by the total
rotation angle φj (N ).

In Eq. (4), we discarded an overall factor of 2/9 for con-
venience, and thus the entangling power takes values in
the range 0 ≤ εp ≤ 1. It is evident that when G1 becomes
0, the entangling power is maximized, reaching its peak at
εp = 1 for the two-qubit case. The minima of G1 occur at
N = (2k + 1)π/(φ0 + φ1); however, N is an integer and
so the value of this expression must be rounded in gen-
eral. Notice that G1 can also be zero for other N values,
provided that n0 · n1 ≤ 0. In Fig. 2 we plot the scaled
entangling power, εp , for a single nuclear spin coupled to
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FIG. 2. Scaled entangling power as a function of reso-
nance order (k = 1, blue lines; k = 2, red lines; k = 3, yel-
low lines) and the number of repetitions N of the CPMG
(a), UDD4 (b), and UDD3 (c) units. For the nuclear spin,
we set (ωL, A‖, A⊥) = 2π × (−300, 60, 30) kHz, and the elec-
tron’s spin projections are (s0, s1) = (1/2, 3/2). The reso-
nance times are optimized around the analytical resonance
time: for CPMG, (τ1, τ2, τ3) = (4.1378, 12.354, 20.6201) µs;
for UDD3, (τ1, τ2, τ3) = (4.1360, 12.404, 20.6170) µs; and for
UDD4, (τ1, τ2, τ3) = (4.1393, 12.3743, 20.26451) µs. The scaled
entangling power takes values εp ∈ [0, 1], and the offsets in the
graphs are used for illustration purposes only.

the electron versus the number of iterations and the reso-
nance order k. We see that the frequency of the maxima of
εp depends on the pulse sequence and the resonance order,
an expected behavior, since these features directly affect
the rotation angle per iteration.

To quantify the distribution of entanglement within
the entire system, consisting of one electronic and many
nuclear spins, we expand the notion of entangling power
beyond two qubits. To that end, we utilize the one-tangles
[41] which measure the overall entanglement within a state
by assessing all possible bipartitions of the system. By vir-
tually partitioning the total system into subsystems, we
quantify the level of correlations between these subsys-
tems (this is also known as bipartition entanglement). We
choose this metric to quantify the entanglement of our gate,
and for each bipartition we separate only one qubit (either
electron or nuclear spin) from the rest of the system. Note
that one-tangles exclusively convey information about the
system’s entanglement capacity, and they cannot differ-
entiate between states belonging to different categories
[e.g., W states versus GHZ (Greenberger-Horne-Zeilinger)

states in the n-partite case, n ≥ 3] [38]. We find one-
tangles to be a convenient metric in our system since
we are interested in its entanglement capacity, rather than
generating specific entangled states.

For the sake of completeness, we note that, for a pure
state |ψ〉, the one-tangle is defined by the generalized
concurrence [38]

τg|g′(|ψ〉) := 2(1 − tr[ρ2
g′]), ρg′ = trg[|ψ〉 〈ψ |], (6)

where g|g′ denotes the bipartition or the splitting of the
Hilbert space. Equation (6) bounds one-tangles in the range
[0, 2 − 2/min(d, d′)], where d (d′) is the dimension of
partition g (g′).

The present form of Eq. (6) is not very effective for
measuring the entanglement of multinuclear operations
because it relies on the initial state. To address this, we
need to consider an average across all initial states. Specif-
ically, we employ the bipartition entangling power, which
is the average of the one-tangle across all initial product
states. According to Ref. [38], this is calculated by averag-
ing over single-qubit unitaries Ui applied to initial prod-
uct state |ψ0〉, denoted as |
〉 := |ψ0〉

⊗
i = U

⊗
i

i |ψ0〉
⊗

i ,
resulting in εg|g′(U) := 〈τg|g′(U |
〉)〉Ui

. Here, the index
i ranges from 1 to n, where n represents the total num-
ber of qubit systems. Ordinarily, this “one-tangling power”
is difficult to calculate explicitly for a generic many-body
Hamiltonian. However, as first shown in Ref. [29], it can
be analytically computed for the type of electron–nuclear-
central-spin system that we have in defect systems.
Although εg|g′(U) characterizes the bipartite entanglement
generated by the unitary U and is not a state-dependent
property, for brevity we will still refer to it as a “one-
tangle” in what follows.

Before discussing the explicit expression for the one-
tangle, we first introduce the Hamiltonian of a single elec-
tronic spin coupled to multiple nuclear spins. We neglect
the nuclear-nuclear interactions because the electron-to-
nuclear dipole moment ratio is about 1836, thus rendering
these interactions significantly smaller. Additionally, given
the low abundance of nuclear spins, we can assume they
are sufficiently spaced apart such that the 1/r3

ij term does
not compensate for the aforementioned difference in dipole
moment magnitudes. The Hamiltonian for L nuclear spins
is given by

H =
∑

j =0,1

σjj ⊗ (
H (1)

j ⊗ 12L−1 + 1 ⊗ H (2)
j ⊗ 12L−2 + · · ·

+ 12l−1 ⊗ H (l)
j ⊗ 12L−l + · · · + 12L−1 ⊗ H (L)

j

)
, (7)

with

H (l)
j = ω

(l)
L + sj A(j )‖

2
σ (l)z + sj A(l)⊥

2
σ (l)x , (8)
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where σ (l)x and σ (l)z are the Pauli operators acting only on
the lth nuclear spin (the identity operator acts on all the
other spins).

Notice that the Larmor frequency, ω(l)L , is different for
different types of nuclear spins. Recall that for 13C the
gyromagnetic ratio is γ13C = 2π × 10.7084 MHz/T, and
for 29Si the ratio is γ29Si = −2π × 8.465 MHz/T. The
above secular form of the Hamiltonian makes it apparent
that the terms in parentheses commute with each other,
i.e., [1 ⊗ H (k)

j ⊗ 1, 1 ⊗ H (l)
j ⊗ 1] = 0, where 1 has the

appropriate dimensions in each position. As a result of this
feature, in the case of a single electronic spin coupled to
multiple nuclear spins, the π -pulse sequences generate an
evolution operator which is a sum of terms, namely

U =
∑

j =0,1

σjj

L⊗

l=1

R(l)nj

(
φ
(l)
j (N )

)
, (9)

with L denoting the total number of nuclear spins and
φ
(l)
j (N ) being the total angle of rotation after N iterations.
From now on, we will denote the total angle or rotation

simply as φ(l)j . The last equation reveals that the evolution
operator of the total system is defined by the evolution of
each nuclear spin conditional on the state of the electron.
Each nuclear-spin evolution is independent of the rest,
which implies that the entanglement dynamics of the entire
system can be decomposed into pairwise electron-nuclear
correlations. This feature enables us to derive analyti-
cal expressions for the average of the one-tangles across
varying numbers of nuclear spins.

In Ref. [29], it was shown that the one-tangle of a
single nuclear spin, when partitioned from the remaining
electron-nuclear register, is given by

εnuclear
p|q = 1 − G(q)

1 , (10)

where we omit the 2/9 overall factor for simplicity, as we
did in Eq. (4), and G(q)

1 denotes the first Makhlin invari-
ant for the qth nuclear spin. Equation (10) holds for n ≥ 3
qubits, while for n = 2 qubits the average of the one-
tangles is the same as the two-qubit entangling power
given in Eq. (4).

It is worth noting that the one-tangle of a nuclear spin
is affected solely by the factors governing its evolution,
owing to the tensor product structure of the overall evolu-
tion operator U. Essentially, altering the partitioned nuclear
spin within the register modifies Eq. (10) via its G(q)

1 ,
indicating a different level of entanglement between the
partitioned spin and the remaining electron-nuclear regis-
ter. Although Eq. (10) aligns with the two-qubit entangling
power from Eq. (4) in a disjointed view, the interpre-
tations of these equations differ. More specifically, Eq.
(4) tells us to what extent the two-qubit gate, created by

the π -pulse sequences, can generate an electron–nuclear-
spin Bell state, while Eq. (10) describes correlations in
the multispin register and, therefore, needs to respect the
monogamy of entanglement [29].

Before we proceed, we should mention that we use
entangling power as a key measure in this work due to
its unique advantages over traditional entanglement met-
rics. Unlike concurrence or Von Neumann entropy, which
require calculating and averaging entanglement across
multiple input states, entangling power provides a state-
independent analysis of a gate’s ability to generate entan-
glement. This makes it especially suitable for our study,
where we aim to assess gate performance without being
limited to specific initial or output states. In the context
of gate design and optimization, where broad applicability
and efficiency are crucial, entangling power allows us to
quickly evaluate and compare different control sequences.
Its robustness and computational efficiency make it ideal
for examining the performance of quantum operations in
systems with large, weakly coupled nuclear-spin registers.
By utilizing entangling power, we ensure that our analysis
captures general performance trends across different con-
figurations and control sequences, providing a broader and
more reliable evaluation of gate fidelities

B. Multiple nuclear spins: Single-shot entanglement

In this subsection, we exploit the twofold feature of
DD sequences by entangling the electron selectively to
a set of nuclear-spin target(s) in a nuclear-spin bath. In
detail, we use DD sequences to couple the electron to a
specific set while, simultaneously, decoupling it from the
rest of the bath. We quantify the amount of target and
unwanted entanglement using the one-tangles mentioned
in Sec. III A. This approach of synchronous maximization
of multiple one-tangles was first proposed in Ref. [29]. In
the following example and for all subsequent simulations,
we will consider only ideal, error-free DD sequences.
For information regarding amplitude errors in the pulse
sequences, see Appendix C.

To illustrate the method, we consider a single defect and
a total of three nuclear spins, 13C and 29Si. Each nuclear
spin is characterized by its HF interaction parameters, and
thus by its resonance times, approximated in Eq. (3). There
are two key parameters that we need to determine: the
duration τ of one sequence unit and the number of iter-
ations N . Our goal is to choose the unit time τ and the
number of iterations N such that we entangle a desired
number of nuclear spins to the electron; in the example
that follows, this can be one, two, or three. For simplicity,
we present the algorithm only for CPMG, but all the steps
remain the same for UDD sequences too.

As a first step, we calculate the resonance times τ (l)k for
every nuclear spin, l ∈ {1, 2, 3}. To do so, we use Eq. (3)
to reach the vicinity of the resonance, and then we find
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the precise value of τ (l)k numerically since we know that
at this value the dot product of the axes of rotation, for
the respective spins, is equal to −1, i.e., n0 · n1 = −1. As
mentioned above, perfect entanglement can be achieved as
long as n0 · n1 ≤ 0, so we allow the unit time to take val-
ues around the resonance times, τ ∈ [τ (l)k − δτ , τ (l)k + δτ ].
Next, we find the one-tangle, ε(l)p (τ , N ), for every nuclear
spin from Eq. (10), which is a function of the unit time τ
chosen in the above intervals, and the number of repetitions
N . We also set a maximum gate time Tg so that Nτ ≤ Tg .
All the information we need to choose τ and N is given
by ε(l)p (τ , N ). For instance, if we want to entangle all three
spins with the electron we must choose a pair of (τ , N )
such that ε(l)p is above a threshold εth

p and close to unity for
l = 1, 2, 3. Another case would be to create a register of
two nuclear spins, known as target spins, and decouple the
register from the third nuclear spin. This can be achieved
by choosing a pair of (τ , N ) such that two one-tangle val-
ues, ε(l)p (τ , N ), are maximized and larger than εth

p while the
third one is minimized and smaller than εth

p . A pseudocode
of the above recipe can be found in Appendix D.

To make the above example more concrete, we present
a numerical application of the proposed recipe. In Fig. 3
we show that, for a silicon vacancy, with quantum num-
bers (s0, s1) = (1/2, 3/2), and three nuclear spins (one 13C,
two 29Si), we can selectively entangle nuclear spins with
the electron, or decouple them from it, simply by using
different combinations of (τ , N ). Figure 3(a) shows that
a register of three spins and the electron can be created
by setting (τ , N ) = (26.54 µs, 28) for a CPMG sequence,
while the size of the register is reduced to two nuclear spins
in Fig. 3(b) by choosing (τ , N ) = (79.298 µs, 20), and to
one nuclear spin in Fig. 3(c) for (τ , N ) = (22.268 µs, 12).
Note that, in Fig. 3(a), we simultaneously optimize all
three one-tangles, while in the other two panels, we min-
imize the unwanted one-tangles but do not attempt to
maximize the wanted ones. This combination of features,
being able to change the size of the register while effec-
tively reducing the crosstalk from the bath, is essential
for creating a quantum register. Moreover, the total gate
time needed is always shorter than the nuclear spin coher-
ence time T∗

2, which ranges from 3 to 17 ms [34]. Also,
the reduction of the crosstalk is of significant importance
because, as we will show in the next section, it affects the
gate fidelity. In the next section, we extend the algorithm
by including more DD sequences and a range of register
sizes and bath qubit assignments.

IV. FIDELITY DEPENDENCE ON REGISTER AND
BATH SIZE

In this section, we quantify the effect of the register
size and the spin bath on the gate fidelity in the case
of silicon monovacancies and divacancies coupled to a
nuclear bath of 13C and 29Si nuclear spins. We begin by

(a)

(b) (c)

FIG. 3. Scaled one-tangles for three nuclear spins coupled to
the electron. We present numerical results for the algorithm
proposed in the main text using CPMG sequences for a set
of (a) three spins, (b) two spins, and (c) one spin coupled to
the electronic spin. Each graph depicts the entangling power
between a single nuclear spin partitioned from the rest of the
system as a function of Nτ , where τ is the unit time and N
the number of iterations. The horizontal axis in each panel
corresponds to fixing N to its optimal value and scanning τ .
The optimal values of τ and N in each case are given in
the graphs, while the vertical dashed line indicates the corre-
sponding gate time Nτ at the optimal point. The entangling
power of the nuclear spins (εC

p , εSi1
p , εSi2

p ) in each case are
(a) (0.9766, 0.96, 0.9837), (b) (2.047 × 10−6, 0.9879, 0.8838),
and (c) (8.4 × 10−6, 2.3 × 10−5, 0.9999). The Larmor frequen-
cies are (ωC

L ,ωSi
L ) = 2π × (88.8797, −70.2595) kHz, while the

HF couplings are (AC
‖ , AC

⊥) = 2π × (151.3741, 105.0043) kHz,

(ASi1
‖ , ASi1

⊥ ) = 2π × (96.2445, 180.9921) kHz, and (ASi2
‖ , ASi2

⊥ ) =
2π × (122.1684, 123.7244) kHz. The HF values for the 13C and
the 29Si are drawn from uniform distributions in the intervals
[10, 200] kHz and [0.5, 200] kHz, respectively.

introducing a way to optimize the gate fidelity. We then
implement this method for a monovacancy coupled to mul-
tiple nuclear spins, and, finally, we examine the case of a
mixed bath where the nuclear spins have the same sign in
gyromagnetic ratio.

A. Fidelity optimization

Let us consider a scenario with a total of L nuclear spins,
where K of them are the target nuclei exhibiting maximal
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one-tangles. The unwanted nuclei, L − K , impact the tar-
get gate because they generally possess some residual level
of entanglement with the electron. Consequently, truncat-
ing the evolution operator to the target subspace results in a
nonunitary operation. Takou et al. [29] demonstrated how
to circumvent this issue using the Kraus operator represen-
tation of the partial trace channel. This approach allows
us to directly manipulate the total evolution operator with-
out specifying an initial state for the system. We use the
analytical expression for the gate fidelity within the target
subspace by employing the operator-sum representation
[29]. As the target gate we consider the evolution operator

U0 =
∑

j =0,1

σjj

K⊗

k=1

Rn(k)j

(
φ
(k)
j

)
, (11)

that we design in the ideal case of no unwanted spins. This
target gate is ignorant of the presence of unwanted spins,
i.e., it is defined in the truncated space of the electron and
the K target nuclear spins. The total evolution operator,
given in Eq. (9), can be rewritten as

U =
∑

j =0,1

σjj

K⊗

k=1

Rn(k)j

(
φ
(k)
j

) L−K⊗

l=1

Rn(K+l)
j

(
φ
(K+l)
j

)
, (12)

where, for convenience, we permuted the spins such that
the register spins appear first in the tensor product with the
electron spin projector and the unwanted spins appear in
the last positions.

In the context of the operator-sum representation [42],
the fidelity of a quantum operator has the form

F = 1
d(d + 1)

∑

j

tr[(U†
0Ej )

†U†
0Ej ] + |tr[U†

0Ej ]|2, (13)

where d = 2K+1 represents the dimension of the target sub-
space, which includes the electron and K target spins. The
index j iterates through the environment’s 2L−K complete
computational basis states; the Kraus operators Ej describe
the quantum channel denoted by E(ρ) = ∑

j Ej ρE†
j and

they satisfy the completeness relation
∑

j E†
j Ej = 1. The

Kraus operators are given by [29]

Ei =
∑

j

c(i)j p (i)j σjj

K⊗

k=1

Rn(k)j

(
φ
(k)
j

)
, (14)

where

c(i)j ≡
mM∏

m=m1

[cos(φ(m)j /2)− in(m)z,j sin(φ(m)j /2)]

and

p (i)j ≡
ξL−K−M∏

ξ=ξ1
[−(in(ξ)x,j + in(ξ)y,j ) sin(φ(ξ)j /2)],

while {nx, ny , nz} correspond to the rotation axis compo-
nents of each nuclear spin. Also, M counts the number
of the environment spins in the |0〉 state, while the other
K − L − M are in the |1〉 state. In the case where M = 0,
so that all the unwanted spins are in the |1〉 state, it holds
that c(i)j = 1, and when M = L − K , all the unwanted spins
are in the |0〉 state, in which case p (i)j = 1.

Substituting Eqs. (11) and (14) into Eq. (13), the gate
fidelity becomes

F = 1
2K+1 + 1

(
1 + 2K−1

∑

k

∣∣∣∣
∑

j =0,1

c(k)j p (k)j

∣∣∣∣

2)
. (15)

Obviously, in the absence of unwanted nuclear spins, the
fidelity is unity. The data in Fig. 3 reveal the direct connec-
tion between the one-tangles and the fidelity of the target
gate. We also find that the fidelity of the target gate is
mostly affected by the largest one-tangle of the unwanted
spins, which agrees with Ref. [29]. This last observation is
especially important since it identifies the parameter we
should minimize in order to maximize the target gate’s
fidelity.

As mentioned in Ref. [29], the gate error can exhibit
sudden spikes that reach significantly high levels even at
low one-tangle values. This behavior arises because the
presence of unwanted spins can disrupt the expected ideal
evolution of the isolated target system described by Eq.
(11). However, despite this deviation, the resulting gate
operation might exhibit a greater overlap with other entan-
gling gate operations that are equivalent to Eq. (11) up to
local gates. To account for this, we can generalize the tar-
get gate to include an arbitrary single-qubit rotation on the
electronic spin, Rne(θ), and then optimize over the axis ne

and angle θ of the rotation. The target gate thus becomes,
Ũ0 = Rne(θ)U0, leading to the fidelity (see Appendix E for
the proof)

Fopt = 1
2K+1 + 1

(
1 + 2K−1

∑

k

∣∣∣∣
∑

j =0,1

c(k)j p (k)j {cos(θ/2)

+ i(−1)j sin(θ/2)ne
z}

∣∣∣∣

2)
.

(16)

In principle, we can optimize the above relation over the
range θ ∈ [0, 2π) for the rotation angle, and ne

z ∈ [−1, 1]
for the z component of the rotation axis. However, the
maximum fidelity can be achieved only when |ne

z | = 1.
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(a) (b)

(c) (d)

FIG. 4. Gate infidelity (1 − F) versus the size of the bath (unwanted spins) and the size of the register (wanted or target spins)
before (a),(b) and after (c),(d) optimization over single-qubit rotations on the electronic spin. In panels (a) and (c) we plot the decimal
logarithm of the statistical average of infidelity, i.e., log10(1 − F), while in panels (b) and (d) we plot the variance of the infidelity
on the same logarithmic scale log10 Var(1 − F). The numbers in each tile give the value of log10(1 − F) in panels (a) and (c), and
log10 Var(1 − F) in panels (b) and (d). In the above simulations, we considered SiC samples with a silicon monovacancy with total
spin S = 3/2, and the electron qubit is defined by (s0, s1) = (1/2, 3/2). The HF values for the 13C and the 29Si were drawn from
uniform distributions in the intervals 2π × [10, 200] kHz and 2π × [0.5, 200] kHz, respectively. The entangling power threshold was
set to εth

p = 0.85; the magnetic field is B = 83 G, leading to Larmor frequencies (ωC
L ,ωSi

L ) = 2π × (88.8797, −70.2595) kHz; and the
relative abundance was kept constant for all the cases, i.e., 29Si:13C = 4.7%:1.1% = 4.27. Every data point on the heat maps was
obtained from 200 realizations, and for each trajectory we kept the combination (τ , N ) that resulted in the lowest maximum unwanted
one-tangle.
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FIG. 5. Statistical average of the infidelity (circles) and fits
(solid lines) versus the spin-bath size. The lines are fits of
the function log10(1 − FNR) = aNR ebNR NB + cNR edNR NB to the col-
lected data (circles). Each line refers to a different register size
NR, and the respective fitting parameters a, b, c, and d are given
in Table I.

This can be understood by simply noticing that the fidelity
in Eq. (16) is maximized when the second term in the
parentheses becomes 2K−1 × 22, and this cannot happen
when the factors in the summation are multiplied with a
complex number which has norm smaller than unity. In
light of this, the rotation axis must be set to ne = z, and
then we can optimize over the rotation angle θ ∈ [0, 4π).

B. Average fidelity as a function of register and bath
size

In the following simulations, we presume an elec-
tron spin with S = 3/2 with the qubit defined using the
(s0, s1) = (1/2, 3/2) spin states, which correspond to a
silicon monovacancy defect in SiC [8–10]. The nuclear
Larmor frequencies are specified as (ωC

L ,ωSi
L ) = 2π ×

(88.8797, −70.2595) kHz for 13C and 29Si nuclei, respec-
tively. Because of the absence of experimental data on
weakly coupled spins in SiC and the fact that their HF
values are less dependent on the exact lattice positions,
we draw the HF values from uniform distributions in the
ranges 2π × [10, 200] kHz and 2π × [0.5, 200] kHz for
13C and 29Si nuclei, respectively. These nuclei are weakly
coupled since the HF parameters are smaller than 1/T∗

2,
which is typically a few hundred kilohertz for N-V cen-
ters [43,44] or, in general, when A‖, A⊥ � 1 MHz [45]
(approximately 1 MHz is also the electron linewidth for
the neutral divacancy in SiC [11]).

Because of the low natural abundance of nuclear spins,
strongly interacting spins are rare and can be easily decou-
pled since their resonance times are very far from those of
weakly coupled spins. As a result, their inclusion would
not impact the results presented here. Moreover, to ensure
the distinctness of spins chosen through random gener-
ation, we impose a condition on the discrepancy of HF

TABLE I. Fitting parameters for the fit function
log10(1 − FNR) = aNR ebNR NB + cNR edNR NB .

NR a b c d

1 −7.594 −0.876 −4.857 −0.026
2 −7.384 −0.712 −3.365 −0.032
3 −5.372 −0.833 −3.665 −0.073
4 −3.556 −0.873 −3.306 −0.076
5 −4.041 −1.075 −2.835 −0.071
6 −2.577 −0.641 −2.196 −0.054
7 −1.530 −0.476 −1.895 −0.051
8 −2.322 −0.089 −8.5 × 10−5 0.758
9 −3.4 × 106 −16.56 −1.798 −0.059
10 −1.476 −0.046 0 0

values; we stipulate that at least one HF value (A‖ or A⊥)
should deviate by at least 2π × 10 kHz from the others.
This condition is chosen to ensure the generation of suffi-
cient nuclei within the HF range with distinct HF values in
order to simulate a realistic silicon vacancy in a SiC sam-
ple. Our goal is to examine the dependence of the fidelity
on several register-bath size combinations. To do so, we
use the algorithm described in Sec. III B, aiming to maxi-
mize the one-tangles of the target spins while minimizing
those of the unwanted spins. Contrary to the simple exam-
ple shown in Fig. 3, now we will explore the capabilities
of five resonances (k ∈ {1, 2, 3, 4, 5}) of the CPMG, UDD3,
and UDD4 pulse sequences.

In Fig. 4, we show results from 200 realizations for
the case where we have a silicon vacancy defect coupled
to NR + NB total nuclear spins, where NR and NB are the
number of nuclear spins in the register and the bath, respec-
tively. In Fig. 4(a),(c) we present the statistical average
of the infidelity, 1 − F , and in Fig. 4(b),(d) its variance,
Var(1 − F), both on a logarithmic scale. For instance, a
square data point depicts the statistical average (or vari-
ance) of infidelity for a register size NR and bath size
NB over 200 realizations. The heat maps in Fig. 4(a),(b)
show the fidelity and the variance obtained from Eq. (15),
while those in Fig. 4(c),(d) show the same quantities after
the optimization over single-qubit rotations on the elec-
tron spin; see Eq. (16). Comparing the two rows, one can
see that in most cases both the infidelity and its variance
become smaller, meaning that the optimization leads to
an increase in average fidelity, and the fidelities are con-
centrated around the average. The highest gain occurred
for (NB, NR) = (3, 2) where the infidelity dropped by 1.6
orders of magnitude, while the variance dropped by five
orders of magnitude.

Now let us focus on the lower set of heat maps. As
expected, in Fig. 4(c), the best fidelity is obtained in the
case of a single target and a single unwanted spin. Also,
for small register size, NR ≤ 5, there is an exponential
decrease in fidelity as the bath size NB increases. More-
over, Fig. 4(c) reveals a clear deterioration of fidelity not
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(a) (b)

FIG. 6. Gate infidelity (1 − F) versus the size of the bath (unwanted spins) and the size of the register (wanted or target spins)
upon optimization over single-qubit rotations on the electronic spin. (a) Plot of the decimal logarithm of the statistical average of
infidelity, i.e., log10(1 − F); (b) plot of the variance of the infidelity on the same logarithmic scale log10 Var(1 − F). The numbers
in each tile give the value of log10(1 − F) and log10 Var(1 − F), respectively. In the above simulations, we considered SiC samples
with a silicon divacancy with total spin S = 1, and the electron qubit is defined by (s0, s1) = (0, −1). The HF values for the 13C
and 29Si nuclei were drawn from uniform distributions in the intervals 2π × [10, 200] kHz and 2π × [0.5, 200] kHz, respectively.
The entangling power threshold was set to εth

p = 0.85; the magnetic field is B = 584 G, leading to Larmor frequencies (ωC
L ,ωSi

L ) =
2π × (625.37, −494.35) kHz; and the relative abundance was kept constant for all the cases, i.e., 29Si:13C = 4.7%:1.1% = 4.27. Every
data point on the heat maps was obtained from 100 realizations, and for each trajectory we kept the combination (τ , N ) that resulted
in the lowest maximum unwanted one-tangle.

only with the bath size but also with the register size.
This can be explained by considering that the generation
of entanglement links between the electron and the regis-
ter spins, while simultaneously decoupling unwanted spins
using DD pulses, becomes very challenging when the reg-
ister size gets larger. The same happens with the variance,
where we see that it grows with the total number of spins,
leading to an increasing spread in the fidelity distribution,
and thus the uncertainty for the achievable fidelity. The
heat maps in Fig. 4 are intended to serve as a guide for
experimentalists working with the silicon vacancy in SiC
and considering the benefits of isotopically purifying their
samples.

As an extension of the above results, we fit the sta-
tistical average of the infidelity shown in Fig. 4(c) using
a double-exponential formula. More precisely, we use
log10(1 − FNR) = aNRebNR NB + cNRedNR NB to fit across each
row of Fig. 4(c), where the index NR ∈ [1, 10] denotes the
size of the register and NB ∈ [1, 10] denotes the size of the

bath. The fitting parameters can be found in Table I, while
the data and the fit functions are shown together in Fig. 5.
These functions can be used to estimate the average fidelity
in the presence of more unwanted spins.

Next, we consider the case of a silicon divacancy defect
in SiC with electron spin S = 1 where the qubit is defined
using the (s0, s1) = (0, −1) spin states. Similarly to what
we showed for the monovacancy center above, in Fig. 6 we
show the statistical average of the infidelity and its vari-
ance over 100 realizations in a much stronger magnetic
field, B = 584 G, taken from Ref. [11]. Comparing Figs.
6(a) and 4(c), we observe that, despite the difference in the
spin states used to define the electronic spin qubit and the
strength of the applied magnetic field, the fidelity deterio-
rates in the same fashion with the size of the register, while
it decreases faster with the number of unwanted spins.
However, there are cases where the divacancy and a strong
magnetic field lead to higher average fidelity; compare, for
instance, the NB = 1 columns in Figs. 6(a) and 4(c). The
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last two features can be attributed to the fact that the com-
bination of total spin S = 1 and strong magnetic field lead
to resonance times with lower dispersion, hence making it
easier for DD pulses to create large registers but more dif-
ficult to decouple selected nuclear spins from a large bath.
Also, low dispersion in resonance times can affect our abil-
ity to create a desired entangled state in the presence of a
given number of unwanted spins (see Appendix F).

C. Performance of DD sequences

As a next step, we investigate the suitability of the dif-
ferent DD sequences and the resonance orders versus the
total number of nuclear spins. To that end, in Fig. 7(a) we
present the probability of a given DD sequence to achieve
the highest fidelity. The probability here refers to the num-
ber of times that a specific sequence was used in 200
independent realizations. Figure 7(a) shows that UDD4
performs much better for a higher number of qubits and
specifically for NR ≥ 5 and is the most effective sequence,
with probability close to unity, for NR ≥ 8. In the same heat
map, we see that UDD3 is the preferred DD sequence to
use for register sizes NR = 1 and 2, but for large baths,
NB ≥ 6. Also, CPMG is found to give the best gate fidelity
for registers of intermediate size, namely for NR ∈ [2, 6]
and various bath sizes. However, the occurrence proba-
bility is not as high, meaning other sequences perform
comparably. In Fig. 7(b), we show the probability of a
given resonance order to achieve the highest fidelity inde-
pendently of the DD sequence used. We observe that the
first resonance, k = 1 (blue tiles), is highly preferred in
all sequences; however, the occurrence probability is not
considerably high, meaning that the DD sequences per-
form their best when they have access to a large variety
of resonances.

D. Examination of positive gyromagnetic ratio

Finally, we examine the fictitious scenario where the
29Si nuclear spin has positive gyromagnetic ratio, i.e.,
γ29Si = +2π × 8.465 MHz/T. We are interested in this
scenario because it will help us conclude whether a mixed
bath where the gyromagnetic ratios of the nuclei have
opposite signs is preferable over the case where they have
the same signs. In Fig. 8 we plot the statistical average of
the infidelity and the variance over 100 realizations upon
optimization over single-qubit rotations on the electronic
spin. We use the same algorithm as in Fig. 4, with the only
difference being the sign of γ29Si.

Comparing Figs. 4(c) and 4(d) with Figs. 8(a) and 8(b),
one can easily see that a mixed nuclear bath with opposite
signs in gyromagnetic ratios achieves at least two orders of
magnitude lower infidelity for NR ≤ 5 and NB ≤ 4. Also,

(a)

(b)

FIG. 7. Best pulse sequence and resonance order versus the
size of the bath (unwanted spins) and the size of the register
(wanted or target spins). (a) Heat map depicting the most used
(or most probable) DD sequence among CPMG (blue), UDD3
(white), and UDD4 (red). (b) Heat map showing the most used (or
most probable) resonance order (k = 1, blue; k = 2, red) used for
τk. The number in each tile refers to the occurrence probability. In
the above simulations, we considered SiC samples with a silicon
monovacancy with total spin S = 3/2 where the electron qubit is
defined by (s0, s1) = (1/2, 3/2). The HF values for the 13C and
29Si spins were drawn from uniform distributions in the intervals
2π × [10, 200] kHz and 2π × [0.5, 200] kHz, respectively. The
entangling power threshold was set to εth

p = 0.85; the magnetic
field was B = 83 G, leading to Larmor frequencies (ωC

L ,ωSi
L ) =

2π × (88.8797, −70.2595) kHz; and the relative abundance was
kept constant for all the cases, i.e., 29Si:13C = 4.7%:1.1% =
4.27. Every data point on the heat maps was obtained from 200
realizations, and for each trajectory we kept the combination
(τ , N ) that resulted in the lowest maximum unwanted one-tangle.
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(a)

(b)

FIG. 8. Effect of changing the sign of a nuclear gyromag-
netic ratio. Gate infidelity (1 − F) versus the size of the bath
(unwanted spins) and the size of the register (wanted or target
spins) upon optimization over single-qubit rotations on the elec-
tronic spin. (a) The decimal logarithm of the statistical average of
the infidelity, i.e., log10(1 − F). (b) The variance of the infidelity
on the same logarithmic scale log10 Var(1 − F). The number on
each tile gives the value of log10(1 − F) (a) and log10 Var(1 − F)
(b). In the above simulations, we considered fictitious SiC sam-
ples with a silicon monovacancy with total spin S = 3/2, and the
electron qubit is defined by (s0, s1) = (1/2, 3/2). The HF values
for the 13C and the 29Si were drawn from uniform distributions
in the intervals 2π × [10, 200] kHz and 2π × [0.5, 200] kHz,
respectively. The magnetic field was B = 83 G, leading to Lar-
mor frequencies (ωC

L ,ωSi
L ) = 2π × (88.8797, 70.2595) kHz; and

the relative abundance was kept constant for all the cases,
i.e., 29Si:13C = 4.7%:1.1% = 4.27. Every data point on the heat
maps was obtained from 100 realizations, and for each trajec-
tory we kept the combination (τ , N ) that resulted in the lowest
maximum unwanted one-tangle.

the performance of opposite signs remains better even
in the challenging case of NR = 10 nuclear spins, while
the variance is approximately the same. Furthermore, one
would expect the two cases to perform approximately the
same for NR = 1; however, this is where the differences
become most significant. This can be explained by look-
ing at the resonance times, which are larger in the case
of negative γ29Si due to the sign difference between the
Larmor frequency and the HF values [see Eq. (3)]. Large
resonance times lead to more distinct resonances between
different nuclear spins, translating to easier decoupling.
Overall, the above evidence indicates that a mixed nuclear

bath with different signs in the gyromagnetic ratio leads to
higher fidelities. It has been previously observed that hav-
ing two nuclear species is beneficial for coherence times
[10,11]; here, we see that it is also beneficial for entangling
gates.

V. CONCLUSIONS

Nuclear spins play a crucial role in spin-based solid-
state platforms for quantum memories. To fully leverage
their potential for creating large-scale quantum networks,
a comprehensive investigation of the ability to control
nuclear-spin registers in all the promising candidate plat-
forms should be conducted. Here, we developed a method
for conducting such a high-throughput sorting of host
materials and defects. As a concrete example to showcase
our approach, we explored the performance of dynam-
ical decoupling sequences such as CPMG, UDD3, and
UDD4 in controlling the nuclear spins surrounding a sili-
con monovacancy or divacancy defect in SiC. In each case,
we quantified the expected performance in terms of the
gate infidelity, and found an exponential deterioration not
only with the bath size but also with the register size. Addi-
tionally, we showed that some sequences perform better
on average than others, depending on the register and bath
size.

In the pursuit of advancing quantum memory tech-
nologies, our work lays a foundation for further explo-
ration. Future research could focus on extending our
high-throughput sorting approach to other promising
defects and host materials, and on combining it with
high-throughput electronic structure calculations. Investi-
gating novel control schemes and pulse sequences, beyond
CPMG and UDD, could enhance the performance of
quantum memories, enabling more efficient and reliable
quantum information processing. In particular, future work
could explore leveraging optimal control theory [46] and
space-curve quantum control [47], or a combination of
these two, to incorporate errors and further optimize the
fidelity of entangling gates. Moreover, integrating experi-
mental efforts with theoretical advancements will be essen-
tial for moving this field forward. By continuing to push
the boundaries of quantum memory research, we can
unlock new opportunities for the development of robust
and scalable quantum networks.
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APPENDIX A: UDD SEQUENCES

For UDDn sequences, the time intervals between the π
pulses are given by

qr = sin2
(

πr
2n + 2

)
− sin2

(
π(r − 1)
2n + 2

)
, (A1)

where r takes integer values between 1 and n + 1, since
there are n + 1 time intervals. It is easy to show that
qr = qn+2−r, leading to symmetric time intervals about the
halfway point of the sequence. However, this symmetry
does not necessarily translate to equal angles of rotation.
For UDD4, [q1τ–π–q2τ–π–q3τ–π–q4τ–π–q5τ ], it holds
that φ0 �= φ1.

As mentioned in the main text, UDDn sequences
with odd n (i.e., odd number of π pulses) need
to be repeated twice to form a “unit sequence.”
This stems from the fact that the electron must
return to its initial state. So, the UDD3 unit is
given by [q1τ/2–π–q2τ/2–π–q3τ/2–π–(q4 + q1)τ/2–π–
q2τ/2–π–q3τ/2–π–q4τ/2], where we divided all qr by a
factor of 2 so that the total time adds up to τ .

APPENDIX B: MAKHLIN INVARIANTS

The evolution operator of an electron spin and a lone
nuclear spin, given in Eq. (2), can be characterized using
the Makhlin invariants [48], commonly denoted by G1 ∈
C and G2 ∈ R. These invariants categorize all two-qubit
operations into separate entangling categories, ensuring
that gates with identical local invariants belong to the same
entangling category. This characteristic arises because
local operations do not affect the amount of entanglement
between the two parties. Gates capable of generating maxi-
mal entanglement, known as perfect entanglers, include the
controlled NOT (CNOT) and controlled Z (CZ) gates, which
are equivalent up to single-qubit rotations. These gates,
and any other two-qubit gate locally equivalent to them,
define the category of perfect entanglers with G1 = 0 and
G2 = 1.

For any given π -pulse sequence repeated N times, the
electron-nuclear evolution operator maintains the struc-
ture described in Eq. (2), with the only difference being
that φj is now replaced by the total rotation angle φj (N ).
This specific form of the evolution operator enables us
to derive analytical expressions for G1 and G2. Under-
standing these two parameters helps us identify condi-
tions under which the driven electron-nuclear evolution
achieves perfect entanglement. Assuming an arbitrary π -
pulse sequence and using Eq. (2), we find that G1 and G2
as functions of N read

G1=
(

cos
φ0(N )

2
cos

φ1(N )
2

+n01 sin
φ0(N )

2
sin

φ1(N )
2

)2

,

(B1a)

G2 = 1 + n01 sinφ0(N ) sinφ1(N )

+ 2
(

cos2 φ0(N )
2

cos2 φ1(N )
2

+ n2
01 sin2 φ0(N )

2
sin2 φ1(N )

2

)
, (B1b)

where n01 ≡ n0 · n1, G1 ∈ [0, 1], and G2 ∈ [1, 3].
These intervals reveal that π -pulse sequences can create

perfect entangling gates only within the CNOT equivalence
class, where (G1, G2) = (0, 1). When the resonance condi-
tion is met, i.e., n01 = −1, we have G1 = cos2([φ0(N )+
φ1(N )]/2). Enforcing G1 = 0 determines the required
number of sequence iterations N for achieving the wanted
controlled gate. To estimate N , knowledge of the rotation
angles in a single iteration suffices. The minima of G1
occur at N = (2k + 1)π/(φ0 + φ1); however, N is an inte-
ger and so the value of this expression must be rounded in
general. Notice that G1 can also be zero for other N values,
provided that n0 · n1 ≤ 0.

APPENDIX C: QUANTIFYING ROBUSTNESS
UNDER PULSE ERRORS

Although DD sequences have been used experimentally
for over a decade in spin platforms, and pulse fidelity
has reached a mature level exceeding 99% [49–51], it
remains essential to examine their robustness under realis-
tic experimental imperfections. References [52,53] showed
that the π -pulse errors can be well approximated as static
errors. Here, we will consider static as well as random
π -pulse errors, and study these imperfections using the
CPMG or XY2 sequences. These errors can, in principle,
cause over- or under-rotations, illustrating the impact on
sequence performance to achieve high-fidelity gates.

Figure 9 captures the robustness of CPMG and XY2
sequences under static and stochastic errors, comparing the
maximum one-tangle in the bath, εp , and the gate fidelity,
F , against error-free conditions. In detail, we observe that,
even for 1% systematic over-rotations, the performance of
CPMG deteriorates significantly, dropping the fidelity to
0.918 and 0.8 for configurations I and II, respectively. The
performance becomes worse when pulses systematically
over-rotate the defect by 2%, reaching 0.43 in configu-
ration II. On the other hand, XY2 sequences reveal their
capability to cancel the systematic errors to some extent
by retaining the fidelity over 0.998 even for 2% error in
pulses. However, the landscape is inverted in the case
where the error in each π pulse follows a uniform distri-
bution, U(−2%, 2%), allowing errors to range from −2%
to 2%. In this case, while both CPMG and XY2 maintain
comparable average decoupling effectiveness, CPMG dis-
plays a slight advantage in average performance over XY2,
albeit with a larger variance.
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(a)

(b)

FIG. 9. Scaled one-tangles and fidelity in the presence of
pulse errors. (a) Maximum bath εp and (b) gate fidelity for the
error-free, systematic over-rotation errors of 1% and 2%, and
uniformly distributed errors case, U(−2%, 2%); see key for col-
ors. In the ideal case, CPMG and XY2 have precisely the same
performance. The blue palette refers to CPMG pulses while the
red palette to XY2, in both panels (a) and (b). For randomly
distributed errors, we plot the average over 100 realizations of
maximum εp in panel (a) and fidelity in panel (b), and the error
bars represent one standard deviation. The data for configurations
I and II are taken from the ideal case shown in Figs. 3(b) and 3(c),
respectively.

The above results reveal that, for small error rates that
align with state-of-the-art experimental standards, the one-
tangle metric shows minimal sensitivity, indicating that
our method can be readily applied under these conditions.
This stability suggests that the approach can effectively
handle realistic pulse fidelities encountered in current
experiments.

The above analysis can be further expanded by
exploring additional DD sequences to compare their

robustness against systematic and stochastic errors. Includ-
ing other realistic imperfections, such as pulse timing
jitter, would allow for a more comprehensive evalua-
tion of the resilience of these sequences under practi-
cal experimental conditions. This approach would pro-
vide a broader insight into optimizing sequence design
for high-fidelity gate performance in quantum memory
applications.

APPENDIX D: ALGORITHMIC PROCEDURE FOR
EFFICIENT SPIN-QUBIT ASSESSMENT

Here we provide the pseudocode we developed to obtain
the results shown in most of the figures. The pseudocode
is given below.

APPENDIX E: GATE FIDELITY OPTIMIZATION

As shown in the main text, to optimize the gate fidelity
up to local operations on the electronic spin, we define the
target evolution operator as

Ũ0 = Rne(θ)U0 =
∑

j =0,1

(Rne(θ)σjj )

K⊗

k=1

Rn(k)j

(
φ
(k)
j

)
, (E1)

where Rne(θ) = e−i(θ/2)σ ·ne
is the rotation matrix around

axis ne acting on the electronic spin. Next, we substitute
Eqs. (E1) and (14) into Eq. (13) to obtain
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(a) (b) (c)

FIG. 10. Total number of realizations simulated to obtain the results presented in the main text. Total number of realizations for (a)
a silicon monovacancy defect in SiC, (b) a divacancy, and (c) a monovacancy in the fictitious nuclear-spin bath where γ29Si > 0. The
successful realizations for panels (a), (b), and (c) were 200, 100, and 100, respectively.

F = 1
d(d + 1)

⎡

⎣tr

⎡

⎣
2L−K∑

k=1

E†
k Ek

⎤

⎦ +
2L−K∑

k=1

∣∣tr[Ũ†
0Ek]

∣∣2

⎤

⎦ = 1
d(d + 1)

⎡

⎣d +
∑

k

∣∣∣∣tr
[∑

j

c(k)j p (k)j R†
ne(θ)σjj ⊗ 12K ×2K

]∣∣∣∣

2
⎤

⎦

= 1
d(d + 1)

⎡

⎣d +
∑

k

∣∣∣∣tr
[∑

j

c(k)j p (k)j R†
ne(θ)σjj

]
tr[12K ×2K ]

∣∣∣∣

2
⎤

⎦

= 1
d(d + 1)

⎡

⎣2K+1 + 22K
∑

k

∣∣∣∣tr
[∑

j

c(k)j p (k)j R†
ne(θ)σjj

]∣∣∣∣

2
⎤

⎦

= 1
2K+1 + 1

⎡

⎣1 + 2K−1
∑

k

∣∣∣∣tr
[∑

j

c(k)j p (k)j R†
ne(θ)σjj

]∣∣∣∣

2
⎤

⎦

= 1
2K+1 + 1

⎡

⎣1 + 2K−1
∑

k

∣∣∣∣
∑

j =0,1

c(k)j p (k)j

{
cos(θ/2)+ i(−1)j sin(θ/2)ne

z

}∣∣∣∣

2
⎤

⎦ . (E2)

Here we have used the fact that Ũ0 is a 2K+1 × 2K+1

unitary gate, the Kraus operators Ek have dimensions
of 2K+1 × 2K+1, the trace property tr[A ⊗ B] = tr[A]tr[B],
and in the end the fact that σjj = |j 〉 〈j | is a projector. Also,
c(k)j and p (k)j are given in the main text.

APPENDIX F: SUCCESS PROBABILITY

Here we present the total number of realizations we
had to simulate to obtain the successful realizations used
in the figures in the main text. As a successful realiza-
tion, we define a realization in which we can find a DD

sequence (CPMG or UDD) and a pair of pulse parame-
ters (τ , N ) such that a desired number of NR nuclear spins
have εp ≥ εth

p and a desired number of NB unwanted spins
have εp < εth

p . Any other realization is considered unsuc-
cessful and we stop the simulation. For instance, we have
an unsuccessful realization even in the case where the HF
couplings are such that we cannot create a register of NR
spins surrounded by a bath of NB spins, but we may be able
to create a register of NR − k spins surrounded by NB + k
spins (where k is an integer).

In Fig. 10 we show the total number of realizations
needed for the silicon monovacancy, the divacancy, and the
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fictitious case of positive γ29Si, where it becomes clear that
the monovacancy in a low magnetic field has the highest
success rate, while the fictitious bath leads to the low-
est success rate. Furthermore, it becomes evident that the
(NR, NB) = (10, 1) combination is the most challenging for
all the cases, and especially for the fictitious one. However,
except for the top left corner in the heat maps, the success
rate for all the other combinations is always equal to unity.
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