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Today I'm going to talk about “quantum sheaf
cohomology,” an analogue of quantum cohomology that
arises in (0,2) mirror symmetry.

As background, what's (0,2) mirror symmetry?



First, recall ordinary mirror symmetry.

Exchanges pairs of Calabi-Yaus X1 < Xo
so as to flip Hodge diamond.
Ex: The quintic (deg 5) hypersurface in P*
IS mirror to
(res’n of) a deg 5 hypersurface in P*/(Zs)?

Quintic Mirror
1 1
0 0 0 0
0 1 0 0 101 0
101 101 1 1 1 1 1
0 1 0 0 101 0



(0,2) mirror symmetry

IS a conjectured generalization that exchanges pairs
(Xlagl) i (X2752)

where the X; are Calabi-Yau manifolds
and the £ — X, are holomorphic vector bundles

Constraints: & stable,  cha(€) = chy(T'X)

Reduces to ordinary mirror symmetry when
& =2 TX;



(0,2) mirror symmetry

Instead of exchanging (p,q) forms,
(0,2) mirror symmetry exchanges bundle-valued
differential forms (sheaf cohomology):

H? (X1,N'E) « H?(Xy, (AE)Y)
Note when &, = T X, this reduces to
HIL(X,) o HYY(X)

(for X; Calabi-Yau)



(0,2) mirror symmetry

Not much is known about (0,2) mirror symmetry,
though basics are known, and more quickly developing.

Ex: numerical
evidence

Horizontal: »' (&) — h'(EY)

Vertical: 7'(€) +h'(£Y)

where £ is rk 4




(0,2) mirror symmetry

A few highlights:
* an analogue of the Greene-Plesser construction
(quotients by finite groups) is known

* an analogue of Hori-Vafa-Morrison-Plesser

* analogue of quantum cohomology known since ‘04

* for def’s of the tangent bundle,
there now exists a (0,2) monomial-divisor mirror map

(0,2) mirrors are starting to heat up!



Outline of today’s talk

Today, I'll going to outline one aspect of (0,2) mirrors,
namely,
quantum sheaf cohomology
(the (0,2) analogue of quantum cohomology),

[Initially developed in '04 by S Katz, ES,
and later work by A Adams, J Distler, R Donagi,
M Ernebjerg, J Guffin, J McOrist, I Melnikoy,
S Sethi, ....]

& then discuss (2,2) & (0,2) Landau-Ginzburg models,
and some related issues.



Lingo:

The worldsheet theory for a heterotic string with the
standard embedding
(gauge connection = spin connection)
has (2,2) susy in 2d,
hence “(2,2) model”

The worldsheet theory for a heterotic string with a
more general gauge connection has (0,2) susy,
hence *(0,2) model”



Roughly, two sources of nonperturbative corrections
In heterotic strings:

* Gauge instantons (& 5-branes)

* Worldsheet instantons -- from strings wrapping
minimal-area 2-cycles (“holomorphic curves”) in
spacetime

A curve and two possible

saddle-shaped film surfaces

I'll focus on the latter class.



Worldsheet instantons generate effective
superpotential terms in target-space theory.
For ex, for a heterotic theory with rk 3 bundle
breaking Eg to Eg,

* (277)? couplings

* (27)3 couplings

* singlet couplings -- Beasley-Witten,
Silverstein-Witten, Candelas et al



The A and B model topological field theories
arise from “twists’ of (2,2) NLSM’s
& compute some of these couplings:

* (277)? couplings -- on (2,2) locus,
computed by A model

* (27)3 couplings -- on (2,2) locus,
computed by B model

Off the (2,2) locus (more gen’l gauge bundles),
these are computed by (0,2) analogues of the
A, B models, known as A/2, B/2 models.



The A/2, B/2 models:

*(0,2) analogues of ( (2,2) ) A, B models

* No longer strictly TFT's, though become TFT's on the
(2,2) locus

* Nevertheless, some correlation functions still have a
mathematical understanding

A/2 on (X, &)
* New symmetries: same as
B/2 on (X,EY)

Next: review/compare A, A/2....



Ordinary A model

970008 + igil D + igmd Db R ot diliPt

Fermions
'(E>g) c ot X)")  wlieall) e B ¢*F'X)
P (= ¢L) € T(K ®¢*T%' X) w+< e T(0T X))

Ogieec X g ot
dyves— Tl Gl ="0
DU~ Bor £ 0
so the states are

O ~ bil---ipfl---ZqX : quX“ ”’sz Y Hp,q(X)
R

Under the scalar
supercharge,



A/2 model
9500097 + ih gAY DAY + igig Devl + F sy A2 A

Fermions:
) Wi € D(K ®¢*THOX)
E) W € T((@'TX))

Constraints:
Green-Schwarz: cha(€) = chy(T'X)

Another anomaly: A™PEY = Ky

(makes path integral measure well-defined;
analogue of the CY condition in the B model)



A/2 model
9500097 + ih gAY DAY + igig Devl + F sy A2 A

Fermions:
A o7 E) @bi e 'K @ ¢*THOX)
\brie TR 0E) ol Se (g TP X))

Constraints: A™PEY = K. chy(€) = cha(TX)

States:
O ~ by .70y o, el SR B SR (O \PEY)

When & = T' X, reduces to the A model,
since H(X, Ap(TX)v) — e O @



A model classical correlation functions

T
For X compact, have n X ; X zero modes,
plus bosonic zero modes ~ X, so

(O -+ Opy) = / HPYB (XY A - A HPmn (X))
X

Selection rule from left, right U(1)rS: D 5D g =n

Thus: (O1527- O / (top-form)
X



A/2 model classical correlation functions

For X compact, we have n 1’ zero modes and
r A* zero modes:

(01Ot / H‘“(X,Aplgv) /\.../\qu(X’Apmg\/)
X
Selection rule: ) ;i =Mn, ) pi=T7
<Ol i Om> = fX Htop(X’ Atopg\/)

The constraint A°PEY =2 K
makes the integrand a top-form.



A model -- worldsheet instantons

Moduli space of bosonic zero modes
= moduli space of worldsheet instantons, M

If no ¥, wg zero modes, then
(O1++-Op) ~ f/\/l HPL@ (M)A - - A HPmo9m (M)

More generally,
(Or- - Oy~ H= SR AR @ N ) A\ Crop (ODbs)

In all cases: (O1:--Op) ~ fM (top form)



A/2 model -- worldsheet instantons

The bundle £ on X induces
a bundle F (of \ zero modes) on M :
where T: X x M —-M, a:XxM—-X

On the (2,2) locus, where £ = T'X, have F =T M

F=Rimo &

When no “excess’ zero modes,

(O1 -+ Oy o 8 HESOMASRE ™)

Apply anomaly constraints:

AtoPEY = K« GRR \top FV o
chy(€) = chyl il } oy SR

so again integrand is a fop-form.



A/2 model -- worldsheet instantons

General case:

(O1-Om) ~ [y HES (M ALPFY) A
H™ (M, A"FY @ A"F; ® A™(Obs)V)

QPZL M = B @ T X N\ F = R0m.a*E

(reduces to A model result via Atiyah classes)

Apply anomaly constraints:

AtoPgY = Kx GRR | top -V top top Vo~
holE) = s (G 28 } — PR AR B Obs) . = K ag

so, again, integrand is a top-form.



To do any computations, we need explicit expressions
for the space M and bundle F.

Will use “linear sigma model’ moduli spaces.

Advantage: closely connected to physics

Disadvantage: no universal instanton
a: XXM — X,
previous discussion merely formal,
need to extend induced sheaves over the
compactification divisor.



Ist, review linear sigma model (LSM) moduli spaces....

Gauged linear sigma models are 2d gauge theories,

generalizations of the CPN model,
that RG flow in IR to NLSMs.

‘Linear sigma model moduli spaces’ are therefore
moduli spaces of 2d gauge instantons.

The 2d gauge instantons of the gauge theory
= worldsheet instantons in IR NLSM



S'pose we want to describe maps into a Grassmannian
of k-planes in n-dim’l space, G(k,n).

(for k=1, get P"!)

Physically, 2d U(k) gauge theory, n fundamentals.

Bundles built physically from (co)kernels of short
exact sequences of (special homogeneous) bundles,

defined by reps of U(K).

Lift to nat'l sheaves on P! x M,
pushforward to M.



A few more details.

All the heterotic bundles will be built from
(co)kernels of short exact sequences in which all the
other elements are bundles defined by reps of U(k).

EX:
n k+1 k—1
0 — & — POk PAL*Ok) — P Sym’Ok) — 0

O(k) is bundle associated to fund’ rep’ of U(K)

We need to extend pullbacks of such across
P' x Miswm



Corresponding to O(k) is a
rk k ‘universal subbundle’ S on P! x M.

Lift all others so as to be a U(k)-rep’ homomorphism

EX:
Ok) — S°

Ok)Ok) — S*®S
ALt"O(k) — AIt™S”

Then pushforward to LSM moduli space, and compute.

Let’s do projective spaces in more detail....



Example: CPN!

Have N chiral superfields -1, - ,ZnN, each charge 1

For degree d maps, expand:

d dis d
T — Toles el 1 1 e Sk e e )

where u, v are homog' coords on worldsheet = P!

Take (Zl?zg) to be homogeneous coords on M, then

MLSM il PN(d—I—l)—l



Can do something similar to build F.

Example: completely reducible bundle

E = $,0(ng)

Corresponding fo O(—1) — P!
IS the bundle
S=niOpu(—-d)@ 04 R P )

Liftof Eis @ 5 = S WK 5 AR
which pushes forward to
F = 0,H° (P',0(n.d)) ®c O(n,)



Corresponding physics:
Example: completely reducible bundle

E = $,0(ng)

Left-moving fermions are completely free.
Expand in zero modes:

)\a,_ i )\Ciounad—l—l _I_ )\a_lunad?] _|_
Each A% ~ O(ng) on Mgy = PYdTD-1

Thus:
F = @.H° (P',0(n.d)) ®c O(n,)

is the sheaf of fermi zero modes.



There is also a trivial extension of this to more
general toric variefies.

Example: completely reducible bundle

¢ =4, 0fm;)

Corresponding sheaf of fermi zero modes is

Fad (Pl,O(ﬁa - J)) Q¢ O(i,)



Check of (2,2) locus

The tangent bundle of a (cpt, smooth) toric variety
can be expressed as

0 —S.00 80 = GO e - TOR i)

Applying previous ansatz,
0 — QR (Pl,(’)(cj;--cf)) RcO(G) — F — 0
Fi 2 a:H" (P0G - d)) 90 O(&)

This F is precisely T Miswm, \/
and F; is the obs’ sheaf.



Quantum cohomology

... is an OPE ring. For CP"-, correl'n f'ns:

ebe gt HHk=mN4+N-1
<:17>—{ 0 else

Ordinarily need (2,2) susy, but:
* Adams-Basu-Sethi (‘'03’) conjectured (0,2) exs
* Katz-E.S. (‘'04) computed matching corr'n f'ns
* Adams-Distler-Ernebjerg ('05): gen’l argument
* Guffin, Melnikov, McOrist, Sethi, etc



Quantum cohomology

ABS studied a (0,2) theory describing P'xP!
with gauge bundle £ = def’ of tangent bundle,
expressible as a cokernel:

0 — 080 0@ c O e,

; L1 €141 d
o =G0
. by

& O 532 =




Quantum cohomology

In this example (a (0,2) theory describing PxP!
with gauge bundle = def’ of tangent bundle),

ABS conjectured:

XZ S exp(itg)
X2 e (61 —EQ)XX — GXp(’itl)

(a def’ of the qg.c. ring of P!xP!)



Quantum cohomology

Katz-E.S. checked by directly computing, using
technology outlined so far:

(XY = (1)exp(2its) = 0
(XX%) = ((XX)X?)
; = (X X)explita) = exp(ita)
<X2X3> — <X2> exp(ztg) — (61 i 62) exp(itg)
<X3X> — exp(ztl) ci (61 —62)2 exp(itg)
<X4> — 2(61 o 62) exp(itl) S (61 e 62)3 exp(itg)

and so forth, verifying the prediction.



More recent work:

* Josh Guffin, Sheldon Katz

Checked many more correlation functions,
worked out technology for further computations

* Ilarion Melnikov, Jock McOrist, Sav Sethi
Corresponding GLSM computations.



B/2 model

—- also exists

-- classically, can be related to (0,2) A model
by exchanging & and £V

-- but there’s a different reqularization of the
theory. For some special curves, in which

the A, B models are classically indistinguishable,

but QM'ly are distinguished by their extensions
over compactification divisor



So far:

* outlined A/2, B/2 models

(first exs of “holomorphic field theories,’
rather than “topological field theories’)

* outlined quantum sheaf cohomology,
old claims of ABS, verification

Next:
(2,2) & (0,2) Landau-Ginzburg models

Outline of Melnikov-McOrist claims on A/2, B/2



A Landau-Ginzburg model is a nonlinear sigma model
on a space or stack X plus a “superpotential” W.

o — / d* 2 (gg0RAY semmigigtt Do, Loligmild Dbt -
»
+gi75’f,;W5’]W 7 ZD:_ZM_DZ@JW 3 wz_sziajW

The superpotential W : X — C is holomorphic,

(so LG models are only interesting when X is
noncompact).

There are analogues of the A, B model TFTs for
Landau-Ginzburg models.....



LG B model:

The states of the theory are Q-closed (mod Q-exact)
products of the form

bigAE =rn'se. ol -
where 1, 0 are linear comb’s of ¥
Q¢Z =5 07 Q¢7 = 7777 an % 07 QHJ = @W, Q2 = 0

0
0z’

Identify 7' < dz', 6, < Q « 0

so the states are hypercohomology

H (X TR T e OX)



Quick checks:

1) W=0, standard B-twisted NLSM

H (X Y 3 - slble OX)
— H (X, ATX) \/
2) X=C", W = quasihomogeneous polynomial

Seq’ above resolves fat point {dW=0}, so
H (X ARy T OX)

— Clz1,- -, 2]/ (W)



To A twist, need a U(1) isometry on X w.r.t. which the
superpotential is quasi-homogeneous.

Twist by “R-symmetry + isometry”

Let Q(%);) be such that
W(ACW)g;) = AW (¢:)
then twist: ¢ — T (original®K2_(1/2)QR ®f£<1/2>QL>
1 Yp=91,R
where  QrL(¥) = Q®) + { e

0 else



Example: X = C", W quasi-homog’ polynomial

Here, to A twist, need to make sense of e.g. K;/T

where r = 2(degree)

Options: * couple to top’ gravity

* don't couple to top’ grav’
-- but then usually cant make sense of Ké/r

I'll work with the latter case.



LG A model:

A twistable example:

LG model on X =Tot( &Y -2, B )
with W = pr*s, s € T'(B, &)

Accessible states are Q-closed (mod Q-exact) prods:

b(¢)’61 Ty J1° me 4 W”Wl W"”
where

¢ '~ 15 = UcHE Y ~ TBlfs—n
Q-¢" =¢4, Q¢ =9, Q9L =Q-YL =0, Q°=0
Identify % < d2*, ¥’ < dz*, Q < d

so the states are elements of H"™"(B)|rs=0)



Witten equ’n in A-twist:
BRST: oy’ = —a (99" — igij(’)jW)
implies localization on sol'ns of
Ogs igijajW = 0 (TWitten equ'n”)
On complex Kahler mflds, there are 2 independent
BRST operators:

st = Loldoh T igijajW
which implies localization on sol’'ns of
0¢' = 0  which is what

g7 oW

0 we're using.



LG A model, cont'd

In prototypical cases,

(O1---0yp) = ]M wl/\"'/\wn/ dxPdx? exp (—|s|> — xPdz'D;s — c.c. — Fgdz"dzZxPxP

Mathai—Quillen form

The MQ form rep’s a Thom class, so

©r @ BN G U N 07/ )

[l
e
o S
s &
£

—- same as A twisted NLSM on {s=0}

Not a coincidence, as we shall see shortly.



Example:

LG model on Tot( O(-5) --> P*),
W=ps

Twistingg  p € I'(Ax)
Degree O (genus 0) contribution:
(O S d%@'/ | | dx’dxdx?dx? O: --- O,
p* :

- exp (—18\2 A e s Ripﬁgxixpxﬁxz)

(curvature term ~ curvature of O(-5) )
(contd)



Example, contd

In the A twist (unlike the B twist),
the superpotential terms are BRST exact:

Q 3 (W_@W g7 wia{W) X —‘dW‘Z 5t wiwj_Dz(?JW ==E 26y

So, under rescalings of W by a constant factor A,
physics is unchanged:

(O @ d%@'/ | | ax’dx‘dx?dx? O: --- O,
P4 p

- €Xp (_)\215\2 = e s RipﬁEXiXpXEXE)



Example, contd
(O 0 O d2¢73/ lldxidXTprdX]BOl"'On
Bi i
. exp (‘Azls\2 —NOEPa oyl Rz‘pz—oEXiXpXﬁXE)

Limits:
D) A—0

Exponential reduces to purely curvature terms;
bring down enough factors to each up X" zero modes.

Equiv to, inserting Euler class.

2) A — oo Equivalent results,
Localizes on {s =0} c P* either way.



Renormalization (semi)group flow

Constructs a series of theories that are
approximations to the previous ones, valid at longer
and longer distance scales.

The effect is much like starting with
a picture and then standing further
and further away from it, to get
successive approximations; final result
might look very different from start.

Problem: cannot follow it explicitly.



Renormalization group

Wolgle[-1g
distances

Lower
energies

e
Space of physical theories



Furthermore, RG preserves TFTS.

If two physical theories are related by RG,
then, correlation functions in a top’ twist of one

correlation functions in corresponding twist of other:



LG model on X =Tot( &Y 25 B)
with W =ps

Renormalization
group
flow

NLSM on {s = 0} CB
where s € I'(€)

This is why correlation functions match.



So far we've outlined (2,2) Landau-Ginzburg models.

Let’s now turn to (0,2) Landau-Ginzburg models....



Heterotic Landau-Ginzburg model:

S = /dQCL“ (gij(‘?qb@qu i Zgzjwi_Dzw:_ i ihag)\E_Dz)\a_ Sl
E R o
+ hF,Fr + ¢ \* D;F, + c.c.
BN gne BT ) ol o c.c.\

Has two superpotential-like pieces of data
EY &8, F, el (&)

such that ZEaFa wt ()



Pseudo-topological twists:

* If E® = O, then can perform std B/2 twist
¥, € D@ T XYY A D(4°E)
Need A"PE =~ Ky, chy(€) = chy(TX)

States H' (- — A2€ % £ 2 Ox )

* If Fqa = O, then can perform std A/2 twist
Y ET(PMT XY SAEE BT
Need Atopg\/ — Kx, Chg(g) T ChQ(TX)
States H- ( AT e Lga oV Bl LEa OX)

* More gen'ly, must combine with C* action.



Heterotic LG models are related to heterotic NLSM’s
via renormalization group flow.

Example:
A heterotic LG model on X = 'Tot (]:1 - U B)
with «ELERR"TE, i sl F° £ )

Renormalization
group

A heterotic NLSM on B
with & = coker (F; — F3)



Adams-Basu-Sethi Example:

Corresponding to NLSM on P'xP' with E’ as cokernel
0 — Q@ = Gl =0 ([

! Lk €11
L2 €242
0 T1

st pa

have (upstairs in RG) LG model on
XL Mot (O@OLpl ><P1)

with & =m0 1)

E' = z1p1 + e171p2 = %1p1

E? = zop1 + €272D2 E* = Zapo



Example, contd

Since Fq = 0, can perform std A twist.
(O - O i /P S &2z / dy’ / dNEO; - AEEE) ()\EEE) f(ET, E9)

which reproduces std results for
quantum sheaf cohomology in this example.



One can also compute ellipfic genera in these models.

For the given example,
elliptic genus proportional to

/ TA(TB) A ch (85 (TB)C) ® Syn (e~ F1)C) ® A_gn (e~ F2)C)

and there is a Thom class argument that
this matches a corresponding elliptic genus
of the NLSM related by RG flow.



Example in detail: Heterotic string on quintic,
bundle = deformation of tangent bundle

LG model on X = Tot ((9(—5) = P4)
gauge bundle £ =TX
*=0 F,=(G,pDG+G,))

G € I'(O(5)) D fiber coord’

Flows under RG to (0,2) theory on {G =0} Cc P*

w/ gauge bundle a def of tangent bundle,
defined by the G;



(contd)
Perform A/2 twist.
If res’rric’r to zero modes,

(O -

/ngbz/dX /dx/dx /dApOl

exp( GI? — XX’ D;G — x*\' (D

Integrate out 7, Ap-

G;) — Ry X’ XpApAk)

/ d* ¢’ / dx* / d\'O; - - (x'D;G) (\' (D:G + Gr)) +R@pggm"xiﬂ



O, ' Coy
k / 24 / i / dNO; -+ O, [(XZD?;G) (X (D:G+Gr)) + R —gpﬁxikk}

Above is a (0,2) deformation of a Mathai-Quillen form.

Based on BRST-exactness of part of superpotential,
Melnikov-McOrist have conjectured that the
expression above should be independent of (7,
hence should give same result as on (2,2) locus.



More gen’ly, based on GLSM arguments,
Melnikov-McOrist have a formal argument that
A/2 twist should be independent of F's
B/2 twist should be independent of E's



Most general case:
LG model on X = ot (J’:l D F, — B)
with gauge bundle £ given by

0 S ) geme, do . )
Renormalization

¢ group

NLSMon YV ={G,=0}cB G, eTl(G)
with bundle £’ given by cohom’ of the monad

f1%.7:zﬁfg

(2,2) locus™ 51 =R — e fa-—=



Heterotic GLSM phase diagrams:

Heterotic GLSM phase diagrams are famously
different from (2,2) GLSM phase diagrams;
however,
the analysis of earlier still applies.

A LG model on X, with bundle E,

can be on the same Kahler phase diagram as
a LG model on X', with bundle E’,

if X birat’l to X', and E, E' match on the overlap.

(necessary, not sufficient)



Example:

NLSM on {G =0} C WPful,..

with bundle &’ given by
0 — & — ®0(n,) — O(m) — 0

G el'(Od))

", W5

is described (upstairs in RG) by a LG model on
X = Tot (O(—m) il WP4)

with bundle ( . 70d) — €& — &7 O(ny) — 0
and is related to LG on

Tot (@O gu i~ o S|
with =~ same bundle.



Summary:

-- overview of progress towards (0,2) mirrors;
starting to heat up!

-- outline of quantum sheaf cohomology
(part of (0,2) mirrors story)

-- (2,2) and (0,2) Landau-Ginzburg models over
nontrivial spaces,
conjectures of Melnikov-McOrist
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Summer school on mathematical string theory

June 21 - July 2, 2010
Virginia Tech

Speakers include: Dima Arinkin, Arend Bayer, John
Francis, Josh Guffin, Simeon Hellerman, Ilarion
Melnikov, Peter Zograf

http'//www.phys.vt.edu/mp10




