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Outline:

* A, B t opological tw ists of L andau-Ginzburg models 
on nontr ivial spaces

* St acks in physics:  ho w t o build the QF T, 
puzzles and problems w/ n ew str ing compact iÞcat ions

* Str ings on gerbes:  de composit ion conjectu re

* Applicat ion of de composit ion conjÕ t o LG & GLSMÕs:  
physical r ealizat ion of K uznetsovÕs homological 

proje ct ive duality , 
GLSMÕs f or KÕs noncommutat ive r esolut ions

* Heterot ic LG models



A Landau-Ginzburg model is a n onlinear sigma model 
on a space or stack X pl us a ``superpotent ialÕÕ W.
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∫
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W : X −→ CThe superpotent ial is holomorphic,

(so LG models are only int erest ing when X is 
noncompact ).

There are analogues of the A, B model TFTs f or 
Landau-Ginzburg models.....



LG B model:

The states of the theo ry are Q-c losed (mod Q-exact ) 
products of the f or m

b(φ)j1ááájm

ı1áááın

ηı1
· · · ηınθj1 · · · θjm

where ! , " are l inear c ombÕs of ψ

I dent ify ! ı
↔ dzı, " j ↔

#
#zj

, Q ↔ #

so the states are hypercohomology

Q · φi = 0, Q · φı = ηı, Q · ηı = 0, Q · θj = ∂jW, Q2 = 0

H
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Quick checks:

1) W=0, standard B-tw isted NLSM

H
á
!
X, · · · −→ ! 2TX

dW
−→ TX

dW
−→ OX

"

!→ H · (X, ! ·TX)

2) X=Cn, W = quasihomogeneous polynomial

SeqÕ above r esolves f at p oint {dW=0}, so

H
á
!
X, · · · −→ ! 2TX

dW
−→ TX

dW
−→ OX

"

!→ C[x1, · · · , xn]/(dW )



LG A model:

DeÞning the A tw ist of a L G model is more 
interest ing.

Producing a TFT fr om a NLSM involves changing what 
bundles the   c ouple t o, e.g.ψ

ψ ∈ Γ(Σ,
!

K! ⊗ φ∗TX) #→ Γ(Σ, φ∗TX), Γ(Σ, K! ⊗ φ∗TX)

The tw o inequivalent p ossibilit ies are the A, B tw ists.

To be consistent, the a ct ion must r emain well- deÞned 
af t er the tw ist.

True f or A, B NLSMÕs & B LG, but n ot A LG....

(Fan, Jar vis, Ruan) (It o; J GufÞn, ES) 



LG A model:

The problem is t er ms in the a ct ion of the f or m

! i
+ ! j

−
Di" jW

If do the s tandard A NLSM tw ist,
th is becomes a 1-for m on   ,

which canÕt in t egrate over    .
!
!

Fix:  modify the A tw ist.



LG A model:

There are several wa ys t o Þx the A tw ist,
and hence, several di f f erent n ot ions of a L G A model.

One way:  mult iply of f ending t er ms in the a ct ion
by anothe r 1- for m.

Anothe r wa y:  u se a dif f erent p rescr ipt ion f or 
modifyin g bundles.

The second is advantageous f or ph ysics, so I Õll u se it,
but,

disadvantage:  n ot a ll LG models admit A tw ist
in th is prescr ipt ion.



To tw ist, need a U(1) isometr y on X w.r.t . which the
superpotent ial is qua si-homogeneous.

Twist b y ``R-symmetr y + isometr yÕÕ

Let Q(ψi) be such tha t

W (λQ(ψi)φi) = λW (φi)

then tw ist: ψ !→ !
(

original⊗ K −(1/2)QR

Σ ⊗ K
−(1/2)QL

Σ

)

where QR,L (ψ) = Q(ψ) +

!
"

#

1 ψ = ψi
+, R

1 ψ = ψi
−

, L
0 else



Example:  X = Cn, W quasi-homogÕ polynomial

Here, t o tw ist, need t o make sense of e.g. K
1/ r
!

Opt ions:  * c ouple t o t opÕ gravity (FJR)

* donÕt c ouple t o t opÕ gravÕ (GS)
-- b ut then u sually canÕt ma ke sense of K

1/r
!

I Õll w ork w ith the l at t er c ase.

where r = 2( degree)



LG A model:
A tw istable example:

LG model on X = Tot(                )E
! π

−→ B

with s ∈ Γ(B, E)W = pπ∗s,

Accessible states are Q-c losed (mod Q-exact ) prodÕs:

b(! )ı1···ınj1···jm
" ı1

! · · · " ın

! " j1
+ · · · " jm

+

Q · φi
= ψi

+, Q · φõ
= ψõ

−
, Q · ψi

+ = Q · ψõ
−

= 0, Q2
= 0

where

! i

+ ↔ dzi, ! ı

−
↔ dzı, Q ↔ dI dent ify

φ ∼ {s = 0} ⊂ B ! ∼ TB|{s=0}

so the states are elements of H
m,n(B)|{s=0}



Cor relat ion fu nct ions:

B-tw ist:

Int egrate over X, weig ht b y

exp
(

! |dW |2 + fermionic
)

and then p erf or m tr ansverse Gaussian,
t o get the s tandard expression.

A-tw ist:

Similar:  in t egrate over MX

and weight a s above.



Witten equ’n in A-twist:
BRST: δψi

−
= −α

(

∂φi
− igi ! ∂! W

)

implies localizat ion on solÕns of

! " i ! igi ! ! ! W = 0 (``Wit t en equÕnÕÕ)

On complex Kahler mßds, the re are 2 in dependent 
BRST operat ors:

! " i
−

= −#+ $%i
+ #

−
i gi $W

which implies localizat ion on solÕns of

∂φi = 0

gi! ∂! W = 0

which is w hat
weÕre using.



SolÕns of Wit t en equÕn:
∫

Σ

∣

∣∂φi − igi∂W
∣

∣

2
=

∫

Σ

(

∣

∣∂φi
∣

∣

2
+ |∂iW |2

)

LHS = 0    i f f    RHS = 0

hence solÕns of Wit t en equÕn
same as the mo duli space weÕre looking at.



LG A model, cont’d

The MQ f or m repÕs a Thom class, so

In p rot otypi cal c ases,

-- sam e as A tw isted NLSM on {s=0}

Not a c oincidence, as we shall see shortl y....

〈O1 · · ·On〉 =

∫

M

ω1∧· · ·∧ωn

∫

dχpdχp
exp

(

−|s|2 − χpdziD is − c.c. − Fidzidzχpχp
)

︸ ︷︷ ︸

Mathai! Quillen form

〈O1 · · · On 〉 =
∫
M ω1 ∧ · · · ∧ ωn ∧ Eul(N{s=0}/ M)

=
∫
{s=0} ω1 ∧ · · · ∧ ωn



Renormalization (semi)group flow

Constr ucts a se r ies of theo r ies tha t a re 
approximat ions to the p revious ones, valid at l onger 

and longer distance scales.

The ef f ect is m uch l ike star t ing with 
a pictu re and then s tanding fu r the r 

and fu r the r a way fr om it, t o get 
successive approximat ions; Þnal r esult  
might l ook very dif f erent fr om star t.

Problem:  cannot f ollow it e xplicitl y.



Renor malizat ion group

Longer 
distances

Lower
energies

Space of ph ysical theo r ies



Furthe r more, RG preser ves TFTÕs.

If tw o physical theo r ies are r elated by RG,
then, cor relat ion fu nct ions in a t opÕ tw ist of o ne

=
cor relat ion fu nct ions in cor responding tw ist of o the r.



Example:

LG model on X = Tot(                )E
! π

−→ B

with   W = p s

NLSM on {s = 0}   B⊂

where s ∈ ! (E)

Renor malizat ion
group 
ßow

This is w hy cor relat ion fu nct ions mat ch.



Anothe r wa y t o associate LG models t o NLSM.

SÕpose, f or e x, the NLSM ha s t arget spa ce

= hypersurf ace {G=0} in Pn of deg ree d

Associate LG model on [Cn+1/ Zd]
with  W = G

* Not r elated by RG ßow

* But, r elated by Kahler moduli,
so have same B model



LG model on

Tot( O(- 5) --> P4 )
with W = p s

NLSM on {s=0}   P4⊂

LG model on 

[C5/ Z5]
with W = s

(RG ßow)

(Kahler)

(Same
TFT)

(Only B tw ist same)

Relations between
LG models



RG flow interpretation:

In the c ase of the A-tw isted cor relat ion f Õns,
we got a Ma thai-Quil len rep of a Thom for m.

Someth ing analogous happens in ellipt ic genera:
ellipt ic genera of the L G & NLSM models

are r elated by Thom for ms.

Suggests:  RG ßow interpretat ion in tw isted theo r ies
as Thom class.



Possible mirror symmetry application:

Part of w hat weÕve done is t o replace NLSMÕs 
with L G models tha t a re `upstair sÕ in RG ßow.

Then, f or e xample, one could imagine r ephrasing 
mir ror symmetr y as a duality be tween the

`upstair sÕ LG models.

-- P . Clarke, 0803.0447



Next:

* LG duals t o gerbes

* de composit ion conjectu re f or str ings on gerbes

* a pplicat ion of g erbes t o LGÕs & GLSMÕs as,
physical r ealizat ion of K uznetsovÕs

homological p roje ct ive duality

To do th is, need t o review how stacks appear in 
physics....



First, mot ivat ion:

-- n ew str ing compact iÞcat ions

-- be t t er u nderstand cer tain exist ing str ing 
compact iÞcat ions

String compactifications on stacks

Next:  ho w t o constr uct QF TÕs f or
str ings propagat ing on stacks?



Stacks
How t o make sense of str ings on stacks concretely?

Most ( smooth, D eligne-Mumford) stacks can be 
presented as a gl obal quot ient

[X / G]

f or    a spa ce and    a g roup.X G

To such a p resentat ion, associate a 
``G-gauged sigma model on X.ÕÕ

Problem:  such presentat ions not u nique

(G need not be Þn it e; need not a ct e f f ect ively.)



Stacks
If t o [X/ G] we associate ``G-gauged sigma model,ÕÕ

then:

[C2/Z2]
deÞnes a 2d theo ry w ith a sym metr y

called confor mal in var iance

[X / C×] deÞnes a 2d theo ry
w/ o confor mal in var iance

Potent ial p resentat ion-dependence problem:
Þx w ith r enor malizat ion group ßow
(CanÕt be c hecked explicitl y, tho ugh.)

Same stack, different physics!



The problems here are analogous t o the de r ived-
categor ies-in-ph ysics program.

There, t o a g iven object in a de r ived category,
one picks a r epresentat ive with a ph ysical descr ipt ion

(as branes/ant ibranes/tachyons).
Alas, such r epresentat ives are 

not u nique.

It is c onjectu red tha t di f f erent r epresentat ives give 
r ise t o the same low-energy physics, 

via boundary r enor malizat ion group ßow.

Only in direct t ests p ossible, tho ugh.



Stacks

This was the subje ct of se veral papers.

For the r est of t odayÕs t alk, 
I wan t t o f ocus on special kin ds of stacks, namely,

gerbes.

(= quot ient b y nonef fect ively-act ing group)

Other issues:  de for mat ion theo ry

To ju st ify a pplicat ion of s tacks t o physics,
need t o conduct t ests of p resentat ion-dependence,

understand issues above.

massless spectr a



Gerbes
Gerbes have addÕl p roblems when viewed fr om th is 

physical p erspect ive.

Example:  The naive massless spectr um calculat ion 
contains mult iple dimension zero operat ors,

which manif estl y violates cluster de composit ion,
one of the f oundat ional ax ioms of quantu m Þeld 

theory.

There is a sin gle known loophole:  i f the t arget spa ce 

is disconnected.  We think tha tÕs whatÕs going on....



Decomposit ion 
conjectu re

Consider [X/H ] where

1 −→ G −→ H −→ K −→ 1

and G acts tr ivially.

Claim

(t ogethe r w ith so me B Þeld), w here
öG is the se t of ir reps of G

CFT([X/H ]) = CFT
! "

(X × Ĝ)/K
#$



Decomposit ion 
conjectu re

For b anded gerbes, K acts tr ivially upon Ĝ
so the de composit ion conjectu re r educes t o

where the B Þeld is de ter mined by the ima ge of

H2(X, Z(G))
Z(G)→U(1)

−→ H2(X, U(1))

CFT(G ! gerbe on X ) = CFT

!

"
#

Ĝ

(X , B )

$

%



 Banded Example:

Consider [X/D4] where the c enter a cts tr ivially.

1 −→ Z2 −→ D4 −→ Z2 × Z2 −→ 1

The decomposit ion conjectu re predicts

One of the e f f ect ive orbi folds has vanishing discrete 
t orsion, the o the r ha s nonvanishing discrete t orsion.

CFT ([X/D4]) = CFT
(

[X/Z2 × Z2]
∐

[X/Z2 × Z2]
)

Z([X/D4]) = Z
(

[X/Z2 ! Z2]
∐

[X/Z2 ! Z2]
)

Checks:  c an show part it ion fu nct ions mat ch:



Anothe r qui ck check-- c ompare massless spectr a:

Spectr um for
2

0 0

0 54 0

2 54 54 2

0 54 0

0 0

2

1

0 0

0 3 0

1 51 51 1

0 3 0

0 0

1

1

0 0

0 51 0

1 3 3 1

0 51 0

0 0

1

Sum mat ches.

and f or each                   :[T 6/ Z2 × Z2]

[T 6/D4] :



Nonbanded example:

Consider [X/H] where H is the eig ht-el ement

group of quaternions, and a Z4 acts tr ivially.

1 −→ < i > (∼= Z4) −→ H −→ Z2 −→ 1

The decomposit ion conjectu re predicts

CFT([X/H]) = CFT
(

[X/Z2]
∐

[X/Z2]
∐

X
)

Str aightf orward t o show tha t th is is tr ue at the l evel 
of pa r t it ion fu nct ions, as before.



Another class of examples:
global quotients by nonfinite groups

The banded Zk gerbe o ver P
N

with c haracter ist ic class
can be descr ibed mathemat ically as the quot ient

[

C
N + 1 − {0}

C!

]

which physically can be descr ibed by a U(1) susy 
gauge theo ry w ith N+1 chiral Þelds, of c harge k

where the C× acts a s rotat ions by k t imes

! 1 mod k

How can th is be dif f erent fr om ordinary P N model?



To specify Hig gs Þelds completely, need t o specify 
what b undle the y couple t o.  

If the g auge Þeld     
then    c harge    impl ies 

  

Dif f erent b undles => dif f erent z ero modes 
=> dif f erent an omalies => dif f erent ph ysics 

∼ L

! Q

Φ ∈ Γ(L⊗Q)

The dif f erence l ies in nonpertu rbat ive ef f ects.
(Pertu rbat ively, having nonminimal c harges makes no 

dif f erence.)

(Noncompact w or ldsheet - the ta angle -- J Dis tl er, R Plesser)



PN ! 1 : U(1)A !" Z2N

Here : U(1)A !" Z2kN

Example:  Anomalous global U(1)Õs

P
N−1 : < X N(d+1)−1 > = qd

Here : < X N(kd+1)−1 > = qd

Example:  A model cor relat ion fu nct ions

Example:  quantu m cohomology
P

N −1 : C[x]/(xN
− q)

Here : C[x]/(xkN
− q)

Different
physics

Retu rn t o the e xample
[

C
N + 1 − {0}

C!

]



K theory implications
This equivalence of CFTÕs implies a statement a bout

 K theo ry (thanks t o D-branes).

1 −→ G −→ H −→ K −→ 1

If G Xacts tr ivially on
then the o rdinary XH -equivar iant K theo ry of

is the sam e as
tw isted K-equivar iant K theo ry of X ! öG

* Can be de r ived ju st w ith in K theo ry
* Provides a check of the de composit ion conjectu re



D-branes and sheaves

D-branes in the t opological B model can be descr ibed 
with sheaves and, more genÕly, der ived categor ies.

This also is consistent w ith the de compÕ conjectu re:

A sheaf o n a banded G-gerbe
is the sam e th ing as

a tw isted sheaf o n the u nder lying space,
tw isted by image of an el ement of H 2(X,Z(G))

Math f act:

which is consistent w ith the wa y D-branes should 
behave according t o the c onjectu re.



D-branes and sheaves
Similar ly, massless states between D-branes should be 

counted by Ext g roups between the c or responding 
sheaves. 

Math f act:

Sheaves on a banded G-gerbe decompose according t o 
ir repÕ of G ,

and sheaves associated t o dist inct ir reps have 
vanishing Ext g roups between them .

Consistent w / i dea that shea ves associated t o dist inct  
reps should descr ibe D-branes on dif f erent 

components of a dis connected space.



Gromov-Witten prediction
Not ice tha t the re is a p redict ion here f or Gr omov-

Wit t en theory of g erbes:

GW of [X / H ]

should mat ch

GW of
[

(X × Ĝ)/ K
]

Banded Zk gerbes:  
E Andreini, Y Jiang, H-H Tseng, 0812.4477



Quantu m cohomology
Some old r esults of M or r ison-Plesser ( q.c. fr om gauge 
theory) generalize fr om t or ic var iet ies t o t or ic stacks.

Let the t or ic stack be de scr ibed in the f or m
[

C
N

− E

(C×)n

]

then Batyr evÕs conjectu re becomes               
C[! 1, · · · , ! n] modulo the r elat ions

E some except ional set
the weig ht of the i th  

vect or u nder a th

N
∏

i= 1

(

n
∑

b= 1

Qb
iσb

)Qa
i

= qa

Qa

i

C
!

(ES, T Pantev, Ô05)



Quantu m cohomology

Ex:  Quantu m cohomology r ing of PN is 

C[x]/( xN+1 - q )

Quantu m cohomology r ing of Zk gerbe o ver PN

with c haracter ist ic class -n mod k is

C[x,y]/( yk - q 2, x N+1 - y nq1)

Aside: the se calculat ions give us a check of the 
massless spectr um -- in ph ysics, can der ive q.c. r ing 

w/ o knowing massless spectr um.



Quantu m cohomology
We can see the de composit ion conjectu re in the 

quantu m cohomology r ings of t or ic stacks.

Ex:  Q.c. r ing of a Zk gerbe on PN is g iven by

C[x,y]/( yk - q 2, x N+1 - y nq1)

In th is r ing, the y Õs index copies of the quan tu m 

cohomology r ing of  PN w ith v ar iable qÕs.

The gerbe is b anded, so th is is exactl y w hat we 

expect -- c opies of PN, var iable B Þeld.



Quantu m cohomology
More generally, a g erbe str uctu re is in dicated fr om 

th is quot ient de scr ipt ion whenever Cx charges are 
nonminimal.

In such a case, fr om our g eneralizat ion of Batyr evÕs 
conjectu re, at l east o ne r elÕn wil l ha ve the f or m 

pk = q
where p is a r elÕn in q.c. of t or ic var iety , 

and k is the n onminimal par t. 

Can rewrit e th is in same f or m as f or g erbe on PN,
and in th is f ashion can see our de compÕ conjÕ in o ur 

genÕl of Ba tyr evÕs q.c.



Mir rors t o stacks

Standard mir ror c onstr uct ions now produce 
character -valued Þelds, a new ef f ect, which t ies int o 

the s tacky f an descr ipt ion of (BCS Ô04).

(ES, T Pantev, Ô05)

There exist m ir ror c onstr uct ions for an y model 
realizable as a 2d a belian gauge theo ry.

For t or ic stacks (BCS Ô04), the re is such a descr ipt ion.



Toda duals
Ex:  The LG mir ror of PN is descr ibed by the 

holomorphic fu nct ion
W = exp(−Y1) + · · · + exp(−YN ) + exp(Y1 + · · · + YN )

The analogous duals t o Zk gerbes over PN are
descr ibed by

W = exp(−Y1) + ááá + exp(−YN ) + Υn exp(Y1 + ááá + YN )

where Υ is a c haracter -valued Þeld

(ES, T Pantev, Ô05;
E Mann, Ô06)

(discrete Four ier tr ansfor m of c omponents in de compÕ conjectu re)



GLSMÕs
Decomposit ion conjectu re can be applied t o GLSMÕs.

Example:  P7[2,2,2,2]

At the L andau-Ginzburg point, have superpotent ial
∑

a

paGa(φ) =
∑

ij

φiA
ij (p)φj

* mass ter ms for the    , a way fr om locus             .φi {det A = 0}

* l eaves ju st the p Þelds , of c harge - 2

* Z2 gerbe, hence double cover



The Landau-Ginzburg point:

{ det = 0 }P3

Because we have a Z2 gerbe o ver P3 - de t....



The Landau-Ginzburg point:

Double 
cover

{ det = 0 }P3 Ber r y phase

Result:  br anched double cover of P3



The GLSM realizes:

P7[2,2,2,2]
branched double cover

of P3

where RHS realized at L G point vi a

local Z2 gerbe str uctu re + Ber r y phase.
(S. Heller man, A. Henriques, T. Pantev, ES, M Ando, Ô06; R Donagi, ES, Ô07;

A. Caldararu, J. Distl er, S. Heller man, T. Pantev, E.S., Ô07)

Non-birat ional tw isted der ived equivalence

So far:

(ClemensÕ oct ic double solid)

Kahler

Unusual ph ysical r ealizat ion of g eometr y



Rewrit e with L andau-Ginzburg models:

)

LG model on 

Tot( O(- 2)4 --> P7)

LG model on

Tot( O(-1) 8 --> P3
[2,2,2,2] 

GLSM

Kahler

NLSM on 

P7[2,2,2,2]

NLSM on
branched double cover

of P3,
branched over deg 8 l ocus

RG
RG

GLSM for P7[2,2,2,2]
large
radius

LG

RG RG



We believe the GLSM is a ctua lly descr ibing
a `noncommutat ive r esolut ionÕ of the br anched double 

cover w orked out b y Kuznetsov.

Kuznetsov has deÞned 
`homological p roje ct ive duality Õ 

that r elates P7[2,2,2,2] t o the n oncommutat ive 
resolut ion above.

Puzzle:

the br anched double cover w il l be sin gular, 
but the GLSM is smo oth a t tho se singular it ies.

Solut ion?....



Check tha t we a re seeing KÕs noncommÕ r esolut ion:

K deÞnes a `noncommutat ive spaceÕ via its sheaves 
-- so f or e xample, a Landau-Ginzburg model can be a 

noncommutat ive space via matr ix f act or izat ions.

Here, KÕs noncommÕ r esÕn = (P3,B)
where B is the shea f of e ven par ts of Cl if f ord 

algebras associated with the u niversal quadric over P3 
deÞned by the GLSM su perpotent ial.

B ~ str uctu re sheaf; othe r sheaves ~ B-modules.

Physics?......



Physics:

B-branes in the R G limit theo ry 
 = B-branes in the in ter mediate LG theory.

Claim:  matr ix f act or izat ions in int er mediate LG 
 = KuznetsovÕs B-modules

K has a r igorous proof of th is;
B-branes = KuznetsovÕs nc r esÕn sheaves.

Intui t ion....



Local pi ctu re:

Matr ix f act or izat ion f or a qua drat ic superpotent ial: 
even tho ugh the b ulk theo ry is massive, one st il l ha s 

D0-branes with a Cl if f ord algebra str uctu re.

Here: a `hybr id LG modelÕ Þbered over P3,
gives sheaves of Cl if f ord algebras (deter mined by the 

universal quadric / GLSM su perpotent ial)
and modules the reof. 

So:  open str ing sect or du plicates KuznetsovÕs def Õn.

(Kapust in, Li )



The GLSM realizes:

P7[2,2,2,2]
nc r esÕn of

branched double cover

of P3

where RHS realized at L G point vi a

local Z2 gerbe str uctu re + Ber r y phase.
(A. Caldararu, J. Distl er, S. Heller man, T. Pantev, E.S., Ô07)

Non-birat ional tw isted der ived equivalence

Physical r ealizat ion of K uznetsovÕs homological 
proje ct ive duality

Summary so far:

Kahler

Unusual ph ysical r ealizat ion of g eometr y



More examples:

CI of

n quadrics in P2n-1

branched double 

cover of Pn-1,
branched over deg 2n  

locus 
Both si des CY

Homologically proje ct ive dual

Kahler



Rewrit e with L andau-Ginzburg models:

NLSM on 

Pn[2,...,2]

NLSM on n.c. r esÕn of
branched double cover

of Pk-1,
branched over deg n+1 locus

LG model on 

Tot( O(- 2)k --> Pn)

LG model on

Tot( O(-1) n+1 --> Pk-1
[2,...,2] )

GLSM

Kahler

RG RG

KuznetsovÕs
h.p.d.



A math c onjectu re:

Kuznetsov deÞnes his h.p.d. in t er ms of coherent 
sheaves.  In the ph ysics language

LG model on 

Tot( O(- 2)k --> Pn)

LG model on

Tot( O(-1) n+1 --> Pk-1
[2,...,2] )Kahler

GLSM

KuznetsovÕs h.p.d. becomes a statement a bout
matr ix f act or izat ions,

analogous t o tho se in Or lovÕs work.

Math conjecture:  KuznetsovÕs h.p.d. has an 
alt ernat ive (& ho pefu lly easier) descr ipt ion in

ter ms of matr ix f act or izat ions between LG models on 
birat ional spaces.



More examples:

CI of 2 qua drics in the t otal space of

branched double cover of P1xP1xP1,
branched over deg (4 ,4,4) locus

* In f act, the GLSM ha s 8 Kahler pha ses,
4 of ea ch of the a bove.

* Related t o an example of Vafa-Wit t en involving 
discrete t orsion

(Caldararu, Bor isov)

P
(

O(−1, 0)⊕2 ⊕ O(0,−1)⊕2
)

−→ P
1 × P

1

* Bel ieved t o be homologically proje ct ive dual

Kahler



A non-CY example:

CI 2 qua drics

in P2g+1

branched double 

cover of P1,
over deg 2g+2

(= genus g cur ve) 

Here, r ßo ws -- n ot a pa rameter.

Semiclassically, Kahler moduli space f alls apart
int o 2 c hunks.

Posit ively
cur ved

Negat ively
cur ved

r ßo ws:

Homologically proje ct ive dual.

Kahler



More examples:

Hor i-Tong 0609032 f ound closely r elated phenomena 
in nonabelian GLSMs: 

G(2,7)[17]               Pf afÞan CY

Also:  * n ovel r ealizat ion of g eometr y
* n onbirat ional

* KuznetsovÕs h.p.d.

Furthe r n onabelian examples:
Donagi, ES, 0704.1761



So far we ha ve discussed several GLSMÕs s.t .:

* the L G point r ealizes geometr y in an u nusual wa y

* the g eometr ic phases are not bir at ional

* instead, related by KuznetsovÕs homological
proje ct ive duality

Conjectu re: all phases of GLSMÕs are r elated by 
KuznetsovÕs h.p.d.



Anothe r dir ect ion:

Heterotic Landau-Ginzburg models

WeÕll beg in w ith he terot ic nonlinear sigma models....



Heterot ic nonlinear sigma models:

Let X be a c omplex manifold,

E ! " X a holomorphic vect or b undle 

such tha t ch2(E) = ch2(TX)

Act ion:

S =

∫

Σ

d2x
(

gi∂φi∂φ
+ igiψ


+Dzψ

i
+ + ih

ab
λb
−

Dzλ
a
−

+ · · ·

φ, ψ+ as before λ
a

−
! !

(

E "
√

KΣ

)

Reduces t o ordinary NLSM when E = TX



Heterot ic Landau-Ginzburg model:

S =
∫

Σ

d2x
(

gi! ∂φi∂φ! + igi! ψ
!
+ Dzψ

i
+ + ih

ab
λb
−

Dzλ
a
−

+ · · ·

+ habFaF
b

+ ψi
+ λa

−
D iFa + c.c.

+ h
ab

E aE
b

+ ψi
+ λa

−
D iE bhab + c.c.

)

Has tw o superpotent ial-l ike pieces of data

E a
∈ Γ(E), Fa ∈ Γ(E! )

∑

a

E aFa = 0such tha t



Heterot ic LG models are r elated t o heterot ic NLSMÕs 
via r enor malizat ion group ßow.

E = coker (F1 ! " F2)

A heterot ic NLSM on B 
with

A heterot ic LG model on X = Tot

(

F1
π

−→ B

)

E′ = π
∗F2 Fa ≡ 0, Ea "= 0with &

Renor malizat ion 
group

Example:



Summary:

* A, B t opological tw ists of L andau-Ginzburg models 
on nontr ivial spaces

* St acks in physics:  ho w t o build the QF T, 
puzzles and problems w/ n ew str ing compact iÞcat ions

* Str ings on gerbes:  de composit ion conjectu re

* Applicat ion of de composit ion conjÕ t o LG & GLSMÕs:  
physical r ealizat ion of K uznetsovÕs homological 

proje ct ive duality , 
GLSMÕs f or KÕs noncommutat ive r esolut ions

* Heterot ic LG models



PhysicsMathematics

Geometry:
Gromov-Wit t en

Donaldson-Thomas
quantu m cohomology

et c

Homotopy, categories:
der ived categor ies, 

stacks, et c.

Supersymmetr ic
Þeld theo r ies

Renor malizat ion
group


