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My talk today reviews decomposition, 
a new notion in quantum field theory (QFT), 

and discusses its application 
to resolution of gauge anomalies as proposed in Wang-Wen-Witten.

Briefly, decomposition is the observation that some local QFTs 
are secretly equivalent to 

sums of other QFTs, known as ‘universes.’ 

When this happens, we say the QFT `decomposes.’ 
Decomposition of the QFT can be applied to give insight 

into its properties.



What does it mean for one QFT to be a sum of other QFTs?

1) Existence of projection operators
The theory contains topological operators    such that Πi

Correlation functions:
⟨𝒪1⋯𝒪m⟩ = ∑

i

⟨Πi𝒪1⋯𝒪m⟩ = ∑
i

⟨(Πi𝒪1)⋯(Πi𝒪m)⟩ = ∑
i

⟨�̃�1⋯�̃�m⟩i

(Hellerman et al ’06)

2) Partition functions decompose

Z = ∑
states

exp(−βH) = ∑
i

∑ exp(−βHi) = ∑
i

Zi

(on a connected spacetime)
This reflects a (higher-form) symmetry….

ΠiΠj = δi,jΠj ∑
i

Πi = 1 [Πi, 𝒪] = 0

Operators  simultaneously diagonalizable; state space = Πi ℋ = ⊕i ℋi



There are many examples of decomposition …

Finite gauge theories in 2d (orbifolds):  we’ll see many examples later. (T Pantev, ES ’05; 
 D Robbins, ES,  

T Vandermeulen ’21)
Example:  If  acts trivially, thenK ⊂ center(Γ) ⊂ Γ [X/Γ] = ∐

irreps K

[X / (Γ/K)]ω̂

Gauge theories:

• 2d  gauge theory w/ center-invt matter = sum of  theories w/ discrete thetaG G/Z(G) (ES ’14)
• 2d  gauge theory with nonmin’ charges = sum of  theories w/ min chargesU(1) U(1) (Hellerman  

et al ’06)

Ex:  theory (w/ center-invt matter) =    (w/ same matter)SU(2) SO(3)+ ∐ SO(3)−

• 2d pure  Yang-Mills = sum of trivial QFTs indexed by irreps of GG (Nguyen, Tanizaki, Unsal ’21)
(U(1): Cherman, Jacobson ’20)

Ex: pure SU(2) = ∐
irreps SU(2)

(sigma model on pt)

• 4d Yang-Mills w/ restriction to instantons of deg’ divisible by k
= union of ordinary 4d Yang-Mills w/ different  anglesθ

(Tanizaki, Unsal ’19)

More examples ….

Common thread: a subgroup of the gauge group acts trivially.



Sigma models on gerbes = disjoint union of sigma models on spaces w/ B fields
(T Pantev, ES ’05)Solves tech issue w/ cluster decomposition.

(Implicit in Durhuus, Jonsson ’93; Moore, Segal ’06)
TFTs:   2d unitary TFTs w/ semisimple local operator algebras decompose to invertibles

• 2d abelian BF theory at level  = disjoint union of  invertibles (sigma models on pts)k k

• 2d Dijkgraaf-Witten = sum of invertible theories, as many as irreps
(In fact, is a special case of orbifolds discussed later in this talk.)

Examples:
(Also: Komargodski et al ’20, Huang et al 2110.02958)

More examples :

What do these examples have in common?….

• 2d  model at level  = disjoint union of invertible theoriesG/G k
as many as integrable reps of the Kac-Moody algebra

(Hellerman, ES, 1012.5999)

(Komargodski et al  
2008.07567)

There are many examples of decomposition …



  What do the examples have in common?   
When is one QFT a sum of other QFTs ?

Answer:  in  spacetime dimensions,  
a theory decomposes when it has a -form symmetry.

d
(d − 1)

(2d: Hellerman et al ’06;  
d>2: Tanizaki-Unsal ’19, Cherman-Jacobson ’20)

Decomposition & higher-form symmetries go hand-in-hand.

Today I’m interested in the case , 
so get a decomposition if a -form symmetry is present.

d = 2
(d − 1) = 1

What is a 1-form symmetry?



What is a (linearly realized) one-form symmetry in 2d ?

For this talk, intuitively, this will be a `group’ that exchanges nonperturbative sectors.

Then, at least for  in the center, nonperturbative sectors are invariant underK

That group is denoted         orBK
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Example:   gauge theory or orbifold in which matter/fields invariant under G K ⊂ G
(Technically, to talk about a 1-form symmetry, we assume  abelian, 

but decompositions exist more generally.)
K

One-form symmetries can also be seen in algebra of topological local operators, 
where they are often realized nonlinearly (eg 2d TFTs).

This is the action of the `group’ of -bundles.K (Technically, 
is a ``2-group,’’ 

only weakly 
associative.)

(Komargodski et al ’20,  
Huang et al 2110.02958)

where  is -instanton,    is -instantonA G A′ K



Decomposition  spontaneous symmetry breaking≠

Superselection sectors: 
• separated by dynamical domain walls 
• only genuinely disjoint in IR 
• only one overall QFT

Universes: 
• separated by nondynamical domain walls 
• disjoint at all energy scales 
• multiple different QFTs present

Prototype: Prototype:

…

(see e.g. Tanizaki-Unsal 1912.01033)

SSB: Decomposition:



Decomposition  spontaneous symmetry breaking≠

Note that they both have an order parameter, so be careful when distinguishing.

Ex: sigma model on disjoint union of n spaces (‘universes’)

…

Have topological projectors Πi ΠiΠj = δijΠi, ∑
i

Πi = 1

Have order parameter X X =
n−1

∑
i=0

ξiΠi, ξ = exp(2πi/n)

Vev in th universe:i ⟨ΠiX⟩ = ⟨ξiΠi⟩ = ξi

So, could be described as spontaneously broken phase 
— but that clearly does not capture the physics.



Sums vs products

Note:  today I’m talking about sums of QFTs, not products.

Example of product:  QFT of 2 free bosons = product of QFTs of each boson separately.

Product:
States of  are of the form  A ⊗ B |ψA⟩ ⊗ |ψB⟩

Lagrangian   L(A ⊗ B) = L(A) + L(B)

Partition function    Z(A ⊗ B) = Z(A) Z(B)

Sum / disjoint union (as in decomposition):

States of   A∐B = |ψA⟩ ⊕ |ψB⟩

Partition function   Z (A∐B) = Z(A) + Z(B)
(on connected spacetime)

— that’s not a decomposition.



• Gauge theory or orbifold w/ trivially-acting subgroup

• Theory w/ restriction on instantons
• Sigma models on gerbes

= fiber bundles with fibers = `groups’ of 1-form symmetries G(1) = BG

Decomposition (into ‘universes’) often relates these pictures. 

The particular QFTs I’m interested in today, which have a decomposition, 
are (1+1)-dimensional theories with global 1-form symmetries 

of the following form:

restriction on instantons = “multiverse interference effect”
Examples:

1-form symmetry of QFT = translation symmetry along fibers of gerbe

(Pantev, ES ’05;  
Hellerman et al ’06)

trivial group action b/c  BG = [point/G]

(<-> non-complete charge spectrum)

• Algebra of topological local operators

-form(d − 1)

-form(d − 1)

-form1

-form1

Symmetry



(Hellerman et al ’06)

S’pose have        gauge theory,     semisimple, with finite               acting trivially.  

For simplicity, assume      is in the center.

G�
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K ✓ G
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Has         1-form symmetry.BK
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Gauge theory version:

So far, this sounds like just one QFT.

However, I’ll outline how, from another perspective, 
QFTs of this form are also each 
a disjoint union of other QFTs; 

they “decompose.”

Example:  Decomposition in 2d gauge theories

(This will still be somewhat schematic; 
we’ll really dig into details when we get to finite gauge theory examples.)



(Hellerman et al ’06)

Briefly, the projection operators (twist fields, Gukov-Witten) correspond to  
elements of the center of the group algebra .ℂ[K]

Existence of those projectors (idempotents), forming a basis for the center, 
is ultimately a consequence of Wedderburn’s theorem in math.

Math understanding:

Universes Irreducible representations of K

S’pose have        gauge theory,     semisimple, with finite               acting trivially.  

For simplicity, assume      is in the center.

G�
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Has         1-form symmetry.BK
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Gauge theory version:

Claim this theory decomposes. 
Where are the projection operators?

Partition functions & relation of decomp’ to restrictions on instantons….

Example:  Decomposition in 2d gauge theories



Example:  Decomposition in 2d gauge theories

S’pose have        gauge theory,     semisimple, with finite               acting trivially.  

For simplicity, assume      is in the center.

G�
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Has         1-form symmetry.BK

<latexit sha1_base64="72zRjInPkbRpkKtAXiQkpAbIGSk=">AAACAHicbVDLSsNAFJ3UV62vqks3g0VwVRIpqLuiIIKbivYBbSiT6SQdOpmEmRshhG7cu9VfcCdu/RP/wM9w2mZhWw9cOJxzL/fe48WCa7Dtb6uwsrq2vlHcLG1t7+zulfcPWjpKFGVNGolIdTyimeCSNYGDYJ1YMRJ6grW90fXEbz8xpXkkHyGNmRuSQHKfUwJGeri6w/1yxa7aU+Bl4uSkgnI0+uWf3iCiScgkUEG07jp2DG5GFHAq2LjUSzSLCR2RgHUNlSRk2s2mp47xiVEG2I+UKQl4qv6dyEiodRp6pjMkMNSL3kT8z+sm4F+4GZdxAkzS2SI/ERgiPPkbD7hiFERqCKGKm1sxHRJFKJh05rakUSIDIN64ZKJxFoNYJq2zqlOrXt7XKvWbPKQiOkLH6BQ56BzV0S1qoCaiKEAv6BW9Wc/Wu/Vhfc5aC1Y+c4jmYH39AidAlrk=</latexit>

QFT(       gauge theory)  =G�
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QFT (G/K−gauge theory w/ discrete theta angles)

(Hellerman et al ’06)

where  denote discrete theta angles (w2)±

a

char0s K̂
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Example:  pure  gauge theory = sum  pure gauge theoriesSU(2) SO(3)+ + SO(3)−

Statement of decomposition (in this example):

Perturbatively, the ,  theories are identical  
— differences are all nonperturbative.

SU(2) SO(3)±

Gauge theory version:



S’pose have        gauge theory,     semisimple, with finite               acting trivially.  

For simplicity, assume      is in the center.

G�
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Has         1-form symmetry.BK
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QFT(       gauge theory)  =G�
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QFT (G/K−gauge theory w/ discrete theta angles)

(Hellerman et al ’06)

where  denote discrete theta angles (w2)±

a
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Example:  pure  gauge theory = sum  pure gauge theoriesSU(2) SO(3)+ + SO(3)−

 instantons (bundles)  instantons (bundles)SU(2) ⊂ SO(3)

The discrete theta angles weight the non-   instantons so as to 
cancel out of the partition function of the disjoint union.

SU(2) SO(3)

Summing over the  theories projects out some instantons, giving the  theory.SO(3) SU(2)

Example:  Decomposition in 2d gauge theories

Statement of decomposition (in this example):

Gauge theory version:



S’pose have        gauge theory,     semisimple, with finite               acting trivially.  

For simplicity, assume      is in the center.

G�
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Has         1-form symmetry.BK
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(Hellerman et al ’06)

Formally, the partition function of the disjoint union can be written

=

<latexit sha1_base64="3ZplJo4RkcKeZbzOKN8iTyX2hDQ=">AAAB/nicbVDLSgNBEJyNrxhfUY9eBoPgKeyKoB6EgCAeEzAPSJYwO5lNhszOLDO9wrIEvHvVX/AmXv0V/8DPcJLswSQWNBRV3XR3BbHgBlz32ymsrW9sbhW3Szu7e/sH5cOjllGJpqxJlVC6ExDDBJesCRwE68SakSgQrB2M76Z++4lpw5V8hDRmfkSGkoecErBS47ZfrrhVdwa8SrycVFCOer/80xsomkRMAhXEmK7nxuBnRAOngk1KvcSwmNAxGbKupZJEzPjZ7NAJPrPKAIdK25KAZ+rfiYxExqRRYDsjAiOz7E3F/7xuAuG1n3EZJ8AknS8KE4FB4enXeMA1oyBSSwjV3N6K6YhoQsFms7AlVYkcAgkmJRuNtxzEKmldVL3L6k3jslK7z0MqohN0is6Rh65QDT2gOmoiihh6Qa/ozXl23p0P53PeWnDymWO0AOfrFykMljU=</latexit>
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Disjoint union

projection operator
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Z =

where we have moved the summation inside the integral.

QFT(       gauge theory)  =G�
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QFT (G/K−gauge theory w/ discrete theta angles)
a

char0s K̂
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(“multiverse interference” cancels out some sectors)

Example:  Decomposition in 2d gauge theories

Statement of decomposition (in this example):

Gauge theory version:



(Hellerman et al ’06)
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Example:  Decomposition in 2d gauge theories



One effect is a projection on nonperturbative sectors:

=
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Disjoint union

projection operator

Schematically, 
two theories combine to form a distinct third:

Disjoint union of  
several QFTs / universes

`One’ QFT with a restriction on 
nonperturbative sectors 

= `multiverse interference’

=

universe universe

multiverse interference effect

(Hellerman et al ’06)

( )SO(3)+ ( )SO(3)−

( )SU(2)

Example:  Decomposition in 2d gauge theories



Before going on, let’s quickly check these claims for pure  Yang-Mills in 2d.SU(2)

(Migdal, Rusakov)

Sum over all SU(2) reps

Sum over all SO(3) reps

(Tachikawa ’13)

Sum over all SU(2) reps 

that are not SO(3) reps

Result:

The partition function , on a Riemann surface of genus , isZ g

as expected.



Another feature these theories all have in common: 
violation of cluster decomposition

As Weinberg taught us years ago, 
restricting instantons violates cluster decomposition, 

and as we’ll see, instanton restriction is a common feature in these theories.

A disjoint union of QFTs also violates cluster decomposition, 
but in a trivially controllable fashion.

Lesson:  restricting instantons OK, 
                                   so long as one has a disjoint union.

(Hellerman, Henriques, T Pantev, ES, M Ando, hep-th/0606034)



Since 2005, decomposition has been checked in many examples in many ways.  Examples:

• Susy gauge theories w/ localization
• Nonsusy pure Yang-Mills ala Migdal

• Orbifolds:  partition f’ns, massless spectra, elliptic genera
• Open strings, K theory

• Versions in d-dim’l theories w/ (d-1)-form symmetries (Tanizaki, Unsal, ’19; Cherman, Jacobson ’20)

• GLSM’s:  mirrors, quantum cohomology rings (Coulomb branch)
(T Pantev, ES ’05; Gu et al ’18-’20)

(ES 1404.3986)

(T Pantev, ES ’05; Robbins et al ’21)

(Hellerman et al hep-th/0606034)

(ES ’14; Nguyen, Tanizaki, Unsal ’21)

• Adjoint QCD2  (Komargodski et al ’20) • Numerical checks (lattice gauge thy) (Honda et al ’21)

This list is  
incomplete; 
apologies to  

those not listed.

• Nonperturbative constructions of geometries in GLSMs (Caldararu et al 0709.3855, Hori ’11, …
• Predictions for Gromov-Witten theory (checked by H-H Tseng, Y Jiang, etc starting ’08)

Applications include:

• Elliptic genera (Eager et al ’20) • Anomalies in finite gauge theories (Robbins et al ’21)

Next, I’ll look at application to anomalies….

• Sigma models with target stacks & gerbes (T Pantev, ES ’05)

…, Romo et al ’21)



Fun features of decomposition:

Multiverse interference effects

Wilson lines  =  defects between universes

m m + p

Wp

Ex: 2d abelian BF theory at level k
ξ = exp(2πi/k)Projectors:      Πm =

1
k

k−1

∑
n=0

ξnm𝒪n

Clock-shift commutation relations:  𝒪pWq = ξpq Wq𝒪p Πm Wp = Wp Πm+p mod k⇔

Wormholes between universes

Ex:  2d  gauge theory w/ center-invariant matter = SU(2) SO(3)+ + SO(3)−
Summing over the two universes (  gauge theories) 
cancels out  bundles which don’t arise from .

SO(3)
SO(3) SU(2)

Ex: U(1) susy gauge theory in 2d:  2 chirals  charge 2, 4 chirals  charge -1, p ϕ W = ∑
ij

ϕiϕjAij(p)

Describes double cover of  (sheets are universes), linked over locus where  massless — Euclidean wormholeℙ1 ϕ

(GLSMs: Caldararu et al, 0709.3855)



Let’s switch gears now.

So far, I’ve given a broad overview of decomposition.

Next, I’m going to discuss details in finite 2d gauge theories ( = orbifolds), 
and a specific application, 

namely to Wang-Wen-Witten’s work on anomaly resolution.

Not only will this be an excellent example of a use of decomposition, 
but we’ll also see explicitly in concrete examples how decomposition works.



Briefly, the idea of WWW is that if a given orbifold  is ill-defined because 
of a gauge anomaly (which obstructs the gauging), 

then replace  with a larger group  whose action is anomaly-free.

[X/G]

G Γ

The larger group  has a subgroup  that acts trivially on X, 
and .

Γ K ⊂ Γ
G = Γ/K

1 ⟶ K ⟶ Γ ⟶ G ⟶ 1

However, orbifolds with trivially-acting subgroups are standard examples in which 
decomposition arises (in 1+1 dimensions), so one expects decomposition is relevant here.

(Hellerman et al ’06)

My goal for the rest of this talk is to apply decomposition  
to an anomaly resolution procedure in finite gauge theories (orbifolds) (Wang-Wen-Witten ’17).



Plan for the remainder of the talk:

• Describe decomposition in orbifolds with trivially-acting subgroups,

• Add a new modular invariant phase: “quantum symmetry,” in ,H1(G, H1(K, U(1)))

• Review the anomaly-resolution procedure of (Wang-Wen-Witten ’17),

• and apply decomposition to that procedure.

What we’ll find is that, in (1+1)-dimensions,

QFT( “ ” =  )  =    QFT( copies and covers of  )[̃X/G] [X/Γ]B [X/(nonanomalous subgp of G]

as a consequence of decomposition. 
This gives a simple understanding of why the WWW procedure works, 

as well as of the result.



Decomposition in finite gauge theories (orbifolds) in (1+1) dimensions

Let’s begin by discussing ordinary orbifolds w/o extra phases. 
(We’ll need a more complicated version for anomaly resolution, 

but let’s start here, and build up.)

Consider an orbifold , where  acts trivially.[X/Γ] K ⊂ Γ
1 ⟶ K ⟶ Γ ⟶ G ⟶ 1

Decomposition implies

set of iso classes of irreps of K̂ = K
phases called “discrete torsion”.ω̂ =

(Hellerman et al ’06)

( , ,  finite)K Γ G
For simplicity, assume  central.K

QFT ([X/Γ]) = QFT (∐̂
K

[X/G]ω̂)

= Image (H2(G, K) ⟶ H2(G, U(1)))θ ∈ K̂

Note similar to gauge theories: 
SU(2) = SO(3)+ + SO(3)−



Consider an orbifold , where  acts trivially.[X/Γ] K ⊂ Γ

1 ⟶ K ⟶ Γ ⟶ G ⟶ 1 (assume  central)K

Decomposition implies
(Hellerman et al ’06)

set of iso classes of irreps of K̂ = K

Projectors: For , we have the projectorR ∈ K̂

ΠR = ∑
i

dim Ri

|K | ∑
k∈K

χRi
(k−1)τk

(Wedderburn’s theorem for 
center of group algebra)

QFT ([X/Γ]) = QFT (∐̂
K

[X/G]ω̂)

which obey   ,    ΠRΠS = δR,SΠR ∑
R

ΠR = 1 [ΠR, 𝒪] = 0

Decomposition in finite gauge theories (orbifolds) in (1+1) dimensions



Example: Orbifold in which the       center acts trivially.

— has          (1-form) symmetry

so this is closely related to a                 orbifold

Decomposition predicts

Let’s check this explicitly….

To make this more concrete, let’s walk through an example, 
where everything can be made completely explicit.

(T Pantev, ES ’05)

QFT ([X/D4]) = QFT ([X/ℤ2 × ℤ2]w/o d.t.) ∐ QFT ([X/ℤ2 × ℤ2]d.t.)



Example, cont’d

At the level of operators, one reason for this is that the theory admits projection operators:

Let  denote the (dim ) twist field associated to the trivially-acting :̂z 0 ℤ2

Π± =
1
2

(1 ± ̂z)

Π2
± = Π± Π±Π∓ = 0

QFT ([X/D4]) = QFT ([X/ℤ2 × ℤ2]w/o d.t.) ∐ QFT ([X/ℤ2 × ℤ2]d.t.)

Next: compare partition functions….

̂z2 = 1. obeyŝz

Using that relation, we form projection operators:

( = specialization of formula  
given earlier)

Π+ + Π− = 1



Example, cont’d
Compute the partition function of [X/D4]

<latexit sha1_base64="W0ZntxSSmu7Ma4SB9+O2kbhHgCY=">AAACCHicbVDLSgNBEJz1GeMr6tHLYBA8xV0JqLeAIh4jmAdsljA7mSRDZmeWmV5hWfID3r3qL3gTr/6Ff+BnOEn2YBILGoqqbrq7wlhwA6777aysrq1vbBa2its7u3v7pYPDplGJpqxBlVC6HRLDBJesARwEa8eakSgUrBWObiZ+64lpw5V8hDRmQUQGkvc5JWAl38dtfI5vu1UcdEtlt+JOgZeJl5MyylHvln46PUWTiEmgghjje24MQUY0cCrYuNhJDIsJHZEB8y2VJGImyKYnj/GpVXq4r7QtCXiq/p3ISGRMGoW2MyIwNIveRPzP8xPoXwUZl3ECTNLZon4iMCg8+R/3uGYURGoJoZrbWzEdEk0o2JTmtqQqkQMg4bhoo/EWg1gmzYuKV61cP1TLtbs8pAI6RifoDHnoEtXQPaqjBqJIoRf0it6cZ+fd+XA+Z60rTj5zhObgfP0CaryY8g==</latexit>

D4 = {1, z, a, b, az, bz, ab, ba = abz}

<latexit sha1_base64="zsCn0kZXcVzyJ0mTJf9Gzma9avA="></latexit>

where     generates the       center.z

<latexit sha1_base64="D12U8AzLL/+xJ/wMeHXvu8MERtY=">AAAB/nicbVDLSgNBEJyNrxhfUY9eBoPgKeyKoN4CgnhMwDwgWcLspDcZMjuzzMwK6xLw7lV/wZt49Vf8Az/DSbIHk1jQUFR1090VxJxp47rfTmFtfWNzq7hd2tnd2z8oHx61tEwUhSaVXKpOQDRwJqBpmOHQiRWQKODQDsa3U7/9CEozKR5MGoMfkaFgIaPEWKnx1C9X3Ko7A14lXk4qKEe9X/7pDSRNIhCGcqJ113Nj42dEGUY5TEq9RENM6JgMoWupIBFoP5sdOsFnVhngUCpbwuCZ+nciI5HWaRTYzoiYkV72puJ/Xjcx4bWfMREnBgSdLwoTjo3E06/xgCmghqeWEKqYvRXTEVGEGpvNwpZUJmJoSDAp2Wi85SBWSeui6l1WbxqXldpdHlIRnaBTdI48dIVq6B7VURNRBOgFvaI359l5dz6cz3lrwclnjtECnK9fir6Wcg==</latexit>

Z2

<latexit sha1_base64="qJSYjg+AdaskNSROczABB6KIAkQ=">AAACCnicbVDLSgMxFM3UV62vqks3wSK4KjOloO4KgrisYB/YDiVJM21oJhmTjFCG+QP3bvUX3Ilbf8I/8DPMtLOwrQcuHM65l3s4OOJMG9f9dgpr6xubW8Xt0s7u3v5B+fCorWWsCG0RyaXqYqQpZ4K2DDOcdiNFUYg57eDJdeZ3nqjSTIp7M42oH6KRYAEjyFjJT/ohMmOM4UM6qA3KFbfqzgBXiZeTCsjRHJR/+kNJ4pAKQzjSuue5kfETpAwjnKalfqxphMgEjWjPUoFCqv1kFjqFZ1YZwkAqO8LAmfr3IkGh1tMQ280so172MvE/rxeb4NJPmIhiQwWZPwpiDo2EWQNwyBQlhk8tQUQxmxWSMVKIGNvTwpepjMXIIJyWbDXechGrpF2revXq1V290rjJSyqCE3AKzoEHLkAD3IImaAECHsELeAVvzrPz7nw4n/PVgpPfHIMFOF+/U2ebPQ==</latexit>

(T Pantev, ES ’05)

Take the (1+1)-dim’l spacetime to be .T2

The partition function of any orbifold  on  is[X/Γ] T2

ZT2 ([X/Γ]) =
1

|Γ | ∑
gh=hg

Zg,h

(Think of  as sigma model to  with branch cuts .)Zg,h X g, h
We’re going to see that

ZT2 ([X/D4]) = ZT2 ([X/ℤ2 × ℤ2]) + ZT2 ([X/ℤ2 × ℤ2]d.t.)

where g

<latexit sha1_base64="0YB1cWgb9gqq2OpxEuUa1lrZSY8=">AAAB/3icbVDLSsNAFL2pr1pfVZduBovgqiRSUHcFQVxWsQ9oQ5lMJ+nQySTMTIQQunDvVn/Bnbj1U/wDP8NJm4VtPXDhcM693HuPF3OmtG1/W6W19Y3NrfJ2ZWd3b/+genjUUVEiCW2TiEey52FFORO0rZnmtBdLikOP0643ucn97hOVikXiUacxdUMcCOYzgrWRHoLKsFqz6/YMaJU4BalBgdaw+jMYRSQJqdCEY6X6jh1rN8NSM8LptDJIFI0xmeCA9g0VOKTKzWaXTtGZUUbIj6QpodFM/TuR4VCpNPRMZ4j1WC17ufif10+0f+VmTMSJpoLMF/kJRzpC+dtoxCQlmqeGYCKZuRWRMZaYaBPOwpY0SkSgsTfNo3GWg1glnYu606hf3zdqzdsipDKcwCmcgwOX0IQ7aEEbCPjwAq/wZj1b79aH9TlvLVnFzDEswPr6BaG1lnM=</latexit>

h
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Zg,h = ( ⟶ X)
(“twisted sectors” 

 = instantons)



Example, cont’d
Compute the partition function of [X/D4]
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D4 = {1, z, a, b, az, bz, ab, ba = abz}

<latexit sha1_base64="zsCn0kZXcVzyJ0mTJf9Gzma9avA="></latexit>

D4/Z2 = Z2 ⇥ Z2 = {1, a, b, ab}

<latexit sha1_base64="YX3myC6gneWijce2r/6lyjxBW/I="></latexit>

where     generates the       center.z
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where a = {a, az}

<latexit sha1_base64="tAi8r80t+GbiZ2PF3TQKSxRC+Ns=">AAACGXicbVDLSgMxFM3UV62vqjvdBIvgQsqMFNSFUBDEZQX7gE4pd9K0Dc0kQ5IR6jDgf7h3q7/gTty68g/8DNPHwrYeCBzOuYd7c4KIM21c99vJLC2vrK5l13Mbm1vbO/ndvZqWsSK0SiSXqhGAppwJWjXMcNqIFIUw4LQeDK5Hfv2BKs2kuDfDiLZC6AnWZQSMldr5A19ae5ROIMVX2E8wnGJ4xH7azhfcojsGXiTelBTQFJV2/sfvSBKHVBjCQeum50amlYAyjHCa5vxY0wjIAHq0aamAkOpWMv5Dio+t0sFdqewTBo/Vv4kEQq2HYWAnQzB9Pe+NxP+8Zmy6F62EiSg2VJDJom7MsZF4VAjuMEWJ4UNLgChmb8WkDwqIsbXNbBnKWPQMBGnOVuPNF7FIamdFr1S8vCsVyjfTkrLoEB2hE+Shc1RGt6iCqoigJ/SCXtGb8+y8Ox/O52Q040wz+2gGztcv3NWgMQ==</latexit>

etc

is symmetric under multiplication by 
Since     acts trivially,

g

<latexit sha1_base64="0YB1cWgb9gqq2OpxEuUa1lrZSY8=">AAAB/3icbVDLSsNAFL2pr1pfVZduBovgqiRSUHcFQVxWsQ9oQ5lMJ+nQySTMTIQQunDvVn/Bnbj1U/wDP8NJm4VtPXDhcM693HuPF3OmtG1/W6W19Y3NrfJ2ZWd3b/+genjUUVEiCW2TiEey52FFORO0rZnmtBdLikOP0643ucn97hOVikXiUacxdUMcCOYzgrWRHoLKsFqz6/YMaJU4BalBgdaw+jMYRSQJqdCEY6X6jh1rN8NSM8LptDJIFI0xmeCA9g0VOKTKzWaXTtGZUUbIj6QpodFM/TuR4VCpNPRMZ4j1WC17ufif10+0f+VmTMSJpoLMF/kJRzpC+dtoxCQlmqeGYCKZuRWRMZaYaBPOwpY0SkSgsTfNo3GWg1glnYu606hf3zdqzdsipDKcwCmcgwOX0IQ7aEEbCPjwAq/wZj1b79aH9TlvLVnFzDEswPr6BaG1lnM=</latexit>

h

<latexit sha1_base64="NoY9u0E3XTmWX6nB8OaVY8PgKLM=">AAAB/3icbVDLSgNBEOyNrxhfUY9eBoPgKexKQL0FBPEYxTwgWcLsZDYZMjuzzMwKYcnBu1f9BW/i1U/xD/wMZ5M9mMSChqKqm+6uIOZMG9f9dgpr6xubW8Xt0s7u3v5B+fCopWWiCG0SyaXqBFhTzgRtGmY47cSK4ijgtB2MbzK//USVZlI8mklM/QgPBQsZwcZKD6NSv1xxq+4MaJV4OalAjka//NMbSJJEVBjCsdZdz42Nn2JlGOF0WuolmsaYjPGQdi0VOKLaT2eXTtGZVQYolMqWMGim/p1IcaT1JApsZ4TNSC97mfif101MeOWnTMSJoYLMF4UJR0ai7G00YIoSwyeWYKKYvRWREVaYGBvOwpaJTMTQ4GCaReMtB7FKWhdVr1a9vq9V6rd5SEU4gVM4Bw8uoQ530IAmEAjhBV7hzXl23p0P53PeWnDymWNYgPP1C6NQlnQ=</latexit>

Zg,h =

<latexit sha1_base64="Nu4LNwubupPs6RS6ObwVaBEK86U=">AAACBnicbVDLSsNAFJ3UV62vqks3g0VwISWRgroQCoK4rGAf2oYymU7aofMIMxMhhOzdu9VfcCdu/Q3/wM9w2mZhqwcuHM65l3vvCSJGtXHdL6ewtLyyulZcL21sbm3vlHf3WlrGCpMmlkyqToA0YVSQpqGGkU6kCOIBI+1gfDXx249EaSrFnUki4nM0FDSkGBkr3T/00+HJKIOX/XLFrbpTwL/Ey0kF5Gj0y9+9gcQxJ8JghrTuem5k/BQpQzEjWakXaxIhPEZD0rVUIE60n04PzuCRVQYwlMqWMHCq/p5IEdc64YHt5MiM9KI3Ef/zurEJz/2Uiig2RODZojBm0Eg4+R4OqCLYsMQShBW1t0I8QgphYzOa25LIWAwNCrKSjcZbDOIvaZ1WvVr14rZWqV/nIRXBATgEx8ADZ6AObkADNAEGHDyDF/DqPDlvzrvzMWstOPnMPpiD8/kD2WeZUQ==</latexit>

h

<latexit sha1_base64="NoY9u0E3XTmWX6nB8OaVY8PgKLM=">AAAB/3icbVDLSgNBEOyNrxhfUY9eBoPgKexKQL0FBPEYxTwgWcLsZDYZMjuzzMwKYcnBu1f9BW/i1U/xD/wMZ5M9mMSChqKqm+6uIOZMG9f9dgpr6xubW8Xt0s7u3v5B+fCopWWiCG0SyaXqBFhTzgRtGmY47cSK4ijgtB2MbzK//USVZlI8mklM/QgPBQsZwcZKD6NSv1xxq+4MaJV4OalAjka//NMbSJJEVBjCsdZdz42Nn2JlGOF0WuolmsaYjPGQdi0VOKLaT2eXTtGZVQYolMqWMGim/p1IcaT1JApsZ4TNSC97mfif101MeOWnTMSJoYLMF4UJR0ai7G00YIoSwyeWYKKYvRWREVaYGBvOwpaJTMTQ4GCaReMtB7FKWhdVr1a9vq9V6rd5SEU4gVM4Bw8uoQ530IAmEAjhBV7hzXl23p0P53PeWnDymWNYgPP1C6NQlnQ=</latexit>

g

<latexit sha1_base64="0YB1cWgb9gqq2OpxEuUa1lrZSY8=">AAAB/3icbVDLSsNAFL2pr1pfVZduBovgqiRSUHcFQVxWsQ9oQ5lMJ+nQySTMTIQQunDvVn/Bnbj1U/wDP8NJm4VtPXDhcM693HuPF3OmtG1/W6W19Y3NrfJ2ZWd3b/+genjUUVEiCW2TiEey52FFORO0rZnmtBdLikOP0643ucn97hOVikXiUacxdUMcCOYzgrWRHoLKsFqz6/YMaJU4BalBgdaw+jMYRSQJqdCEY6X6jh1rN8NSM8LptDJIFI0xmeCA9g0VOKTKzWaXTtGZUUbIj6QpodFM/TuR4VCpNPRMZ4j1WC17ufif10+0f+VmTMSJpoLMF/kJRzpC+dtoxCQlmqeGYCKZuRWRMZaYaBPOwpY0SkSgsTfNo3GWg1glnYu606hf3zdqzdsipDKcwCmcgwOX0IQ7aEEbCPjwAq/wZj1b79aH9TlvLVnFzDEswPr6BaG1lnM=</latexit>

This is the          1-form symmetry.

z
1

z
1

z
z

(T Pantev, ES ’05)

ZT2 ([X/D4]) =
1

|D4 | ∑
g,h∈D4, gh=hg

Zg,h where g

<latexit sha1_base64="0YB1cWgb9gqq2OpxEuUa1lrZSY8=">AAAB/3icbVDLSsNAFL2pr1pfVZduBovgqiRSUHcFQVxWsQ9oQ5lMJ+nQySTMTIQQunDvVn/Bnbj1U/wDP8NJm4VtPXDhcM693HuPF3OmtG1/W6W19Y3NrfJ2ZWd3b/+genjUUVEiCW2TiEey52FFORO0rZnmtBdLikOP0643ucn97hOVikXiUacxdUMcCOYzgrWRHoLKsFqz6/YMaJU4BalBgdaw+jMYRSQJqdCEY6X6jh1rN8NSM8LptDJIFI0xmeCA9g0VOKTKzWaXTtGZUUbIj6QpodFM/TuR4VCpNPRMZ4j1WC17ufif10+0f+VmTMSJpoLMF/kJRzpC+dtoxCQlmqeGYCKZuRWRMZaYaBPOwpY0SkSgsTfNo3GWg1glnYu606hf3zdqzdsipDKcwCmcgwOX0IQ7aEEbCPjwAq/wZj1b79aH9TlvLVnFzDEswPr6BaG1lnM=</latexit>

h

<latexit sha1_base64="NoY9u0E3XTmWX6nB8OaVY8PgKLM=">AAAB/3icbVDLSgNBEOyNrxhfUY9eBoPgKexKQL0FBPEYxTwgWcLsZDYZMjuzzMwKYcnBu1f9BW/i1U/xD/wMZ5M9mMSChqKqm+6uIOZMG9f9dgpr6xubW8Xt0s7u3v5B+fCopWWiCG0SyaXqBFhTzgRtGmY47cSK4ijgtB2MbzK//USVZlI8mklM/QgPBQsZwcZKD6NSv1xxq+4MaJV4OalAjka//NMbSJJEVBjCsdZdz42Nn2JlGOF0WuolmsaYjPGQdi0VOKLaT2eXTtGZVQYolMqWMGim/p1IcaT1JApsZ4TNSC97mfif101MeOWnTMSJoYLMF4UJR0ai7G00YIoSwyeWYKKYvRWREVaYGBvOwpaJTMTQ4GCaReMtB7FKWhdVr1a9vq9V6rd5SEU4gVM4Bw8uoQ530IAmEAjhBV7hzXl23p0P53PeWnDymWNYgPP1C6NQlnQ=</latexit>

Zg,h = ( ⟶ X)



Example, cont’d
Compute the partition function of [X/D4]

<latexit sha1_base64="W0ZntxSSmu7Ma4SB9+O2kbhHgCY=">AAACCHicbVDLSgNBEJz1GeMr6tHLYBA8xV0JqLeAIh4jmAdsljA7mSRDZmeWmV5hWfID3r3qL3gTr/6Ff+BnOEn2YBILGoqqbrq7wlhwA6777aysrq1vbBa2its7u3v7pYPDplGJpqxBlVC6HRLDBJesARwEa8eakSgUrBWObiZ+64lpw5V8hDRmQUQGkvc5JWAl38dtfI5vu1UcdEtlt+JOgZeJl5MyylHvln46PUWTiEmgghjje24MQUY0cCrYuNhJDIsJHZEB8y2VJGImyKYnj/GpVXq4r7QtCXiq/p3ISGRMGoW2MyIwNIveRPzP8xPoXwUZl3ECTNLZon4iMCg8+R/3uGYURGoJoZrbWzEdEk0o2JTmtqQqkQMg4bhoo/EWg1gmzYuKV61cP1TLtbs8pAI6RifoDHnoEtXQPaqjBqJIoRf0it6cZ+fd+XA+Z60rTj5zhObgfP0CaryY8g==</latexit>

D4 = {1, z, a, b, az, bz, ab, ba = abz}

<latexit sha1_base64="zsCn0kZXcVzyJ0mTJf9Gzma9avA="></latexit>

D4/Z2 = Z2 ⇥ Z2 = {1, a, b, ab}

<latexit sha1_base64="YX3myC6gneWijce2r/6lyjxBW/I="></latexit>

where     generates the       center.z

<latexit sha1_base64="D12U8AzLL/+xJ/wMeHXvu8MERtY=">AAAB/nicbVDLSgNBEJyNrxhfUY9eBoPgKeyKoN4CgnhMwDwgWcLspDcZMjuzzMwK6xLw7lV/wZt49Vf8Az/DSbIHk1jQUFR1090VxJxp47rfTmFtfWNzq7hd2tnd2z8oHx61tEwUhSaVXKpOQDRwJqBpmOHQiRWQKODQDsa3U7/9CEozKR5MGoMfkaFgIaPEWKnx1C9X3Ko7A14lXk4qKEe9X/7pDSRNIhCGcqJ113Nj42dEGUY5TEq9RENM6JgMoWupIBFoP5sdOsFnVhngUCpbwuCZ+nciI5HWaRTYzoiYkV72puJ/Xjcx4bWfMREnBgSdLwoTjo3E06/xgCmghqeWEKqYvRXTEVGEGpvNwpZUJmJoSDAp2Wi85SBWSeui6l1WbxqXldpdHlIRnaBTdI48dIVq6B7VURNRBOgFvaI359l5dz6cz3lrwclnjtECnK9fir6Wcg==</latexit>

Z2

<latexit sha1_base64="qJSYjg+AdaskNSROczABB6KIAkQ=">AAACCnicbVDLSgMxFM3UV62vqks3wSK4KjOloO4KgrisYB/YDiVJM21oJhmTjFCG+QP3bvUX3Ilbf8I/8DPMtLOwrQcuHM65l3s4OOJMG9f9dgpr6xubW8Xt0s7u3v5B+fCorWWsCG0RyaXqYqQpZ4K2DDOcdiNFUYg57eDJdeZ3nqjSTIp7M42oH6KRYAEjyFjJT/ohMmOM4UM6qA3KFbfqzgBXiZeTCsjRHJR/+kNJ4pAKQzjSuue5kfETpAwjnKalfqxphMgEjWjPUoFCqv1kFjqFZ1YZwkAqO8LAmfr3IkGh1tMQ280so172MvE/rxeb4NJPmIhiQwWZPwpiDo2EWQNwyBQlhk8tQUQxmxWSMVKIGNvTwpepjMXIIJyWbDXechGrpF2revXq1V290rjJSyqCE3AKzoEHLkAD3IImaAECHsELeAVvzrPz7nw4n/PVgpPfHIMFOF+/U2ebPQ==</latexit>

where a = {a, az}

<latexit sha1_base64="tAi8r80t+GbiZ2PF3TQKSxRC+Ns=">AAACGXicbVDLSgMxFM3UV62vqjvdBIvgQsqMFNSFUBDEZQX7gE4pd9K0Dc0kQ5IR6jDgf7h3q7/gTty68g/8DNPHwrYeCBzOuYd7c4KIM21c99vJLC2vrK5l13Mbm1vbO/ndvZqWsSK0SiSXqhGAppwJWjXMcNqIFIUw4LQeDK5Hfv2BKs2kuDfDiLZC6AnWZQSMldr5A19ae5ROIMVX2E8wnGJ4xH7azhfcojsGXiTelBTQFJV2/sfvSBKHVBjCQeum50amlYAyjHCa5vxY0wjIAHq0aamAkOpWMv5Dio+t0sFdqewTBo/Vv4kEQq2HYWAnQzB9Pe+NxP+8Zmy6F62EiSg2VJDJom7MsZF4VAjuMEWJ4UNLgChmb8WkDwqIsbXNbBnKWPQMBGnOVuPNF7FIamdFr1S8vCsVyjfTkrLoEB2hE+Shc1RGt6iCqoigJ/SCXtGb8+y8Ox/O52Q040wz+2gGztcv3NWgMQ==</latexit>

etc

Each  twisted sector ( ) that appears is the same as a  twisted sector, 

appearing with multiplicity , 

D4 Zg,h D4/ℤ2 = ℤ2 × ℤ2

|ℤ2 |2 = 4

a

<latexit sha1_base64="oNUe/tTt6LWbi0iJyvll6IwD1CM=">AAACCXicbVDLSsNAFJ3UV62vqks3wSK4KokI6q4giMsK9gFNKJPppB06mQkzN0II+QL3bvUX3Ilbv8I/8DOctFnY1gMXDufcw72cIOZMg+N8W5W19Y3Nrep2bWd3b/+gfnjU1TJRhHaI5FL1A6wpZ4J2gAGn/VhRHAWc9oLpbeH3nqjSTIpHSGPqR3gsWMgIBiN5njRmkc1wPqw3nKYzg71K3JI0UIn2sP7jjSRJIiqAcKz1wHVi8DOsgBFO85qXaBpjMsVjOjBU4IhqP5v9nNtnRhnZoVRmBNgz9W8iw5HWaRSYzQjDRC97hfifN0ggvPYzJuIEqCDzQ2HCbZB2UYA9YooS4KkhmChmfrXJBCtMwNS0cCWViRgDDvKaqcZdLmKVdC+a7mXz5uGy0borS6qiE3SKzpGLrlAL3aM26iCCYvSCXtGb9Wy9Wx/W53y1YpWZY7QA6+sXpKCbfw==</latexit>

b

<latexit sha1_base64="mmkA/dN8us/C94bOHT2P0km48gI=">AAACCXicbVDLSsNAFL2pr1pfVZdugkVwVRIR1F1BEJcV7AOaUCbTSTt0MhNmJkII+QL3bvUX3Ilbv8I/8DOctFnY1gMXDufcw72cIGZUacf5tipr6xubW9Xt2s7u3v5B/fCoq0QiMelgwYTsB0gRRjnpaKoZ6ceSoChgpBdMbwu/90SkooI/6jQmfoTGnIYUI20kzxPGLLJZkA/rDafpzGCvErckDSjRHtZ/vJHASUS4xgwpNXCdWPsZkppiRvKalygSIzxFYzIwlKOIKD+b/ZzbZ0YZ2aGQZri2Z+rfRIYipdIoMJsR0hO17BXif94g0eG1n1EeJ5pwPD8UJszWwi4KsEdUEqxZagjCkppfbTxBEmFtalq4koqEjzUK8pqpxl0uYpV0L5ruZfPm4bLRuitLqsIJnMI5uHAFLbiHNnQAQwwv8Apv1rP1bn1Yn/PVilVmjmEB1tcvpjubgA==</latexit>

a

<latexit sha1_base64="oNUe/tTt6LWbi0iJyvll6IwD1CM=">AAACCXicbVDLSsNAFJ3UV62vqks3wSK4KokI6q4giMsK9gFNKJPppB06mQkzN0II+QL3bvUX3Ilbv8I/8DOctFnY1gMXDufcw72cIOZMg+N8W5W19Y3Nrep2bWd3b/+gfnjU1TJRhHaI5FL1A6wpZ4J2gAGn/VhRHAWc9oLpbeH3nqjSTIpHSGPqR3gsWMgIBiN5njRmkc1wPqw3nKYzg71K3JI0UIn2sP7jjSRJIiqAcKz1wHVi8DOsgBFO85qXaBpjMsVjOjBU4IhqP5v9nNtnRhnZoVRmBNgz9W8iw5HWaRSYzQjDRC97hfifN0ggvPYzJuIEqCDzQ2HCbZB2UYA9YooS4KkhmChmfrXJBCtMwNS0cCWViRgDDvKaqcZdLmKVdC+a7mXz5uGy0borS6qiE3SKzpGLrlAL3aM26iCCYvSCXtGb9Wy9Wx/W53y1YpWZY7QA6+sXpKCbfw==</latexit>

ab

<latexit sha1_base64="8Jjy2FcDBPwbSpg9D7BL7kUd8Dw=">AAACCnicbVDLSgMxFM3UV62vqks3wSK4KjNSUHcFQVxWsA9oh5JJ0zY0k4zJHWEY+gfu3eovuBO3/oR/4GeYaWdhWw9cOJxzD/dygkhwA6777RTW1jc2t4rbpZ3dvf2D8uFRy6hYU9akSijdCYhhgkvWBA6CdSLNSBgI1g4mN5nffmLacCUfIImYH5KR5ENOCVjJ7ylrZtmUBNN+ueJW3RnwKvFyUkE5Gv3yT2+gaBwyCVQQY7qeG4GfEg2cCjYt9WLDIkInZMS6lkoSMuOns6en+MwqAzxU2o4EPFP/JlISGpOEgd0MCYzNspeJ/3ndGIZXfsplFAOTdH5oGAsMCmcN4AHXjIJILCFUc/srpmOiCQXb08KVRMVyBLaZkq3GWy5ilbQuql6ten1fq9Rv85KK6ASdonPkoUtUR3eogZqIokf0gl7Rm/PsvDsfzud8teDkmWO0AOfrF2uxm+s=</latexit>

b

<latexit sha1_base64="mmkA/dN8us/C94bOHT2P0km48gI=">AAACCXicbVDLSsNAFL2pr1pfVZdugkVwVRIR1F1BEJcV7AOaUCbTSTt0MhNmJkII+QL3bvUX3Ilbv8I/8DOctFnY1gMXDufcw72cIGZUacf5tipr6xubW9Xt2s7u3v5B/fCoq0QiMelgwYTsB0gRRjnpaKoZ6ceSoChgpBdMbwu/90SkooI/6jQmfoTGnIYUI20kzxPGLLJZkA/rDafpzGCvErckDSjRHtZ/vJHASUS4xgwpNXCdWPsZkppiRvKalygSIzxFYzIwlKOIKD+b/ZzbZ0YZ2aGQZri2Z+rfRIYipdIoMJsR0hO17BXif94g0eG1n1EeJ5pwPD8UJszWwi4KsEdUEqxZagjCkppfbTxBEmFtalq4koqEjzUK8pqpxl0uYpV0L5ruZfPm4bLRuitLqsIJnMI5uHAFLbiHNnQAQwwv8Apv1rP1bn1Yn/PVilVmjmEB1tcvpjubgA==</latexit>

ab

<latexit sha1_base64="8Jjy2FcDBPwbSpg9D7BL7kUd8Dw=">AAACCnicbVDLSgMxFM3UV62vqks3wSK4KjNSUHcFQVxWsA9oh5JJ0zY0k4zJHWEY+gfu3eovuBO3/oR/4GeYaWdhWw9cOJxzD/dygkhwA6777RTW1jc2t4rbpZ3dvf2D8uFRy6hYU9akSijdCYhhgkvWBA6CdSLNSBgI1g4mN5nffmLacCUfIImYH5KR5ENOCVjJ7ylrZtmUBNN+ueJW3RnwKvFyUkE5Gv3yT2+gaBwyCVQQY7qeG4GfEg2cCjYt9WLDIkInZMS6lkoSMuOns6en+MwqAzxU2o4EPFP/JlISGpOEgd0MCYzNspeJ/3ndGIZXfsplFAOTdH5oGAsMCmcN4AHXjIJILCFUc/srpmOiCQXb08KVRMVyBLaZkq3GWy5ilbQuql6ten1fq9Rv85KK6ASdonPkoUtUR3eogZqIokf0gl7Rm/PsvDsfzud8teDkmWO0AOfrF2uxm+s=</latexit>

which do not appear.except for the sectors

Restriction on nonperturbative sectors

(T Pantev, ES ’05)

where g

<latexit sha1_base64="0YB1cWgb9gqq2OpxEuUa1lrZSY8=">AAAB/3icbVDLSsNAFL2pr1pfVZduBovgqiRSUHcFQVxWsQ9oQ5lMJ+nQySTMTIQQunDvVn/Bnbj1U/wDP8NJm4VtPXDhcM693HuPF3OmtG1/W6W19Y3NrfJ2ZWd3b/+genjUUVEiCW2TiEey52FFORO0rZnmtBdLikOP0643ucn97hOVikXiUacxdUMcCOYzgrWRHoLKsFqz6/YMaJU4BalBgdaw+jMYRSQJqdCEY6X6jh1rN8NSM8LptDJIFI0xmeCA9g0VOKTKzWaXTtGZUUbIj6QpodFM/TuR4VCpNPRMZ4j1WC17ufif10+0f+VmTMSJpoLMF/kJRzpC+dtoxCQlmqeGYCKZuRWRMZaYaBPOwpY0SkSgsTfNo3GWg1glnYu606hf3zdqzdsipDKcwCmcgwOX0IQ7aEEbCPjwAq/wZj1b79aH9TlvLVnFzDEswPr6BaG1lnM=</latexit>

h

<latexit sha1_base64="NoY9u0E3XTmWX6nB8OaVY8PgKLM=">AAAB/3icbVDLSgNBEOyNrxhfUY9eBoPgKexKQL0FBPEYxTwgWcLsZDYZMjuzzMwKYcnBu1f9BW/i1U/xD/wMZ5M9mMSChqKqm+6uIOZMG9f9dgpr6xubW8Xt0s7u3v5B+fCopWWiCG0SyaXqBFhTzgRtGmY47cSK4ijgtB2MbzK//USVZlI8mklM/QgPBQsZwcZKD6NSv1xxq+4MaJV4OalAjka//NMbSJJEVBjCsdZdz42Nn2JlGOF0WuolmsaYjPGQdi0VOKLaT2eXTtGZVQYolMqWMGim/p1IcaT1JApsZ4TNSC97mfif101MeOWnTMSJoYLMF4UJR0ai7G00YIoSwyeWYKKYvRWREVaYGBvOwpaJTMTQ4GCaReMtB7FKWhdVr1a9vq9V6rd5SEU4gVM4Bw8uoQ530IAmEAjhBV7hzXl23p0P53PeWnDymWNYgPP1C6NQlnQ=</latexit>

Zg,h = ( ⟶ X)ZT2 ([X/D4]) =
1

|D4 | ∑
g,h∈D4, gh=hg

Zg,h



Example, cont’d
Compute the partition function of [X/D4]

<latexit sha1_base64="W0ZntxSSmu7Ma4SB9+O2kbhHgCY=">AAACCHicbVDLSgNBEJz1GeMr6tHLYBA8xV0JqLeAIh4jmAdsljA7mSRDZmeWmV5hWfID3r3qL3gTr/6Ff+BnOEn2YBILGoqqbrq7wlhwA6777aysrq1vbBa2its7u3v7pYPDplGJpqxBlVC6HRLDBJesARwEa8eakSgUrBWObiZ+64lpw5V8hDRmQUQGkvc5JWAl38dtfI5vu1UcdEtlt+JOgZeJl5MyylHvln46PUWTiEmgghjje24MQUY0cCrYuNhJDIsJHZEB8y2VJGImyKYnj/GpVXq4r7QtCXiq/p3ISGRMGoW2MyIwNIveRPzP8xPoXwUZl3ECTNLZon4iMCg8+R/3uGYURGoJoZrbWzEdEk0o2JTmtqQqkQMg4bhoo/EWg1gmzYuKV61cP1TLtbs8pAI6RifoDHnoEtXQPaqjBqJIoRf0it6cZ+fd+XA+Z60rTj5zhObgfP0CaryY8g==</latexit>

Different theory than  orbifoldℤ2 × ℤ2

(T Pantev, ES ’05)

ZT2 ([X/D4]) =
|ℤ2 × ℤ2 |

|D4 |
|ℤ2 |2 (ZT2 ([X/ℤ2 × ℤ2]) − (some twisted sectors))

= 2 (ZT2 ([X/ℤ2 × ℤ2]) − (some twisted sectors))

Physics knows when we gauge even a trivially-acting group!



Example, cont’d
Compute the partition function of [X/D4]

<latexit sha1_base64="W0ZntxSSmu7Ma4SB9+O2kbhHgCY=">AAACCHicbVDLSgNBEJz1GeMr6tHLYBA8xV0JqLeAIh4jmAdsljA7mSRDZmeWmV5hWfID3r3qL3gTr/6Ff+BnOEn2YBILGoqqbrq7wlhwA6777aysrq1vbBa2its7u3v7pYPDplGJpqxBlVC6HRLDBJesARwEa8eakSgUrBWObiZ+64lpw5V8hDRmQUQGkvc5JWAl38dtfI5vu1UcdEtlt+JOgZeJl5MyylHvln46PUWTiEmgghjje24MQUY0cCrYuNhJDIsJHZEB8y2VJGImyKYnj/GpVXq4r7QtCXiq/p3ISGRMGoW2MyIwNIveRPzP8xPoXwUZl3ECTNLZon4iMCg8+R/3uGYURGoJoZrbWzEdEk0o2JTmtqQqkQMg4bhoo/EWg1gmzYuKV61cP1TLtbs8pAI6RifoDHnoEtXQPaqjBqJIoRf0it6cZ+fd+XA+Z60rTj5zhObgfP0CaryY8g==</latexit>

(T Pantev, ES ’05)

Fact:  given any one partition function ZT2 ([X/G]) =
1

|G | ∑
gh=hg

Zg,h

we can multiply in (consistent) phases ϵ(g, h)
to get another consistent partition function (for a different theory)

Z′ =
1

|G | ∑
gh=hg

ϵ(g, h) Zg,h

There is a universal choice of such phases, determined by elements of H2(G, U(1))
This is called “discrete torsion.”

ZT2 ([X/D4]) =
|ℤ2 × ℤ2 |

|D4 |
|ℤ2 |2 (ZT2 ([X/ℤ2 × ℤ2]) − (some twisted sectors))

= 2 (ZT2 ([X/ℤ2 × ℤ2]) − (some twisted sectors))



Example, cont’d
Compute the partition function of [X/D4]

<latexit sha1_base64="W0ZntxSSmu7Ma4SB9+O2kbhHgCY=">AAACCHicbVDLSgNBEJz1GeMr6tHLYBA8xV0JqLeAIh4jmAdsljA7mSRDZmeWmV5hWfID3r3qL3gTr/6Ff+BnOEn2YBILGoqqbrq7wlhwA6777aysrq1vbBa2its7u3v7pYPDplGJpqxBlVC6HRLDBJesARwEa8eakSgUrBWObiZ+64lpw5V8hDRmQUQGkvc5JWAl38dtfI5vu1UcdEtlt+JOgZeJl5MyylHvln46PUWTiEmgghjje24MQUY0cCrYuNhJDIsJHZEB8y2VJGImyKYnj/GpVXq4r7QtCXiq/p3ISGRMGoW2MyIwNIveRPzP8xPoXwUZl3ECTNLZon4iMCg8+R/3uGYURGoJoZrbWzEdEk0o2JTmtqQqkQMg4bhoo/EWg1gmzYuKV61cP1TLtbs8pAI6RifoDHnoEtXQPaqjBqJIoRf0it6cZ+fd+XA+Z60rTj5zhObgfP0CaryY8g==</latexit>

In a  orbifold, discrete torsion  , 

and the nontrivial element acts as a sign on the twisted sectors

ℤ2 × ℤ2 ∈ H2(ℤ2 × ℤ2, U(1)) = ℤ2

a

<latexit sha1_base64="oNUe/tTt6LWbi0iJyvll6IwD1CM=">AAACCXicbVDLSsNAFJ3UV62vqks3wSK4KokI6q4giMsK9gFNKJPppB06mQkzN0II+QL3bvUX3Ilbv8I/8DOctFnY1gMXDufcw72cIOZMg+N8W5W19Y3Nrep2bWd3b/+gfnjU1TJRhHaI5FL1A6wpZ4J2gAGn/VhRHAWc9oLpbeH3nqjSTIpHSGPqR3gsWMgIBiN5njRmkc1wPqw3nKYzg71K3JI0UIn2sP7jjSRJIiqAcKz1wHVi8DOsgBFO85qXaBpjMsVjOjBU4IhqP5v9nNtnRhnZoVRmBNgz9W8iw5HWaRSYzQjDRC97hfifN0ggvPYzJuIEqCDzQ2HCbZB2UYA9YooS4KkhmChmfrXJBCtMwNS0cCWViRgDDvKaqcZdLmKVdC+a7mXz5uGy0borS6qiE3SKzpGLrlAL3aM26iCCYvSCXtGb9Wy9Wx/W53y1YpWZY7QA6+sXpKCbfw==</latexit>

b

<latexit sha1_base64="mmkA/dN8us/C94bOHT2P0km48gI=">AAACCXicbVDLSsNAFL2pr1pfVZdugkVwVRIR1F1BEJcV7AOaUCbTSTt0MhNmJkII+QL3bvUX3Ilbv8I/8DOctFnY1gMXDufcw72cIGZUacf5tipr6xubW9Xt2s7u3v5B/fCoq0QiMelgwYTsB0gRRjnpaKoZ6ceSoChgpBdMbwu/90SkooI/6jQmfoTGnIYUI20kzxPGLLJZkA/rDafpzGCvErckDSjRHtZ/vJHASUS4xgwpNXCdWPsZkppiRvKalygSIzxFYzIwlKOIKD+b/ZzbZ0YZ2aGQZri2Z+rfRIYipdIoMJsR0hO17BXif94g0eG1n1EeJ5pwPD8UJszWwi4KsEdUEqxZagjCkppfbTxBEmFtalq4koqEjzUK8pqpxl0uYpV0L5ruZfPm4bLRuitLqsIJnMI5uHAFLbiHNnQAQwwv8Apv1rP1bn1Yn/PVilVmjmEB1tcvpjubgA==</latexit>

a

<latexit sha1_base64="oNUe/tTt6LWbi0iJyvll6IwD1CM=">AAACCXicbVDLSsNAFJ3UV62vqks3wSK4KokI6q4giMsK9gFNKJPppB06mQkzN0II+QL3bvUX3Ilbv8I/8DOctFnY1gMXDufcw72cIOZMg+N8W5W19Y3Nrep2bWd3b/+gfnjU1TJRhHaI5FL1A6wpZ4J2gAGn/VhRHAWc9oLpbeH3nqjSTIpHSGPqR3gsWMgIBiN5njRmkc1wPqw3nKYzg71K3JI0UIn2sP7jjSRJIiqAcKz1wHVi8DOsgBFO85qXaBpjMsVjOjBU4IhqP5v9nNtnRhnZoVRmBNgz9W8iw5HWaRSYzQjDRC97hfifN0ggvPYzJuIEqCDzQ2HCbZB2UYA9YooS4KkhmChmfrXJBCtMwNS0cCWViRgDDvKaqcZdLmKVdC+a7mXz5uGy0borS6qiE3SKzpGLrlAL3aM26iCCYvSCXtGb9Wy9Wx/W53y1YpWZY7QA6+sXpKCbfw==</latexit>

ab

<latexit sha1_base64="8Jjy2FcDBPwbSpg9D7BL7kUd8Dw=">AAACCnicbVDLSgMxFM3UV62vqks3wSK4KjNSUHcFQVxWsA9oh5JJ0zY0k4zJHWEY+gfu3eovuBO3/oR/4GeYaWdhWw9cOJxzD/dygkhwA6777RTW1jc2t4rbpZ3dvf2D8uFRy6hYU9akSijdCYhhgkvWBA6CdSLNSBgI1g4mN5nffmLacCUfIImYH5KR5ENOCVjJ7ylrZtmUBNN+ueJW3RnwKvFyUkE5Gv3yT2+gaBwyCVQQY7qeG4GfEg2cCjYt9WLDIkInZMS6lkoSMuOns6en+MwqAzxU2o4EPFP/JlISGpOEgd0MCYzNspeJ/3ndGIZXfsplFAOTdH5oGAsMCmcN4AHXjIJILCFUc/srpmOiCQXb08KVRMVyBLaZkq3GWy5ilbQuql6ten1fq9Rv85KK6ASdonPkoUtUR3eogZqIokf0gl7Rm/PsvDsfzud8teDkmWO0AOfrF2uxm+s=</latexit>

b

<latexit sha1_base64="mmkA/dN8us/C94bOHT2P0km48gI=">AAACCXicbVDLSsNAFL2pr1pfVZdugkVwVRIR1F1BEJcV7AOaUCbTSTt0MhNmJkII+QL3bvUX3Ilbv8I/8DOctFnY1gMXDufcw72cIGZUacf5tipr6xubW9Xt2s7u3v5B/fCoq0QiMelgwYTsB0gRRjnpaKoZ6ceSoChgpBdMbwu/90SkooI/6jQmfoTGnIYUI20kzxPGLLJZkA/rDafpzGCvErckDSjRHtZ/vJHASUS4xgwpNXCdWPsZkppiRvKalygSIzxFYzIwlKOIKD+b/ZzbZ0YZ2aGQZri2Z+rfRIYipdIoMJsR0hO17BXif94g0eG1n1EeJ5pwPD8UJszWwi4KsEdUEqxZagjCkppfbTxBEmFtalq4koqEjzUK8pqpxl0uYpV0L5ruZfPm4bLRuitLqsIJnMI5uHAFLbiHNnQAQwwv8Apv1rP1bn1Yn/PVilVmjmEB1tcvpjubgA==</latexit>

ab

<latexit sha1_base64="8Jjy2FcDBPwbSpg9D7BL7kUd8Dw=">AAACCnicbVDLSgMxFM3UV62vqks3wSK4KjNSUHcFQVxWsA9oh5JJ0zY0k4zJHWEY+gfu3eovuBO3/oR/4GeYaWdhWw9cOJxzD/dygkhwA6777RTW1jc2t4rbpZ3dvf2D8uFRy6hYU9akSijdCYhhgkvWBA6CdSLNSBgI1g4mN5nffmLacCUfIImYH5KR5ENOCVjJ7ylrZtmUBNN+ueJW3RnwKvFyUkE5Gv3yT2+gaBwyCVQQY7qeG4GfEg2cCjYt9WLDIkInZMS6lkoSMuOns6en+MwqAzxU2o4EPFP/JlISGpOEgd0MCYzNspeJ/3ndGIZXfsplFAOTdH5oGAsMCmcN4AHXjIJILCFUc/srpmOiCQXb08KVRMVyBLaZkq3GWy5ilbQuql6ten1fq9Rv85KK6ASdonPkoUtUR3eogZqIokf0gl7Rm/PsvDsfzud8teDkmWO0AOfrF2uxm+s=</latexit>

the same sectors which 

          were omitted above.

Adding the universes projects out some sectors — interference effect.

(T Pantev, ES ’05)

ZT2 ([X/D4]) =
|ℤ2 × ℤ2 |

|D4 |
|ℤ2 |2 (ZT2 ([X/ℤ2 × ℤ2]) − (some twisted sectors))

= 2 (ZT2 ([X/ℤ2 × ℤ2]) − (some twisted sectors))

ZT2 ([X/D4]) = ZT2 ([X/ℤ2 × ℤ2]w/o d.t.) + ZT2 ([X/ℤ2 × ℤ2]d.t.)



Example, cont’d
Compute the partition function of [X/D4]

<latexit sha1_base64="W0ZntxSSmu7Ma4SB9+O2kbhHgCY=">AAACCHicbVDLSgNBEJz1GeMr6tHLYBA8xV0JqLeAIh4jmAdsljA7mSRDZmeWmV5hWfID3r3qL3gTr/6Ff+BnOEn2YBILGoqqbrq7wlhwA6777aysrq1vbBa2its7u3v7pYPDplGJpqxBlVC6HRLDBJesARwEa8eakSgUrBWObiZ+64lpw5V8hDRmQUQGkvc5JWAl38dtfI5vu1UcdEtlt+JOgZeJl5MyylHvln46PUWTiEmgghjje24MQUY0cCrYuNhJDIsJHZEB8y2VJGImyKYnj/GpVXq4r7QtCXiq/p3ISGRMGoW2MyIwNIveRPzP8xPoXwUZl3ECTNLZon4iMCg8+R/3uGYURGoJoZrbWzEdEk0o2JTmtqQqkQMg4bhoo/EWg1gmzYuKV61cP1TLtbs8pAI6RifoDHnoEtXQPaqjBqJIoRf0it6cZ+fd+XA+Z60rTj5zhObgfP0CaryY8g==</latexit>

Discrete torsion is                                               , 

and acts as a sign on the twisted sectors

H
2(Z2 ⇥ Z2, U(1)) = Z2

<latexit sha1_base64="ETm5QLpikL0fIAg6+aRUwcKL7n0="></latexit>

a

<latexit sha1_base64="oNUe/tTt6LWbi0iJyvll6IwD1CM=">AAACCXicbVDLSsNAFJ3UV62vqks3wSK4KokI6q4giMsK9gFNKJPppB06mQkzN0II+QL3bvUX3Ilbv8I/8DOctFnY1gMXDufcw72cIOZMg+N8W5W19Y3Nrep2bWd3b/+gfnjU1TJRhHaI5FL1A6wpZ4J2gAGn/VhRHAWc9oLpbeH3nqjSTIpHSGPqR3gsWMgIBiN5njRmkc1wPqw3nKYzg71K3JI0UIn2sP7jjSRJIiqAcKz1wHVi8DOsgBFO85qXaBpjMsVjOjBU4IhqP5v9nNtnRhnZoVRmBNgz9W8iw5HWaRSYzQjDRC97hfifN0ggvPYzJuIEqCDzQ2HCbZB2UYA9YooS4KkhmChmfrXJBCtMwNS0cCWViRgDDvKaqcZdLmKVdC+a7mXz5uGy0borS6qiE3SKzpGLrlAL3aM26iCCYvSCXtGb9Wy9Wx/W53y1YpWZY7QA6+sXpKCbfw==</latexit>

b

<latexit sha1_base64="mmkA/dN8us/C94bOHT2P0km48gI=">AAACCXicbVDLSsNAFL2pr1pfVZdugkVwVRIR1F1BEJcV7AOaUCbTSTt0MhNmJkII+QL3bvUX3Ilbv8I/8DOctFnY1gMXDufcw72cIGZUacf5tipr6xubW9Xt2s7u3v5B/fCoq0QiMelgwYTsB0gRRjnpaKoZ6ceSoChgpBdMbwu/90SkooI/6jQmfoTGnIYUI20kzxPGLLJZkA/rDafpzGCvErckDSjRHtZ/vJHASUS4xgwpNXCdWPsZkppiRvKalygSIzxFYzIwlKOIKD+b/ZzbZ0YZ2aGQZri2Z+rfRIYipdIoMJsR0hO17BXif94g0eG1n1EeJ5pwPD8UJszWwi4KsEdUEqxZagjCkppfbTxBEmFtalq4koqEjzUK8pqpxl0uYpV0L5ruZfPm4bLRuitLqsIJnMI5uHAFLbiHNnQAQwwv8Apv1rP1bn1Yn/PVilVmjmEB1tcvpjubgA==</latexit>

a

<latexit sha1_base64="oNUe/tTt6LWbi0iJyvll6IwD1CM=">AAACCXicbVDLSsNAFJ3UV62vqks3wSK4KokI6q4giMsK9gFNKJPppB06mQkzN0II+QL3bvUX3Ilbv8I/8DOctFnY1gMXDufcw72cIOZMg+N8W5W19Y3Nrep2bWd3b/+gfnjU1TJRhHaI5FL1A6wpZ4J2gAGn/VhRHAWc9oLpbeH3nqjSTIpHSGPqR3gsWMgIBiN5njRmkc1wPqw3nKYzg71K3JI0UIn2sP7jjSRJIiqAcKz1wHVi8DOsgBFO85qXaBpjMsVjOjBU4IhqP5v9nNtnRhnZoVRmBNgz9W8iw5HWaRSYzQjDRC97hfifN0ggvPYzJuIEqCDzQ2HCbZB2UYA9YooS4KkhmChmfrXJBCtMwNS0cCWViRgDDvKaqcZdLmKVdC+a7mXz5uGy0borS6qiE3SKzpGLrlAL3aM26iCCYvSCXtGb9Wy9Wx/W53y1YpWZY7QA6+sXpKCbfw==</latexit>

ab

<latexit sha1_base64="8Jjy2FcDBPwbSpg9D7BL7kUd8Dw=">AAACCnicbVDLSgMxFM3UV62vqks3wSK4KjNSUHcFQVxWsA9oh5JJ0zY0k4zJHWEY+gfu3eovuBO3/oR/4GeYaWdhWw9cOJxzD/dygkhwA6777RTW1jc2t4rbpZ3dvf2D8uFRy6hYU9akSijdCYhhgkvWBA6CdSLNSBgI1g4mN5nffmLacCUfIImYH5KR5ENOCVjJ7ylrZtmUBNN+ueJW3RnwKvFyUkE5Gv3yT2+gaBwyCVQQY7qeG4GfEg2cCjYt9WLDIkInZMS6lkoSMuOns6en+MwqAzxU2o4EPFP/JlISGpOEgd0MCYzNspeJ/3ndGIZXfsplFAOTdH5oGAsMCmcN4AHXjIJILCFUc/srpmOiCQXb08KVRMVyBLaZkq3GWy5ilbQuql6ten1fq9Rv85KK6ASdonPkoUtUR3eogZqIokf0gl7Rm/PsvDsfzud8teDkmWO0AOfrF2uxm+s=</latexit>

b

<latexit sha1_base64="mmkA/dN8us/C94bOHT2P0km48gI=">AAACCXicbVDLSsNAFL2pr1pfVZdugkVwVRIR1F1BEJcV7AOaUCbTSTt0MhNmJkII+QL3bvUX3Ilbv8I/8DOctFnY1gMXDufcw72cIGZUacf5tipr6xubW9Xt2s7u3v5B/fCoq0QiMelgwYTsB0gRRjnpaKoZ6ceSoChgpBdMbwu/90SkooI/6jQmfoTGnIYUI20kzxPGLLJZkA/rDafpzGCvErckDSjRHtZ/vJHASUS4xgwpNXCdWPsZkppiRvKalygSIzxFYzIwlKOIKD+b/ZzbZ0YZ2aGQZri2Z+rfRIYipdIoMJsR0hO17BXif94g0eG1n1EeJ5pwPD8UJszWwi4KsEdUEqxZagjCkppfbTxBEmFtalq4koqEjzUK8pqpxl0uYpV0L5ruZfPm4bLRuitLqsIJnMI5uHAFLbiHNnQAQwwv8Apv1rP1bn1Yn/PVilVmjmEB1tcvpjubgA==</latexit>

ab

<latexit sha1_base64="8Jjy2FcDBPwbSpg9D7BL7kUd8Dw=">AAACCnicbVDLSgMxFM3UV62vqks3wSK4KjNSUHcFQVxWsA9oh5JJ0zY0k4zJHWEY+gfu3eovuBO3/oR/4GeYaWdhWw9cOJxzD/dygkhwA6777RTW1jc2t4rbpZ3dvf2D8uFRy6hYU9akSijdCYhhgkvWBA6CdSLNSBgI1g4mN5nffmLacCUfIImYH5KR5ENOCVjJ7ylrZtmUBNN+ueJW3RnwKvFyUkE5Gv3yT2+gaBwyCVQQY7qeG4GfEg2cCjYt9WLDIkInZMS6lkoSMuOns6en+MwqAzxU2o4EPFP/JlISGpOEgd0MCYzNspeJ/3ndGIZXfsplFAOTdH5oGAsMCmcN4AHXjIJILCFUc/srpmOiCQXb08KVRMVyBLaZkq3GWy5ilbQuql6ten1fq9Rv85KK6ASdonPkoUtUR3eogZqIokf0gl7Rm/PsvDsfzud8teDkmWO0AOfrF2uxm+s=</latexit>

which were omitted above.

Matches prediction of decomposition
QFT ([X/D4]) = QFT ([X/ℤ2 × ℤ2]w/o d.t.) ∐ QFT ([X/ℤ2 × ℤ2]d.t.)

(T Pantev, ES ’05)

ZT2 ([X/D4]) =
|ℤ2 × ℤ2 |

|D4 |
|ℤ2 |2 (ZT2 ([X/ℤ2 × ℤ2]) − (some twisted sectors))

= 2 (ZT2 ([X/ℤ2 × ℤ2]) − (some twisted sectors))

ZT2 ([X/D4]) = ZT2 ([X/ℤ2 × ℤ2]w/o d.t.) + ZT2 ([X/ℤ2 × ℤ2]d.t.)



Example, cont’d

Matches prediction of decomposition
QFT ([X/D4]) = QFT ([X/ℤ2 × ℤ2]w/o d.t.) ∐ QFT ([X/ℤ2 × ℤ2]d.t.)

The computation above demonstrated that the partition function on  
has the form predicted by decomposition. 

The same is also true of partition functions at higher genus 
— just more combinatorics. 

(see hep-th/0606034, section 5.2 for details)

T2

Only slightly novel aspect:  in gen’l, one finds dilaton shifts, 
which mostly I’ll suppress in this talk.

ZT2 ([X/D4]) = ZT2 ([X/ℤ2 × ℤ2]w/o d.t.) + ZT2 ([X/ℤ2 × ℤ2]d.t.)



Let’s get back on track.

My goal today is to talk about anomaly resolution in 1+1 dimensions.

Decomposition will play a vital role in understanding how the anomalies are resolved.

Recall the idea of WWW is that given an anomalous (ill-defined) , 
replace  by a larger finite group  obeying certain properties, 

, 
and add phases.

[X/G]
G Γ

1 ⟶ K ⟶ Γ ⟶ G ⟶ 1

Because  has a subgroup  that acts trivially, 
orbifolds  will decompose, 
into copies & covers of .

Γ K
[X/Γ]

[X/G]

However, just getting copies of  won’t help. 
We also need to add certain new phases, which I will describe next….

[X/G]



A quantum symmetry is a modular-invariant phase in finite gauge theories (orbifolds) 
in which a subgroup  acts trivially. 

Classified by elements of .
K

H1(G, H1(K, U(1))) = Hom(G, K̂)

It acts on twisted sector states by phases.  Schematically:

gz
h

g
h

= B(π(h), z) ( )

New modular invariant phases:  quantum symmetries (Tachikawa ’17; 
Robbins et al ’21)

where
z ∈ K
B ∈ H1(G, H1(K, U(1)))

g, h ∈ Γ

These generalize the old notion of `quantum symmetries’ in the orbifolds literature.



Decomposition in the presence of a quantum symmetry

Decomposition:

QFT ([X/Γ]B) = QFT ∐
̂Coker B

[X/Ker B]ω̂

where B ∈ H1(G, H1(K, U(1))) = Hom(G, K̂)

This is more or less uniquely determined by consistency with results for 
decomposition in presence of discrete torsion.

The result at top needs to include this as a special case, and it does.

Also, checked in (lots of) examples.  Let’s move on….



How do WWW relate quantum symmetries to anomalies?

Fact: gauge anomalies in a finite  gauge theory in  dimensions  
are classified by .

G (n + 1)
Hn+2(G, U(1))

We’re going to pick a quantum symmetry  such that  anomaly:B d2B =

(Ker ι* ⊂ H2(Γ, U(1))) ⟶ H1(G, H1(K, U(1))) ⟶ H3(G, U(1))
β d2 (Hochschild ’77)

(discrete torsion) (quantum symmetry) (anomalies)

Now we’re ready to walk through the WWW anomaly resolution procedure….

(Reasoning from `topological defect lines’)



Application to anomalies

Suppose we have an orbifold  in 1+1d which is anomalous, 
gauge anomaly 

[X/G]
α ∈ H3(G, U(1))

Algorithm to resolve:

where  is chosen so that  is trivial.Γ π*α ∈ H3(Γ, U(1))

The idea is then to replace  with ,  
but, need to describe how  acts on X.

[X/G] [X/Γ]
Γ

(Wang-Wen-Witten ’17)

If  acts triv’ly on X, and we do nothing else, 
then we have accomplished nothing: 

decomposition               — still anomalous

K

⇒ QFT ([X/Γ]) = ∐̂
K

QFT ([X/G])

Fix by adding quantum symmetry….

1) Make  bigger:  replace  by ,       (assumed central) G G Γ 1 ⟶ K ⟶ Γ ⟶ G ⟶ 1π



Application to anomalies

Algorithm to resolve:

1) Make  bigger:  replace  by ,       (assumed central) G G Γ 1 ⟶ K ⟶ Γ ⟶ G ⟶ 1π

(Wang-Wen-Witten ’17)

2) Turn on quantum symmetry   
                                chosen so that    .  This implies  is trivial.

B ∈ H1(G, H1(K, U(1)))
d2B = α π*α ∈ H3(Γ, U(1))

 acts trivially on , but nontrivially on twisted sector states via K X B
These two together — extension  plus  — resolve anomaly.Γ B

Decomposition explains how….

(Ker ι* ⊂ H2(Γ, U(1))) ⟶ H1(G, H1(K, U(1))) ⟶ H3(G, U(1))
β d2 (Hochschild ’77)

(discrete torsion) (quantum symmetry) (anomalies)

Suppose we have an orbifold  in 1+1d which is anomalous, 
gauge anomaly 

[X/G]
α ∈ H3(G, U(1))



Application to anomaly resolution

Procedure:  replace anomalous  with non-anomalous [X/G] [X/Γ]B

where , the anomaly of the  orbifold.d2B = α ∈ H3(G, U(1)) G

Decomposition:

Note that since ,      d2B = α α |Ker B = 0

So,    is automatically anomaly-free!Ker B ⊂ G

Summary:  copies of orbifold by anomaly-free subgroup.[X/Γ]B =

— using earlier results for 
decomp’ in orb’  

w/ quantum symmetry
QFT ([X/Γ]B) = QFT ∐

̂Coker B

[X/Ker B]ω̂

Let’s see this in examples….



Example:  Resolve an anomalous orbifold ,  [X/G] G = ℤ2 × ℤ2 = {1,a, b, ab}

Anomaly α ∈ H3(ℤ2 × ℤ2, U(1)) = (ℤ2)3 = ⟨a⟩ × ⟨b⟩ × ⟨ab⟩

Extension 1:  Define  ,         Γ = D4 1 ⟶ ℤ2 ⟶ D4 ⟶ ℤ2 × ℤ2 ⟶ 1

Quantum symmetry  determined by image on B {a, b}

Results: d_2(B) 
(anomaly) w/o d.t. in D4 w/ d.t. in D4

1 1 —

-1 1 —

1 -1

-1 -1

B(a) B(b)

⟨b⟩

⟨b⟩

[X/G]∐ [X/G]dt

[X/G]∐ [X/G]dt[X/⟨b⟩]

[X/⟨b⟩]

[X/⟨a⟩]

[X/⟨a⟩][X/⟨ab⟩]

[X/⟨ab⟩]

Get only  
anomaly-free  
subgroups, 

varying 
w/ .B

Works!



Example:  Resolve an anomalous orbifold ,  [X/G] G = ℤ2 × ℤ2 = {1,a, b, ab}

Anomaly α ∈ H3(ℤ2 × ℤ2, U(1)) = (ℤ2)3 = ⟨a⟩ × ⟨b⟩ × ⟨ab⟩

Extension 2:  Define  ,         Γ = ℍ 1 ⟶ ℤ2 ⟶ ℍ ⟶ ℤ2 × ℤ2 ⟶ 1

Quantum symmetry  determined by image on B {a, b}

Results: Get only  
anomaly-free  
subgroups, 

varying 
w/ .B

d_2(B) 
(anomaly) Result

1 1 —

-1 1

1 -1

-1 -1

B(a) B(b)

[X/G]∐ [X/G]dt

[X/⟨b⟩]

[X/⟨a⟩]

[X/⟨ab⟩]

⟨a⟩, ⟨ab⟩

⟨b⟩, ⟨ab⟩

⟨a⟩, ⟨b⟩
Works!



Example:  Resolve an anomalous orbifold ,  [X/G] G = ℤ2 × ℤ2 = {1,a, b, ab}

Anomaly α ∈ H3(ℤ2 × ℤ2, U(1)) = (ℤ2)3 = ⟨a⟩ × ⟨b⟩ × ⟨ab⟩

Extension 3:  Define  ,         Γ = ℤ2 × ℤ4 1 ⟶ ℤ2 ⟶ ℤ2 × ℤ4 ⟶ ℤ2 × ℤ2 ⟶ 1

Quantum symmetry  determined by image on B {a, b}

Results: d_2(B) 
(anomaly) w/o d.t. in Z2 x Z4 w/ d.t. in Z2 x Z4

1 1 —

-1 1

1 -1

-1 -1

B(a) B(b)

⟨b⟩

[X/G]∐ [X/G]

[X/⟨b⟩]

[X/⟨a⟩]

[X/⟨ab⟩]

Get only  
anomaly-free  
subgroups, 

varying 
w/ .B

[X/⟨b⟩]

[X/⟨a⟩]

[X/⟨ab⟩]

[X/G]dt∐ [X/G]dt

⟨ab⟩

⟨b⟩, ⟨ab⟩

Works!



Example:  Resolve an anomalous orbifold ,  [X/G] G = ℤ2 × ℤ2 = {1,a, b, ab}

Anomaly α ∈ H3(ℤ2 × ℤ2, U(1)) = (ℤ2)3 = ⟨a⟩ × ⟨b⟩ × ⟨ab⟩

In the examples so far, we picked a `minimal’ resolution . 
If we pick larger , we get copies.

Γ
K

Extension 4:  Define ,      Γ = ℤ2 × ℍ 1 ⟶ ℤ2 × ℤ2 ⟶ ℤ2 × ℍ ⟶ ℤ2 × ℤ2 ⟶ 1

Results:

d_2(B) 
(anomaly) Result

1 1 —

-1 1

1 -1

-1 -1

B(a) B(b)

∐
2

([X/G]∐ [X/G]dt)
∐

2

[X/⟨b⟩]

∐
2

[X/⟨a⟩]

∐
2

[X /⟨ab⟩]

⟨a⟩, ⟨ab⟩

⟨b⟩, ⟨ab⟩

⟨a⟩, ⟨b⟩

Get copies of 
orb’s w/ 

anomaly-free 
subgroups.

Works!



Summary

Decomposition:  `one’ QFT is secretly several

Can be used to understand anomaly-resolution procedure of WWW:

Decomposition appears in dimensional theories 
with form symmetries.

(n + 1)−
n−

(I’ve focused on examples in 1+1d,  
but examples exist in other dim’s too.)

replace anomalous  with non-anomalous , 
but decomposition implies 

copies of , 
which is explicitly non-anomalous.

[X/G] [X/Γ]B

QFT ([X/Γ]B) = QFT ([X/Ker B ⊂ G])

Thank you for your time!


