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Beyond Algebraic Toric Spaces

Laurent Largo

Meromorphic March

Laurent-Toric Fugue

New? Toric Spaces

" “It doesn’t matter what Lt’s called,
...as long as it has substance.”
— S.-T. Yau




Ambient Space

" @ Reduce to 0 dimensions: PY5] —» P°[4] — P?[3] - P![2]
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Constructing CY C Some “Nice

;How Hard Can it Be?
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\i’\ ow Hard Can it Be?

-~ Constructing CY C Some “Nice” Ambient Space
® Reduce to 0 dimensions: P*[5] —» P3[4] —» P?[3] —» P![2]




ow Hard Can it Be?

Constructing CY C Some “Nice” Ambient Space
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[arXiv:1606.07420]

e Story so Far...

& Classical Constructions smooth models
; i 1 4 (2,86) b,=2=h!! dim. space of Kihler classes
E g. X, € { . ] —b3—1 86=h%! dim. space of complex structures
PHllm|2=m | | "T168=,=2(h""—hZ1) the Euler #

@ Zero-set of| p(x,y)=0, deg[p]=( ) & q(x,y)=0, deg[q]—<2 m)

© Generic {q:O}ﬂ{P\i(‘)} smooth; degp.[p]+degp.lg]=n+1 :-n

k- . g=0 p=0 2 o a0 |
- ©Sequentially: X — (Fm — P*x [Ij’l) q(x,y) ~ = 1
o Chern: ¢ = AR 16724 (8= 3o — (2003 — (324 15mJ 2]
b © O T U miy (4T +2=my) +[6J;7+( m).J,J,1=1204, _( +15mJ7h)].

¢ C.T.C. Wall: (aJ1+bJ2)3 [2a+3(4b+ma)la® 4b+ma
pilaJ+bJ,|= —88a—12(4b+ma)... the same “4b+ma”
< So, FmN Fm (mod 4) & X NRXm (mod 4)* 4 diffeomorphism types

“...but, m=0,1,2, 3 = deg[q]z(_‘ll) ?!__@,

4
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PThe Story so Far...
1 Why Haven’t We Thought of This Before?

® deg[q] — (@ holomorphlc sections?! [AAGGL:1507.03235 + BH:1606.07420]

+ GvG:1708.00517]

Q 4y ml SEN R
< Not everywhere on P*X[P~ — (simple poles) Xm ﬂ[Pl 9 ]

M4 ] 168

¢but yes on F)'C |]3’4><|]3’1 — >105 of ’em! for m=3

: o How? On F<4> qg(x,y)~q(x,y) +1-p(x,y) <\ equivalence class!

”‘[Hu‘zebruch 1951]= p=Xxyy, +x1y13 & g= C(X)( S xm) deg[c]=(8)

Yo?
Ac( /1—> 1
@So, ¢q;=q(x,y) ; Cx)2 p(x,y) =— c(x)( 2—) Where Vo7 0
f{’z lx P 0" " = Wu-Yang monopole!

(Ompuy»——ceX——»vmaeh¢o

@ & QI(Xa y)_QO(xa y) —

€& q;=qlxy) +

2 p(x.y) =0, on Fy:={p(x,y) =0}

(Yo
- £ [GvG, 1708.00517] scheme-theor. “generalized complete intersections”

Reverse-engineered: Mayer-Vietoris sequence &}“patching” of the two charts

5



i ...In well-tempered COUhtéI‘pOlnt [BH:1606.07420, 1611.10300 & 2205. 12827]
: (n) P || 1 +more

even p(x Vs O) is transverse, SO p_l(O) is smooth

AN

¢ The central ( €=0 ) member of the family is a Hirzebruch scroll F, :

¢ Directrix: {S:={8(x, y)=0}, [S] = [H]-m[H,] &[S]'=—(n—1)m;
. [XoYo 211" ] ] degree (_})

@ where | 8(x,y) = <y1 oy ) = (yoy &

0 & hO(K*)=3 (2”;1>+5€,0193 (2”22)(m—3), RO(T)=n2+2+8, 97" (n—1)(m—1)

Q& h(K*)= 5, (9" <2n2_2>(m—3), hA(T)= 6.9 (n—1)(m~—1)

¢ All “exceptionals” cancel (incrementally) from H* for (¢,7#0) deformations
resulting in discrete deformations F” — F(’fi”) & - & ~ FW

o) "R [m(modn)]

W/{gra r<mi}

mThese F (’;’) pman ’s are distinct toric varieties...




B ...in well-tempered counterpoint  (si1606.07420, 161110300 & 2205.128271

+more

- On F (”): p(x,y; O)=xoy0m+x1ylm 0= xg= —x(/H)" &x;—= X, =9

C& (X, i=2,0,n4+2) = (X0, X5 )0, V1) X X X5 X, Xy X
o P*xP! bi-degree — toric (C*)?-action: 1 1 1 1 () 0 —p*
—-m 0 0 O | R

| a(p(x’ y)a g(xs y)9x2’ ”';yO’yl)
a(x()a X1s X2, “';y()a yl)

¢Need deg[f(X)]=(,4,), with deg[X,X¢]=(})=deg[X;;3,] (° fi )
f(X) X14X52+3m D X13X2,3 4)(2+2m e X1X2,3,4X5,6 standard

wisdom
@ m>2, {fx)=0) = {x, =&u{€9kxl<x223 Qp%
~

¢ BTW, det

] = const.




iLaurent Largo

i ...In well-tempered counterpoint [BH:1606.07420, 1611.10300 & 2205.12827]

O F(n). - 0) = m m () = _ / m X, = RO
- On : P,y 0) =Xy, +x1y, > xog= —X;(V1/y)" &x; =X, =9
ﬁ& (X l_ .9n+2)=(x29 ’ nay()’yl) Xl X2 X3 X4 X5 X6
o P*xP! bi-degree — toric (C*)?-action: 11 1 1 () 0 —r*
_a V), V), s Vo . -
OBTW, det (P(x, ), 8(x, ¥), Xa5 +3 Vo yl)] — const. m O 0 O ] ¢!
i a(xo’ X15X25 ***5 Yos yl)
@Need deg[f(X)]=(,2,), with deg[X,XJs]=(})=deg[Xy34] (° fi ")
4~ 243 3 242 dard
QLX) =X"XsE" B XX, 5 Kot @ X X35 4X54  Shonga
Q X)= — [, = kaZ X2+km_
m>2, {fX)=0} = {X, &U{@k 1 %234 )%7 itself a
4 codimension-2
e {f(X):O} — {Xle} N {@kX kX223 4X2+km_0} Calabi-Yau

1 n—1

m 2

| [[P’”
| pl
1

=]

p O é@xO—O =X

_m 2

degenerate



+more

C& (X, i=2,-,n+2)=(xp,, X5V, V1) X1 X5 X3 Xy X5 X¢

. . . 11 1 1 0 0
¢ P*x[P! bi-degree — toric (C*)?*-action: -m 0 0 0 1

_6(p(x,y), g(x’y)axb ”';yO’yl)

d(x, X1, X2, ***3 V0> V1)

@ Need deglfX1=(,3,), with deglX,XZ}]=(})=

©BTW, det ] = const.

: wisdom

L Q f(X) — X14 X52—|6-3m D X13 X2,3’4 X52—|6-2m g Xl X23 - X526 standard

Q X :O —{X =O U XkXZ X2+km=0

< m> 2, {f( ) } { 1 }\{®k 1 ©2,3,4°75,6 } 7 itself a

1 ; - ™ codimen.sion-z
< {fX)=0}" = {X;=0} N { @, X' X% , X557 =0] Calabi-Yay

n—l

H:D’n,
p! 2 |

1n-1] 1] [P
m2—7|n_[|3’1

1

1 =1 5}7]5”—2
—m 2 pl

1
m
1

degenerate @

*Revexgefingineered Model



< Deform: p(x,y) =Xoyod+Xx1Y5+XY0y14 toric FG'y o )

- XoYo . X2 X Xo Xo Xyt
(@) . — — — — e
SFind: 8 (v, y)=—F+-7—17 & 8 ,(Xy) === 1

Py, 81158125 X3+ Yo, V1)

A(Xg, X1, X9, X35 ***3 Y0, V1)

I 1.1 1 0 0
-4-1 0 0 1 1<

¢ & det [ ] = const.



Laurent Largo

o ...with a meandering melody [BH:1606.07420, 1611.10300 & 2205.12827]

Va +more

< Deform: p,(x,y) =X5Ygd +X1y15+X)0y14 toric Fig'y o

A XoYo . X2 X Xo X Xy
Q . —_ _ —_—— V2
¢Find: 8, 1(x,y)= o +y14 > & él,z(x,y)—y1 — Vs e —
(P15 81,1581 25 %35 3 Yoo V1) X, X X3 Xy X5 X,

a(x(), X1, X2, X3, “.;y()? yl) | 1 1 1 0 0 —p*
-4 -1 0 0 1 1

¢ & det [ ] = const.

_- ¢ Deform: p,(x, y)=XoVgd+X1 Y15+, V2y 3 toric F(?Z,O,. X

. XoYo?> | X2 X Xo X Xy
G : — _ -0 _ "z _
<4 FlIld. 52,1()6, y) yls + }713 }713 & §2,2(x9 y) )712 y02 y05

a(pz, §2,1, §2,2, X3, "';y()a )’1) Xl X2 X3 X4 X5 X6

a(x()’ xl,X2, -x39 ”';}’07 )’1) 1 1 1 1 0 O ~p*
-3-2 0 0 1 1-»¢

¢ & det [ ] = const.

Vs



iLaurent Largo

...with a meandering melody [BH:1606.07420, 1611.10300 & 2205.12827]

( . — . (n)
Deform: p(x,y) =xyyo>+Xx1YPP+X)yi4 toric £’ o
: X0)o X2 X1

@Find: 8| |(x,y)=—+——— & $,(x,y)=———— v
- . L
L1 Y) =TT 1206 V) =505 =

a(py, 31,1, §1,2, X35 %5 Yoo V1)

O(Xg, X1, X2, X3, ***3 Y0» V1)

I 1.1 1 0 0
-4-1 0 0 1 1<

¢ & det [ ] = const.

.'::- - . _ . ) y
@ Deform: p,(x,y) =XV +X(V{3+XV2V3 toric F( V0. A

. XoYo2 .~ Xy X Xo Xy X3
@ . — - — o o
< Flnd. 52,1()(:, y) e + i . & §2,2(X, y) e 02 o

a(pz, §2,1, §2,2, .X3, "';y()a )’1) Xl X2 X3 X4 X5 X6

a(x()’ X1,X2, -x39 ’”;}’07 )’1) 1 1 1 1 0 O ~p*
“3-2 0 0 1 1 uy

.. and p3(x, ¥) =X0ypd + X1V 60007V 1P 30032 “

rectangle
0 1 (n) — (3) ~ (3)
& — toric F(2,2,1,.-.) for n=73, F(2,2,1) F(l,l,O)

8

¢ & det [ ] = const.

Vs




F =

L aurent La rgo " o

;e |]j)1
; ...With d meandering melody [BH:1606.07420, 1611.10300 & 2205.12827]

L

Viga  +more

= Deform: p(x, y) =xXpypd +X1yP+X2)0)1 toric £y

- XoYo X2 X Xo X oy
¢Find: 8, (x,y)= F——— & 8 ,(x,y)=————

’ A SRR U S A ’ yi Yo o Yo
a(p17§1,1’§1,2’ X3, "';yO’yl) X1 X2 X3 X4 X5 X6

a(XO, X15 X925, X35 ***5 V0 yl) 1 1 1 1 0 O«
-4-1 0 0 1 1<

¢ & det [ ] = const.

bc : = P A Vi
¢ Deform: p,(x,y) =XxqVgd +X1Y5+%, 2y 3 toric F(3, 200 N

I XoYo? =~ X X Xo X X3
@Find: gzl(x’y)z 5 | 3 3 & 922()6,)7)2 2 vy
’ M| 1 1 ’ 1 Yo Yo
&d AP 8210820 % Yo ) | X, X, X3 X4 X5 X
¢ & det — const.
0(Xp, X1, X2, X3, ***3 Vo» V1) 1 1 1 1 O O--»

_3 _2 0 O 1 1 Y

. and p3(X, ¥) =Xp)od +X1Y5+5)0%) 13 + 130032

®) ‘ () — 3 o~ F®
B G — toric F(2,2,1,.-.) forn=3, F(2,2,1) F(I,I,O)

8

convex
rectangle




Laurent Largo

; ...With d meandering melody [BH:1606.07420, 1611.10300 & 2205.12827]

+more

3

A

s

_ Algorithm:

Construction 2.1 Given a degree{,} ) hypersurface {pz(z,y)0} C P"xP! asin (2.2), construct

1 n
deg = (m—ro—r,): 5e(@y; A) = [yo"“Oy be (x,y)} (modge(@, y), [[E]))l

progressively decreasing ro+r1=2m,2m—1, ---, and keeping only Laurent polynomials con-
taining both Yo- »nd -dommator but no yq, 1-1Xd ones. The “Flip,, ” operator changes
the relative sign of the rational monomials W1th Yi- _denominators. For algebraically indepen-

dent such sections, restrict to a subset with maximally negative degrees that are not overall

O E.g.: po=xoye® +x1y:; epla ] :=Table| , {1, 0, a}]; Expand /@ (p0 {ep[5], ep[4], ep[3]})

a=1

Yo

X1

Xop X1Y31 Xp X1¥Y1 Xa Xp Xo
— + - -

y 3 T y "3
Yo Yo Me¥T Vi

o finds 3(x,y)= (

& [AAGGL:1507.03235]



"Meromorphic March

...back to the median motif

(@& (Xl’ l:2,"’,n+2):(X2,'”,.xn,y0,y1) Xl X2 X3 X4 X5 X6
o P*xP! bi-degree — toric (C*)?-action: 11 1 1 0 0 -p
—m 0 0 O 1 1-<¢!

a(p(xa y)’ g(xa y)7 Xz, '";yO’yl)
A(Xg, X1 X2 ***3 Y0, Y1)

o Need [f(X)]=<2fm>, with deg[X, X 6]—( ) deg[X) 3 4]

g /0= XIXSE™" @ XXy 3 X5 g @ X X334X56  Wildom
L 0 m>2, {fX)=0} = (X,=0} U {@ X/ X2 X" =0)
¢ {f(X)=O}ﬂ={X1=O}n{@lekaMXz”‘m_O} R, =0

©BTW, det [ ] = const.

10



eromorphic March

3 ...back to the median motif

2On F: xpy)"+xy"'=0 = xg= —x;(y;/y)" & x;—=X|
(@& (Xl’ l:2,"’,n+2):(X2,’”,.xn,y0,y1) Xl X2 X3 X4 X5 X6
o P*xP! bi-degree — toric (C*)?-action: 11 1 1 0 0 -p

a(p(x’ y)’ g(x’ }’),Xz, ***5 Y05 yl) —m O O O 1 1 opl

0(Xg, X1, X2, ***3 Y0, V1)
o Need [f(X)]=(2fm>, with deg[X; X, ]—( >=deg[X234]

E f (X)= X14X52 D X13X2 3, 4X2+2m' "0 X1X23»3’4X52’6L@ frad

©BTW, det [ ] = const.

3,6

| ©“Intrinsic limit” (LHopital-“repaired”)

— smooth (pre? )COmPIeX Spaces \__’ reovable
10 751ngular1ty

4

Z b B ~ o )
T T ST !
0o, J . SlBe 2o, g N
o U

A o 4:\. Y O V W NP T Y 14 Y o W DU ~

()
v

®) Embrace the Laurent terms = transverse




eromorphic March o

' ...back to the median motif & 1%%2 28,
Lf(X)= XPX5E" @ XX, 3 4 X567 @ X1 X553,4X5 6 B X534X55"

© m>?2, Laurent terms & “intrinsic limit” &
‘ . . [A A. Gholampour] . o
- o Virtual varieties [E Severi], i.e., Weil divisors

G 2 . . X52 _ X39x, + X46 + X52
¢E.g., ﬂj)(3;1;1)[5]- 0—x35+x45+— = @

X4 X4

@ Denominator contributions tend to subtract from those of the numerator
| [\ H. Schenck]
o Change variables [David Cox]: (X, X3, X4) = (Z34/205 212, Zp)

X52

‘»‘;7’X35+X4 o = leo+Z25+Z32 in P (1:2: 5)[10]
¢ Generalized to all F[c;] & — not a fluke @

@ A desingularized finite quotient of a branched multiple cover

¢ ...and a variety of “general type” (c¢;<0 oreven ¢;20)

...there’s 0o of those, just as of VEX polytopes!
11



eromorphic March .4

- 300 N
[ - - - *pl & o
& ...back to the median motif h 7205 15,
4 e
, n). m m__(\. A(p(x,y), $(x, y), X, 3 Yo, Y1) | _
® On Fm X xOyO +x1y1 o O, det [ 0(xo/x1,x2,---;yo,y1) = const. & (x, y) O
A : A
@ P"xP!-degrees — Mori vectors X Xo X; Xy X5 Xq

= : : o 111 1 0 0
@ central in family F{). [P 1] P

P! |m -m 0 0 0 1 1<
@ deformations p(x, y; €):=p(x, y;0) + )’ . €ar OPur

e

¢ have less non-convex sp. polytopes & less singular I'[A >’%F%’f))]

b G _ v 4y243m 3 D+2m 3 32 4
C SX)=XTXGET D XX, 34 X567 D X X5 34X56/ X534

transverse

‘v[m > 2] regular = “unsmoothable” Turin degeneration

¢ Laurent smoothing (w/TIHopital repair)
@ CY = Weyl divisors in non-Fano

¢ desingularized finite quotient of
branched multiple covers <> general type var’s

12






(@ not-so-new Toric Geometry)

A Generalized Construction of
Calabi-Yau Mirror Models DY




s/

: e X7 X (X @XM

11 1 1 0 0
® —m 0 0 0 1 1-#

14



aurent-Tonc Fugue

14

b ‘ & Non-Convex Mirrors ,_3 21 Proof-of Concept— algag, -

11 1 1 0 0O<s
—_m 0 0 0 1 1 -»

universal
o X1 X, X3Xy
O



aurent-Tonc Fugue

b ‘ & Non-Convex Mirrors ,,_3 21 Proof-of Concept—iuig 2

11 1 1 0 0O<s

¢ ~m 0 0 0 1 1
o
®
® O
® O
o ® ®
o

14



aurent-Torlc Fugue

Non-Convex Mirrors ,,,—3 = [oof-of-Concept—

: 0 N
+* & 220 .
OIUC/) 1%205-1
Ore 1282

¢ Transpolar: functions on which space? 1 110 0

e A— Ui(convexﬁ; ) Ut
@ Compute O, — O.":={v: (v|Vued,)+1>0}°®
o
o o
o o 0
e o o

14



aurent-Torlc Fugue

Non-Convex Mirrors ,,—3 > Froof-of-Concept—

: 0 N
+* & 220 .
OIUC/) 1%205-1
Ore 1282

& Transpolar functions on which space? 1 110 0

¢ A- |, (convexﬁ .' —m 0 0 0 1 1
¢ Compute 0;,— 0, :={v: (vl‘v’uE@)+1>O}'§
o o
Q=3 o 5
o o o

14



aurent-Torlc Fugue

Non-Convex Mirrors ,,,—3 = [oof-of-Concept—

: 0 N
+* & 220 .
OIUC/) 1%205-1
Ore 1282

¢ Transpolar: functions on which space? 1 110 0

QA— Ui(convexﬁ; ’ Tert
¢ Compute @;,— O.":={v: (v|Vue,)+1>0}®

o

e o

e o©

TR

--------------------

14



aurent-Torlc Fugue

Non-Convex Mirrors ,,,—3 = [oof-of-Concept—

: 0 N
+* & 220 .
OIUC/) 1%205-1
Ore 1282

¢ Transpolar: functions on which space? 1 110 0

e A— Ui(convexﬁ; ) Ut
@ Compute O, — O.":={v: (v|Vued,)+1>0}°®

o

o o

e O

e o o

14



L aurent-Toric Fugue

& Non-Convex Mirrors ,,—3 - [700/-0f-Concept— c‘z’??és’

& Transpolar functions on which space? 1 110 0
- 1/ :_0'.‘ -m 0 0 0 1 1
¢ A— | J;(convex @) ; s
¢ Compute O, — 0" :={v: (v|Vue,)+1 >O}‘
® ":‘
o ““.“'-‘
O O
o ® o

14



aurent-Torlc Fugue g

1 Non-Convex Mirrors . _ - —2D Proof-of-Concept— n;% ]2827
| _,@ X12X20(X3 @X4)2+1m@X11X21 (X3 @X4)2+Om @X10X22(X3 @X4)2 Im

X X X; X, X5 X,

¢ Transpolar: functions on which space? 11 110 0

@ A Ui(convexﬁ; ¥ om0 o
@ Compute O, — O.":={v: (v|Vued,)+1>0}°®

o

o o

e O

e o o

14



aurent-Torlc Fugue g

1 Non-Convex Mirrors . _ - —2D Proof-of-Concept— n;% ]2827
| _,@ X12X20(X3 @X4)2+1m@X11X21 (X3 @X4)2+Om @X10X22(X3 @X4)2 Im

X, X, X; X, X5 X

‘¢ Transpolar: functions on which space? 1110 0+

@ A> Ui(convexﬁ; ) R
@ Compute O, — O.":={v: (v|Vued,)+1>0}°®

o

o o

e O

o: o o

14



aurent-Torlc Fugue g

1 Non-Convex Mirrors . _ - —2D Proof-of-Concept— n;% ]2827
| _,@ X12X20(X3 @X4)2+1m@X11X21 (X3 @X4)2+Om @X10X22(X3 @X4)2 Im

X, X, X; X, X5 X

‘¢ Transpolar: functions on which space? 1110 0+

@ A> Ui(convexﬁ; ) R
@ Compute O, — O.":={v: (v|Vued,)+1>0}°®

o

o o

e O

o o @

14



i aurent-Toric Fugue

b & Non-Convex Mirrors . —3—2D Proof-of-Concept—
| _,@ X12X20(X3 @X4)2+1m@X11X21 (X3 @X4)2+Om @X10X22(X3 @X4)2 Im

F- X, X, X3 X, X5 X
¢ Transpolar: functions on which space? 1 110 0

¢ —m 0 0 0 1 -+
Q@ A— Ui(convexﬁ;

¢ Compute O, — O :={v: (v|Vued,)+1>0}®

®

® ®

o O

o ® ®

14



X X X; X, X5 X,

- Transpolar: functions on which space? 11 110 0+

¢ —m 0 0 0 1 1.
Q A— Ui(convexﬁ;

¢ Compute 0, — 0" :={v: (v|Vue,)+1>0}*®

¢ (Re)assemble dually o
6,1 6) = 167,06/ ,
with “neighl o o
" . O
v o o o

14



| : : X, X, Xy X, X5 X,
' ¢ Transpolar: functions on which space? 1 110 0-

¢ —m 0 0 0 1 -
Q@ A— Ui(convexl@;

) °-— [y] overlap gluing | A
local chart #2

¢ Compute 6, —

< (Re)assembi._e d A 3
0;N «9j)° = |6’
with “neighl e o
" ® O
P o o O

14



* )& : #
4 C 17720?«? ]2827
L XX (X0 X)) B X X G X,) " @ X P XA (XD X))
¢ Transpolar: functions on which space? SR

® -m 0 0 0 1 1<
e A> Ui(convexﬁ;

¢ Compute O, — 0. :={v: (v|]Vue®;,)+1>0}®

¢ (Re)assemble dually .
(6;n 6 = 67,61
with “neighbors” e o
1% ° o
Uy ‘ ‘ .

14



X, X, X3 X, X5 Xq

® ¢ Transpolar: functions on which space? 1 110 0-

-m 0 0 0 1 1<
Q@ A— Ui(convexl@; * "’

¢ Compute 6;,— 6;":={v: (v|Vue8,)+1>0}1

¢ (Re)assemble dually
6,0 0) = [6;,6;]

with “neighbors”

14



Laurent-loric Fugue .4
. L lg,

& & Non-Convex Mirrors ;=3 L
@ X12X20(X3 @X4)2+1m@X11X21 (X3 @X4)2+Om @X10X22(X3 @X4)2_ 1m

F . : an
¢ Transpolar: functions on which space? . Ofmdl,,f GHY, Q,\)&S\
: P K @ (3 00-“6 \O CO'
@ A— | J;(convex ©,) ; g anet/ I
- S'n \?&

@ Compute O, — O :={v: (v|Vued,)+1>01}}

¥ (Re)assemble dually
;N 6)” =107, 6/]

with “neighbors”

o0

¢ Consistent with v Nl
all standard 4, —~ \ &7 [ i/ ’92: Khovanskii
methods +Pukhlikov
(pre) complex 7% .....e(.).]ar “““ 93: Karshon
AGETAIC v oo e ’994:"11:;);?2;12
i dual poset  Masuda

- MM +lots of
(2%,<) | F3[Cl] > VF3[6'1] (pre)symplectickfeometry




L aurent-Toric Fugue
Non-Convex Mirrors

¢ (Toric) transposition:

. _ 3 . 2m+2 3 . 2m+2 ;
f(x; Ap®) = a1 x1° 4™ + ag x1° 251 + ag i

4t
V4

3 0 0 2m-+2 0 *
300 0  2mt2 By > 2
E_ 0 3 0 2—m 0

0 3 0 0 2—m

0 0 3 2—m 0

0 0 3 0 2—m

OOOV(q*

£2(3) « —
) the “extension,

included in Ag(®




(Tor1c)
trans-

L aurent-Toric Fugue

& Non-Convex Mirrors

position: /&) =

x =1, a3, a;=0 [Ij’?3 3:1.1)[8]

3 3
X2 X3

a1 T + as x5 + ag == + ag = :
T5 x5

by =0, y;,y5=1 [|3>§3588)[24] 8

2
ba Y4 + b3 ys® + ba yi® + bs 92,
Y4 Yo

g(y) = f(97> = aq 36’13 $42 sin + Qo9 33'13:1:‘
5% 6 matrix of exponents itranspose

1
g(y) = b Yty + bzy_?f)’yf =+ bgy_f’yf;?’ + by G

'\

/G

G

x =1, a4,a5s=0 [Ij’?3 3.1- 1)[8]

3323 51733
a1 2L + ag x5 + ag —— + a5 —> :
I5 L4
bi=1, y4, y5=0 P31 12:2)[6]
y

5
bo ys° + b3 ys> +b4 +b5y 1
Y5 Ya




L aurent-Toric Fugue

| / - & Non-Convex Mirrors

| . i X
< (TOIIC) 9(y)" = f(@) = a1 2 o™ + ag 27 5™ + ag Tj + ay Tj + a5
/ " trans- 5X 6 matrix of exponents 1transpose

position: f@" = 9() = buyi' v + by’ ui’ + ba g’ v’ + ba

— — 3
x =1, @’@—O P(3:3:1:1)[8] : :
S, s, g;_; N x_33 . . . X quotient
1 T4 + 05"+ ag T 06 ' ' 7 5 either one
' of the two

b1=0, y3,y5=1 Py 544[24] 5 : _ models
» by yi’ + b3 ye® + bayi® + bs

Y2 : :
Yals . ' . ¥ bythe Z;

_ _ 3
=1 a5,a5=0 Pf,.[8]
3 3
8 8 L2 L3
» A1 T4 + 0225 + a4 — + a5 — .
5 L4

bi=1, y4, y5=0 P?1:1:2:2)[6]

3 3 918 928
b ys + b3 ys 4+ by — + by — :
Y5 Ya

-
Q
g
g
=
:-.
S
<
o




aurent Family Picture P o
8 Summary S

@ CY(n—1)-folds in Hirzebruch n-folds ¢ Oriented polytopes
@ Euler characteristic &4 e Trans-polarV constr.

¢ Chern class, term-by-term ¢ Newton A (A )Y

¢ Hodge numbers (jump @ ') Q@ VEX polytopes & &
¢ Cornerstone polynomials & mirror s.t. ((4)7)7=4 48 '@Q
¢ Phase-space regions & mirror o §

@ Star-triangulable

| — w/tlip-folded faces
¢ The “other way around” (limited!) | :
_ @ Polytope extension

¢Yukawa couplings < :
_ | __ < Laurent monomials
¢ World-sheet instantons

¢ Gromov-Witten invariants = N4 v r
SOON ¢
C

- & GLSM
€ Will there be anything else? ...being ML-datamined Toric textbooks to be
. . = ...extended
d(@W):=k! Vol(8W) [BH: signed by orientation!] @

17

¢ Phase-space discriminant & mirror




" Summary
 CY(n—1)-folds in Hirzebruch n-folds

(

LA

(n)
Fmﬁ, e.g.,

(n)
F(3,171,...)

‘W,
---------

€qo-Space

deformation family picture

¢ Oriented polytopes

F(n)

[m (mod n)]

(least negative, most generic)

18’[1’.

k)v

N
ymials

ks to be
xtended

i

17
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8 Summary
& CY(n—1)-folds in Hirzebruch n-folds @ Oriented polytopes

18’[1’.

©

N
ymials

© © © © © © © ©

(n) (n)
Fr_rie,’ e.g., F(3’1717.__)

‘W,
--------

F(n)
[m (mod n)]
(least negative, most generic) kS to be

deformation family picture xtended

8 g — 7

€qo-Space
{




L aurent Family Picture

| Summary
> CY(n—1)-folds in Hirzebruch n-folds ¢ Oriented polytopes

—0
¥ regular defo & > Laurent defo | 18’(1‘.
G N\ of CY hypersurfaces A K )Y
X
c S \ex\ > [ L8
QL
& 7%;, e.g., F((g,)g,...) \
€S
)
L ymials
e .
@ Eag-Sp;(.Z.e"-
( (least negative, most generic) kS tO be
deformation family picture xtended

L g _



ew? Toric Spaces

Slt Tight and Assess i 285,
Step back for the “big picture 1F( K fin)

& _ Toric (complex algebraic) variety .

m

¢ A deformation family of
CY hypersurfaces: F\’[c;] (f(x)=0)
¢ In toric-speak (blueprint): A\

T4

18



ew? Toric Spaces

78 t & S0
Slt Tight and Assess e 125,
Step back for the “big picture 1F( ‘%1?3? )

B o Toric (complex algebraic) variety .
| 3 F@
¢ A deformation family of J "
CY hypersurfaces: F"[c,] (f(x)=0) ed—> {T(y)=0)
¢ In toric-speak (blueprint): A\ R
¢ Pick one & transpose [BH '92] AFm’ AFm)

x4

18



INew? Toric Spaces

4 Sit Tight and Assess
& Step back for the “big picture” T(F %)
r A

‘¢ Toric (complex algebraic) variety o
¢ A deformation family of "
CY hypersurfaces: F\’[c;] { f(\;c) =0} <
¢ In toric-speak (blueprint): A\ N
¢ Pick one & transpose [BH '92] AFm’ AFm)

x4

18
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| ‘@Toric (complex algebraic) variety P ¢
¢ A deformation family of "
CY hypersurfaces: F\[c,] { f(\;c) =0} e—3 |
Y1In toric-speak (blueprint): A\ N 1
¢ Pick one & transpose [BH '92] \(‘AF z AF m) ‘

“Fano (m=0,1,2): “v=o" (“polar”) m>2, transpola

Y The “extension” <> “non-convexity”
forallm>?2

~ & Pick simplicial subsets for fv
~ defining sections — multiple mirrors



g [(F )<

§ < Toric (complex algebraic) variety

] F? eq——s F»
< A deformation family of "

CY hypersurfaces: F\’[c;] { f(\;c) =0} < = {A(y)=
¢ In toric-speak (blueprint): \(‘ A\ N 7 j\ *
¢ Pick one & transpose [BH 92] AFm’ AFm) (4 m’ A m)

“Fano (m=0,1,2): “v=0” (“polar”) m>2, transpolaf\ace-wise polar)

Y The “extension” <> “non-convexity”
forallm>?2

. & Pick simplicial subsets for L= | 3
~ defining sections — multiple mirrors



g [(F )<

§ < Toric (complex algebraic) variety

] F? eq——s F»
< A deformation family of "

CY hypersurfaces: F\’[c;] { f(\;c) =0} < = {A(y)=
¢ In toric-speak (blueprint): \(‘ A\ N 7 j\ *
¢ Pick one & transpose [BH 92] AFm’ AFm) (4 m’ A m)

“Fano (m=0,1,2): “v=0” (“polar”) m>2, transpolaf\ace-wise polar)

Y The “extension” <> “non-convexity”
forallm>?2

. & Pick simplicial subsets for w2 3
~ defining sections — multiple mirrors

x§x4 + x3xff T —
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ew? Toric Spaces

r Slt Tight and Assess
. Step back for the “big picture”

[(F )<

® _ Toric (complex algebraic) variety o S
| F) < —=

¢ A deformation family of J
CY hypersurfaces: F\’[c;] (F)=0) d—3 {TAy) =

¢ In toric-speak (blueprint): \(s A\ * N
< Pick one & transpose [BH '92] Ar ) ‘

“Fano (m=0,1,2): “v=0” (“polar”) m>2, transpolar{ace-wis polar)

Y The “extension” <> “non-convexity”
forallm>?2

< Pick simplicial subsets for 4
~ defining sections — multiple mirrors




"New? Toric Spaces
& Sit Tight and Assess
'w Step back for the “big picture”

§ < Toric (complex algebraic) variety

¢ A deformation family of
CY hypersurfaces: F[c,] f(x) 0) <

< In toric-speak (blueprint): \(s A\
¢ Pick one & transpose [BH 92] AF |

< Fano (m=0,1,2): “v=o” (“polar”) m> 2, transpolar fface-wise polar)

Y The “extension” <> “non-convexity”
forallm>?2

< Pick simplicial subsets for ST | 3
~ defining sections — multiple mirrors

| ?
~ ThlS “big picture” = “generating function”

18




F<
ew? Toric Spaces

18 ] Sit Tight and Assess
& . GLSM: U(1)"-gauge symmetry; worldsheet SuSy: U(1)" — (C*)"

@ Regular monomials <> toric (complex algebraic) variety (4 =
4
@which YF ...isn’t. — Who ordered “F)))? \ 28

.
¢ Just as 2o encodes F:
¢ top cone = local chart;

¢ codim-1-cone = gluing
V4

2
¢ so does its transpolar

F( n) [Cl ] mim VF(n) [Cl ] “\“‘: .‘..““
m m Y
Y B
¢ a 2n-dim manifold w/U(1)"-action G, o

Q @ VE()
¢the ...transpolar of F’, denoted “F;,

~ General multifans (& multitopes) correspond to

¢ torus manifolds = real 2n-dim mflds w/U(1)"-action vi-
[Masuda, 1999, 2000; Hattori+Masuda, 2003}

19




ew? Toric Spaces

7 f it?! 1035 8
[ & Sit Tight and Assess | we now use all © ”"’C%é%ig 128,

U What is this “F} ? (Such that VEO[c,] <= F®[c,] ?)
¢Fan {o;;<} of Apw <> atlas of charts U, ~C", dimg; = n

1

¢ But one chart is oriented reversely...

20



New? Toric Spaces

| o
& Sit Tight and Assess all ot 1t

e all -
Can W€ now U Tore 1285

_ What js this “YF®” ? (Such that F®[c,] «— F®[c,] ?)
¢Fan {0;<} of A Fo) <> atlas of charts U_~C", dim ¢, = n

1

¢ But one chart is oriented reversely...

- ¢ Every flip-folded
= cone/facet can
be surgically
rev.-engineered




iNew? Toric Spaces
B8 Sit Tight and Assess Can we DOW US€ all of

L What is this “YF®” ? (Such that YF“[c,] «— F®[c,] ?)
¢@Fan {0;<} of Apw <= atlas of charts U_~C", dimo, = n

l

12!

¢ But one chart is oriented reversely...

- ¢ Every flip-folded Z

- cone/facet can

be surgically
rev.-engineered

" complex
algebraic

¢ ...from regular
(cpx. alg.) toric -
varieties and
(non-algebraic) -
_ torus manifolds

S
-
2.
=
2
L
9
2
=
o
v

[Masuda, 1999, 2000; torus
Hattori+Masuda, 2003] manifold
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