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Physical ‘Aging’ and Critical ‘Initial Slip’



- [ - )
Physical ‘aging
[M. Henkel and M. Pleimling, Nonequilibrium phase transitions, Vol. 2:
Ageing and dynamical scaling far from equilibrium, Springer (2010)]

Prepare (non-linear, stochastic) dynamical system in initial state
‘far away’ from long-time asymptotic steady-state configuration:
» steady state stationary: (S(t)) = (5(0)) time-independent,
two-point correlations: C(s,t) = (5(s) S(t))c = C(t —s)
» initial state breaks time-translation invariance
» exponentially ‘fast’ relaxation: transient regime ~ Tyol & Tinic
» ‘slow’ dynamics: Tyel > Tmic, Or algebraic
— transient time window becomes accessible
Examples:
» coarsening dynamics after quench into ordered phase
» critical aging scaling at continuous phase transitions

» ‘glassy’ kinetics: disordered magnets, spin glasses,
colloidal systems, electron glasses, vortex matter, ...



General scaling laws

Dynamic scaling
= x L(s)
C(x,t =(5(0,5)S(x, t))e =s P C[ —, =2
(x,.5)e = (5(0.95x. e =57 € 5.7
characteristic length: L(t) ~ t*/? — dynamic exponent z
autocorrelation function (x = 0) in ‘aging’ scaling regime:

Tmic < s <t C(0,t,5). =s 2 C(t/s)
t— 00 : ~ sTPL(s)/L(D)] ~ sTETNZ Nz
— non-trivial information about fluctuations, correlations

» scaling exponents b, z, )\, and scaling functions universal ?

» or rather characteristic of specific material properties ?
— characterization tool ?

Quench from disordered (T — o) into ordered phase (T < T¢)
— coarsening dynamics, L(t) ~ domain size, b = 0: simple aging
quench to T¢; critical slowing down L(t) ~ &(t) — critical aging



Critical dynamics: relaxational models A and B

Purely relaxational dynamics for n-component order parameter
with O(n)-symmetric Ginzburg-Landau-Wilson Hamiltonian:

H[S] = /ddx <£ S(x)? + % [v§(x)] 4o [ (x) ] )

model A / B Langevin dynamics: OP (non—)conserved, a=0,2
9S%(x, t) IH[S] o
— — t
ot 55a(x g T ot
non-critical, ‘fast’ degrees of freedom — Gaussian white noise:
(¢(x,t)) =0, noise correlations satisfy Einstein relation (FDT):

= —D(iV)’

(¢*(x, t) CP(X, t)) = 2kg TD(iV)? §(x — X')d(t — t')5°"
— system relaxes to canonical distribution Peq[§] x e HISV/ke T
Coarsening dynamics: [A. Bray, Adv. Phys. 43, 357 (1994)]
model A (a = 0): z = 2; spherical limit n — oo: A = d/2
model B(a=2): n=12z=3;n>2z=4n—00: A=0



Critical initial slip: renormalization group analysis
[H.K. Janssen, B. Schaub, and B. Schmittmann, Z. Phys. B 73, 539 (1989)]
Critical dynamicsas t=r—rcx T — T — 0:
» utilize field theory tools: perturbative expansion in u
» renormalization group, (upper) critical dimension d. = 4
» short-time dynamics: c.f. boundary critical phenomena
» scaling near RG fixed point u* — critical exponents, ¢ = 4 — d

Two-time correlation function in the short-time aging scaling limit:
Cgit,s/t —0) = |q| " (s/t)*" 60(61& Iqlth)
7-rel"vé.z/\’ ‘T|_ZV7 v = _1/7;k7 n= _/Y;a Z:2+a+75
model A dynamic exponent: z =2+ cn, ¢ =6lIn % —1+0(e)
model B conservation law — 5 =5 — z =4 — 1) exactly

Order parameter growth in the initial-slip regime:

(S7(£)) = So 78 (So £ 9/ m £ as £ o
: - +2)
model A: non-trivial ' =0 — 1+ (2—1n)/z = (':7+8) e+ O(€?)
model B: conservation law — no new singularity, # = 6 =0




Driven-Dissipative Bose Condensation



Motivation, theoretical description

Pumped semiconductor quantum
wells in optical cavities:

driven Bose—Einstein condensation
of exciton-polaritons

Bragg mirror

[J. Kasprzak et al., Nature 443, 409 (2006);
K.G. Lagoudakis et al., Nature Physics 4, 706 (2008)]

Theory: noisy Gross—Pitaevskii equation for complex bosonic field)
i9eb(x, t) = [— (A—iD)V2 — p+ix

+ ()‘ - iK’) |¢(X? t)|2 w(X? t) + C(Xv t)

A =1/2m.g; D diffusivity (dissipative); u chemical potential;
X ~ pump rate - loss; A, x > 0: two-body interaction / loss
noise correlators: (v =4D kg T in equilibrium)

COat) =0, (C"(x,t)C(X, t)) =7d(x = x)o(t — 1)



Driven-dissipative model A

Rescale:
6K A A
I’:—%, /:_%7 /:Bh)rKZE)rUzzvgﬁ_iC
— time-dependent complex Ginzburg—Landau equation
JH[Y]
t)=—-D —F—— t
8t¢(xa ) 5¢*(X, t) + C(Xu )

with non-Hermitean ‘Hamiltonian’

Hly] = /ddx [(r +ir') [, )] + (14 ine) [Vip(x, )

P (i) e, )]

» (1) r' = rk = ry = 0: equilibrium model A for non-conserved
two-component order parameter, GL-Hamiltonian H[¢]

> (2) ' =ryr, rk = ry #0: S/, = Re/Imy), H=1+irk)H
— effective equilibrium dynamics, satisfies detailed balance!



Critical properties

(Bi-)critical point 7,7" = riT — 0: correlation length &(7) ~ |7|™"
universal scaling for dynamic response and correlation functions:

Mg w,7) o e R [al€)
|q*7 (1 4 ialq|"=7<) “\[q|* (1 + ialq|"~7<)
1 Ve w n—1
C(qawaT)CXW C<W,\q\§,a\q\’ ’C>

five independent critical exponents (three in equilibrium: v, 7, z)
Non-perturbative (numerical) renormalization group study:
d=3: v~0.716, n =7 ~ 0.039, z ~ 2.121, n. ~ —0.223

[L.M. Sieberer, S.D. Huber, E. Altman, S. Diehl, Phys. Rev. Lett. 110, 195301 (2013); Phys. Rev. B 89, 134310 (2014)]
Thermalization: one-loop — scenario (2); two-loop — model A (1)
critical exponents in € = 4 — d expansion:

v=1/2+¢/10+ O(e?), n=€2/50 + O(¢*)
z=2+cnm, c:6ln%—1—|—0(e)
as for equilibrium model A; in addition, novel critical exponent:
ne=cn, c’=—(4In3 —1)+ O(e), but FDT — / =1
e=1 vr=0.625 n=1n ~0.02, z~ 201452, n. ~ —0.0030146



Conserved variant, model A aging scaling

Complex model B variant for conserved order parameter:

_ SH[Y] _
Or(x, t) = DV2W +¢(x, t), (C(x,t)) =0

(C*(x, t) (X, t')) = —4kg TDV?5(x — X') 6(t — t')

vertex ~ g2 — exact scaling relations: 7' =17, z=4 -1
to two-loop order: 7. =17+ O(€3) = ¢2/50 + O(¢3)
— non-equilibrium drive induces no independent critical exponent
[U.C.T. & S. Diehl, Phys. Rev. X 4, 021010 (2014)]
Initial-slip and aging scaling for driven-dissipative model A:
» one-loop: Hartree graph local in time
— identical to equilibrium: 6 = ¢/10 + O(€?)
» two-loop and higher order: thermalization — equilibrium
» construct complex spherical model, exactly solvable:
— 60 = (4 —d)/4, again as in thermal equilibrium
[W. Liu and U.C.T., J. Phys. A: Math. Theor. (under review)]



Driven Diffusive Systems



Driven lattice gases: asymmetric exclusion process
[B. Derrida, Phys. Rep. 301, 65 (1998); G.M. Schiitz, in:

Phase transitions and critical phenomena, Vol. 19, Academic Press (2001)]
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> lattice: L) X L‘i_1 sites
> site exclusion: nj =0,1; N =Y, n;, filling i = N/LjL{"}
» nearest-neighbor hopping subject to exclusion,

biased along || direction

» periodic boundary conditions — particle current along drive
— non-equilibrium stationary state (NESS)
— generic scale invariance, non-trivial exponents in d =1



Continuum description, generic scale invariance
[H.K. Janssen and B. Schmittmann, Z. Phys. B 63, 517 (1986)]
Continuity equation for S = n—n, J|| o n(1 — n), conserved noise:
dS(x, t)
ot
(C(x, £) C(x', t')) = —2D (z—vﬁ + v’j) 5(x — xX)8(t — t')
Renormalization group analysis: symmetries fix scaling exponents
» massless theory — generically scale-invariant (no tuning)

C(ay q1,w) = lau| > € (Ve qy/lacl™2,w/D a.]?)
» non-linearity only in longitudinal sector — =10, z =2
Clxp,xL,t)=t"¢ E(><||/\ﬁ xL |72, Dt/]x |Z”)

» Galilean invariance: S’(x|’|,xi, t') = S(x| — Dg vt,x1,t) — v

D (cvﬁ + vi) S(x,t) + % VS(x, )2 +¢(x, t)

S, D, g not renormalized — ~} = %(d—2); d<d.=2:
Ve 2-d . d+A  d+1 2 6

= E T T T AT

A —
2 3 2 3 1+ A 5—d



Monte Carlo simulations in one dimension
[G.L. Daquila and U.C.T., Phys. Rev. E 83, 051107 (2011)]
d = 1: RG fixed point w = &€/c — 1 — equilibrium FDT recovered
S(x,t) = —u(x,t) = Vh: noisy Burgers/Kardar-Parisi-Zhang egs.
finite-size scaling:

la L
C(X”,XJ_,t,L“7LJ_):L—(d+A)/(1+A) C<X” X Dt ! >

I L_” E ﬁ \/—Ll-i—A
TASEP autocorrelation function:
=1/3, z;=3/2 C(0,t) ~ t~Cr(t) ¢ =2/3

C(O t,L) = L=' C(Dt/L*?) o7
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Aging and initial slip scaling
[G.L. Daquila and U.C.T., Phys. Rev. E 83, 051107 (2011)]

Avoid slow crossover to stationary scaling: investigate transients
Monte Carlo simulations: TASEP, n =1/2, L = 1000

correlated initial conditions:

initial-slip scaling
alternatingly n; = 0,1

» no new singularity (c.f. model B)
» anomalous dimension 6 = ~}/2:
C(0,t,s/t — 0) ~ = (s/t)+?
1-0=(5-4d)/3—4/3

aging scaling regime:
C(0,t,s) = s~ ¢ C(t/s)
(=(d+1)/3—-2/3

— s=220
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Driven Ising Lattice Gases: Critical Dynamics



Driven Ising lattice gas: Katz—Lebowitz—Spohn model

[S. Katz, J.L. Lebowitz, and H. Spohn, Phys. Rev. B 28, 1655 (1983)]

N Drive — >
i ¥ T ol
INEnUCImRC
L FY 1. ?- N
) LdL JL i ®-
¢, \ VvV ¢ v
v v’, v‘*

L

> lattice: L) x L9=1' n;=0,1; > Metropolis Monte Carlo rates:
L R(X — Y) o e~ [HO)=HO)~E]/kaT

- N 1
N - Z[ ni, n= LHLd71 ) . .
] I » periodic boundary conds. — NESS
» attractive Ising interaction: ) o
» continuous non-equilibrium phase

H:—J s NN J>0
i) i M transition as 7 = T='< — 0 with

» bias/drive: (E, || direction T ~141T% T = 05673J
c~ 1. c v e = VU

{=->1,0,1; E — o0 . . .
» phase separation: stripes along drive



Continuum description, Langevin equation
[H.K. Janssen and B. Schmittmann, Z. Phys. B 64, 503 (1986);
K.-t. Leung and J. Cardy, J. Stat. Phys. 44, 567 (1986)]

Add drive to model B Langevin equation; transverse sector critical:

oS R
((;;, Y _p [cVE+ V2 (r=v2)] S(x,6) + 2 V) S(x, )

+E S0 + ()
(C(x,t) C(X, ¢)) = —2D Qvﬁm) S(x — x)3(t — t')

» couplings and critical dimensions: v = g2c~3/2: d. = 5;
u: d. = 3 — irrelevant in renormalization group sense
» non-linearity in longitudinal sector —» v =1/2, n=0,z=4
> Galilean invariance — ~} = % (d —5); d < d. =5t
AZl—%Z%, VH:Z/(l—l-A):ll()d
4 12 d-2+A d+1

TA 114 7 4 ~ 6

4=



Non-equilibrium steady state vs. aging relaxation

[G.L. Daquila and U.C.T., Phys. Rev. Lett. 108, 110602 (2012)]

0

Density autocorrelation, d = 2: W ;

* 54x24

stationary regime:
. . _ 1+A .
> finite size, L = L= /256:

C(t, L)) = L;2/0AE (Dt/LZ”)

Clt) « |_"2’3

I
A:2, VH :3/2 ZH —4/3

» data collapse unsatisfactory

aging relaxation regime:

» random initial conditions

05
xS

» large systems accessible

» 5 days on 10 CPUs per curve,
700 Mb memory

» simple aging scaling collapse:

C(t,s)=s"C(t)s), ¢ =1/2

C(t,9)




Predator-Prey Competition: Extinction Scaling



Spatial stochastic Lotka—Volterra model
Two diffusing particle species A, B

subject to stochastic reactions:

A= death rate 1 0sl

- —=0.
B—-B+B branching rate o i " - ﬁzgﬁ
A+ B — A+ A predation rate \ %0'67
site occupation / carrying capacity “oa- !'/\‘\'\
restriction: n; = 0,1
02

— predator extinction threshold A.:
active-to-absorbing state transition

0 L \

coexistence phase: spreading fronts

[M. Mobilia, I.T. Georgiev, and U.C.T., J. Stat. Phys. 128, 447 (2007)]




Extinction threshold: critical dynamics

Dynamic critical behavior at predator extinction threshold :
— expect directed percolation universality class

critical population density decay:  critical slowing down:
independent of initial conditions obtained after 128,000 MCS

05 =—a stationary initia config. with A = 0.0417 [ e -4128000 MCS|
ok o—o stationary initia config. with A = 0.041§ P o< 64000 MCS
[ & rendominitial config, with A = 0.0416 A o o 5 932000MCS | |
5L o TrT— stationary initial config. with A = 0.0415 o &~‘,~‘ o—o 16000 MCS
~ laar ]
> =)
& -15- —155 30000, T 16T T
S [ 1
8 2ros 1= o oo £ 1
250 | 1 ]
[ 1 10000~
3 0 .«/: [ . ]
01 2| 3(1)4 56 1= %%Goss oos ooss %8 2 A5 1 05
351 0g i X X X 2 15 -1 -0
350 | 0 | | | d | Y oo
0 1 3 6 2 -15 -1 -05
100 log,f)
pa(t) ~ t7, a~0540(7)  te(r) ~|7|72, zv ~ 1.208(167)
DP,d=2: « = 0.4505(10) zv ~ 1.2950(60)

requires ~ 10° MCS to extract universal scaling exponents reliably




Critical aging scaling

Two-time predator density autocorrelation function:

C(t,s) = (ni(t) ni(s)) — (ni(t)) (ni(s))

Dynamic aging scaling exponents for directed percolation:
b=2«a, \z=14+a+d/z

0 T T T T T T

-= $=5000 MCS [ LA B
-- 5=1500 MCS V. (b) 2 cob 6
o5k (a $=500 MCS | A\ P
— s=50MCS 2 Toap e
t = RO <
! ~ 15 R ) e
Z Loos TN \'\\ 8: 8 ‘Ao‘z‘u‘ ]
O 15l o o s )2 04 06 08 1
8"9 1.5 @ 06 . ~ % 1 log, (U9
B A J 8 — 5=100MCS
02 0 S=2% Mgg
F F |--s=500M
o8- -~ $=1000MCS N
) — s=1500 MCS| -
r s= 2000 MCS|
-3 1 | 1 L = 1 1 1 1 1
1 15 2 25 3 35 10 0.2 0.4 0.6 0.8 1
log,(t-9) log,(t/s)

— b~ 0.879(5) [DP :0.901(2)]; \/z ~2.37(19) [DP :2.8(3)]
accessible: 500 MCS < s < 2000 MCS, t/s > 5 — t ~ 10* MCS
— aging scaling as early warning indicator for population collapse

[S. Chen and U.C.T., Phys. Biol. 13, 025005 (2016)]



Conclusions

» Driven-dissipative Bose—Einstein condensation:
dynamic critical and aging scaling as for equilibrium model A

» Critical aging scaling extended to driven lattice gases:
generic scale invariance, non-equilibrium phase transition

» Aging regime: accurate measurement of scaling exponents

» Critical aging scaling in population dynamics, ecology:
early-warning signal for impending extinction / collapse

» Non-equilibrium relaxation: novel characterization tool ?

Recent related publications:
» U.C.T. & S. Diehl, Phys. Rev. X 4, 021010 (2014)
» W. Liu & U.C.T., J. Phys. A: Math. Theor. (under review)
» G.L. Daquila & U.C.T., Phys. Rev. E 83, 051107 (2011)
» G.L. Daquila & U.C.T., Phys. Rev. Lett. 108, 110602 (2012)
» S. Chen & U.C.T., Phys. Biol. 13, 025005 (2016)
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