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Physical ‘Aging’ and Critical ‘Initial Slip’



Physical ‘aging’
[M. Henkel and M. Pleimling, Nonequilibrium phase transitions, Vol. 2:

Ageing and dynamical scaling far from equilibrium, Springer (2010)]

Prepare (non-linear, stochastic) dynamical system in initial state
‘far away’ from long-time asymptotic steady-state configuration:

I steady state stationary : ⟨S(t)⟩ = ⟨S(0)⟩ time-independent,
two-point correlations: C (s, t) = ⟨S(s)S(t)⟩c = C (t − s)

I initial state breaks time-translation invariance

I exponentially ‘fast’ relaxation: transient regime ∼ τrel ≈ τmic

I ‘slow’ dynamics: τrel ≫ τmic, or algebraic
→ transient time window becomes accessible

Examples:

I coarsening dynamics after quench into ordered phase

I critical aging scaling at continuous phase transitions

I ‘glassy’ kinetics : disordered magnets, spin glasses,
colloidal systems, electron glasses, vortex matter, ...



General scaling laws

dynamic scaling :

C (x , t, s)c = ⟨S(0, s)S(x , t)⟩c = s−b C̃

(
x

L(t)
,
L(s)

L(t)

)
characteristic length : L(t) ∼ t1/z → dynamic exponent z
autocorrelation function (x = 0) in ‘aging’ scaling regime:

τmic ≪ s ≪ t : C (0, t, s)c = s−b Ĉ (t/s)

t → ∞ : ∼ s−b [L(s)/L(t)]λ ∼ s−b+λ/z t−λ/z

→ non-trivial information about fluctuations, correlations

I scaling exponents b, z , λ, and scaling functions universal ?

I or rather characteristic of specific material properties ?
→ characterization tool ?

quench from disordered (T → ∞) into ordered phase (T < Tc)
→ coarsening dynamics, L(t) ∼ domain size, b = 0: simple aging
quench to Tc ; critical slowing down L(t) ∼ ξ(t) → critical aging



Critical dynamics: relaxational models A and B

purely relaxational dynamics for n-component order parameter with
O(n)-symmetric Ginzburg–Landau–Wilson Hamiltonian:

H[S⃗ ] =

∫
ddx

(
r

2
S⃗(x)2 +

1

2

[
∇S⃗(x)

]2
+

u

4!

[
S⃗(x)2

]2)
model A / B Langevin dynamics : OP (non-)conserved, a = 0, 2

∂Sα(x , t)

∂t
= −D(i∇)a

δH[S ]

δSα(x , t)
+ ζα(x , t)

non-critical, ‘fast’ degrees of freedom → Gaussian white noise:⟨
ζ⃗(x , t)

⟩
= 0, noise correlations satisfy Einstein relation (FDT):⟨

ζα(x , t) ζβ(x ′, t ′)
⟩
= 2kBTD(i∇)aδ(x − x ′)δ(t − t ′)δαβ

→ system relaxes to canonical distribution Peq[S⃗ ] ∝ e−H[S⃗]/kBT

coarsening dynamics : [A. Bray, Adv. Phys. 43, 357 (1994)]

model A (a = 0): z = 2; spherical limit n → ∞: λ = d/2
model B (a = 2): n = 1: z = 3; n ≥ 2: z = 4; n → ∞: λ = 0



Critical initial slip: renormalization group analysis
[H.K. Janssen, B. Schaub, and B. Schmittmann, Z. Phys. B 73, 539 (1989)]

critical dynamics as τ = r − rc ∝ T − Tc → 0 :
I utilize field theory tools: perturbative expansion in u
I renormalization group, (upper) critical dimension dc = 4
I short-time dynamics: c.f. boundary critical phenomena
I scaling near RG fixed point u∗ → critical exponents, ϵ = 4− d

two-time correlation function in short-time aging scaling limit :

C (q; t, s/t → 0) = |q|−2+η (s/t)1−θ Ĉ0

(
qξ, |q|zDt

)
τrel ∼ ξz ∼ |τ |−zν , ν = −1/γ∗τ , η = −γ∗S , z = 2 + a+ γ∗D

model A dynamic exponent: z = 2+ c η, c = 6 ln 4
3 − 1+O(ϵ)

model B conservation law → γ∗D = γ∗S → z = 4− η exactly

order parameter growth in initial-slip regime :

⟨Sn(t)⟩ = S0 t
θ′ Ŝ

(
S0 t

θ′+β/zν
)
∼ t−β/zν as t → ∞

model A : non-trivial θ′ = θ − 1 + (2− η)/z = (n+2)
4(n+8) ϵ+ O(ϵ2)

model B : conservation law → no new singularity, θ = θ′ = 0



Driven Diffusive Systems



Driven lattice gases: asymmetric exclusion process
[B. Derrida, Phys. Rep. 301, 65 (1998); G.M. Schütz, in:

Phase transitions and critical phenomena, Vol. 19, Academic Press (2001)]

Drive

L

L

I lattice: L∥ × Ld−1
⊥ sites

I site exclusion : ni = 0, 1; N =
∑

i ni , filling n̄ = N/L∥L
d−1
⊥

I nearest-neighbor hopping subject to exclusion,
biased along ∥ direction

I periodic boundary conditions → particle current along drive
→ non-equilibrium stationary state (NESS)
→ generic scale invariance, non-trivial exponents in d = 1



Continuum description, generic scale invariance
[H.K. Janssen and B. Schmittmann, Z. Phys. B 63, 517 (1986)]

continuity equation for S = n − n̄, J∥ ∝ n(1− n), conserved noise:

∂S(x , t)

∂t
= D

(
c∇2

∥ +∇2
⊥

)
S(x , t) +

Dg

2
∇∥S(x , t)

2 + ζ(x , t)

⟨ζ(x , t) ζ(x ′, t ′)⟩ = −2D
(
c̃∇2

∥ +∇2
⊥

)
δ(x − x ′)δ(t − t ′)

renormalization group analysis: symmetries fix scaling exponents
I massless theory → generically scale-invariant (no tuning)

C (q∥, q⊥, ω) = |q⊥|−2+η Ĉ
(√

c q∥/|q⊥|1+∆, ω/D |q⊥|z
)

I non-linearity only in longitudinal sector → η = 0, z = 2

C (x∥, x⊥, t) = t−ζ C̃
(
x∥/

√
c |x⊥|1+∆,Dt/|x∥|z∥

)
I Galilean invariance : S ′(x ′∥, x

′
⊥, t

′) = S(x∥ − Dg vt, x⊥, t)− v

S ,D, g not renormalized → γ∗c = 2
3 (d − 2); d < dc = 2:

∆ = −γ∗c
2

=
2− d

3
, ζ =

d +∆

2
=

d + 1

3
, z∥ =

2

1 +∆
=

6

5− d



Monte Carlo simulations in one dimension
[G.L. Daquila and U.C.T., Phys. Rev. E 83, 051107 (2011)]

d = 1: RG fixed point w = c̃/c → 1 → equilibrium FDT recovered
S(x , t) = −u(x , t) = ∇h: noisy Burgers/Kardar–Parisi–Zhang eqs.

finite-size scaling :

C (x∥, x⊥, t, L∥, L⊥) = L
−(d+∆)/(1+∆)
∥ C̃

(
x∥
L∥

,
x⊥
L⊥

,
Dt

L
z∥
∥
,

L∥√
c L1+∆

⊥

)
TASEP autocorrelation function:

∆ = 1/3 , z∥ = 3/2

C (0, t, L) = L−1 C̃
(
Dt/L3/2

)
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Aging and initial slip scaling
[G.L. Daquila and U.C.T., Phys. Rev. E 83, 051107 (2011)]

avoid slow crossover to stationary scaling: investigate transients
Monte Carlo simulations: TASEP, n̄ = 1/2, L = 1000

correlated initial conditions:
alternatingly ni = 0, 1

aging scaling regime :

C (0, t, s) = s−ζ Ĉ (t/s)

ζ = (d + 1)/3 → 2/3
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initial-slip scaling :
I no new singularity (c.f. model B)

I anomalous dimension θ = γ∗c/2:

C (0, t, s/t → 0) ∼ t−ζ (s/t)1−θ

1− θ = (5− d)/3 → 4/3
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Driven Ising Lattice Gases: Critical Dynamics



Driven Ising lattice gas: Katz–Lebowitz–Spohn model
[S. Katz, J.L. Lebowitz, and H. Spohn, Phys. Rev. B 28, 1655 (1983)]

Drive

L

L

I lattice: L∥ × Ld−1
⊥ , ni = 0, 1;

N =
∑

i ni , n̄ = N
L∥L

d−1
⊥

= 1
2

I attractive Ising interaction :
H = −J

∑
⟨i ,j⟩ ni nj , J > 0

I bias/drive : ℓE , ∥ direction
ℓ =��−1, 0, 1; E → ∞

I Metropolis Monte Carlo rates:
R(X → Y ) ∝ e−[H(Y )−H(X )−ℓE ]/kBT

I periodic boundary conds. → NESS

I continuous nonequilibrium phase
transition as τ = T−Tc

Tc
→ 0 with

Tc ≈ 1.41T eq
c , T eq

c = 0.5673 J

I phase separation: stripes along drive



Continuum description, Langevin equation
[H.K. Janssen and B. Schmittmann, Z. Phys. B 64, 503 (1986);

K.-t. Leung and J. Cardy, J. Stat. Phys. 44, 567 (1986)]

add drive to model B Langevin equation; transverse sector critical :

∂S(x , t)

∂t
= D

[
c∇2

∥ +∇2
⊥
(
r −∇2

⊥
)]

S(x , t) +
Dg

2
∇∥S(x , t)

2

+��������Du

6
∇2

⊥S(x , t)
3 + ζ(x , t)

⟨ζ(x , t) ζ(x ′, t ′)⟩ = −2D
(
�

��c̃∇2
∥ +∇2

⊥

)
δ(x − x ′)δ(t − t ′)

I couplings and critical dimensions: v = g2c−3/2: dc = 5;
u: dc = 3 → irrelevant in renormalization group sense

I non-linearity in longitudinal sector → ν = 1/2, η = 0, z = 4
I Galilean invariance → γ∗c = 2

3 (d − 5); d < dc = 5:

∆ = 1− γ∗c
2

=
8− d

3
, ν∥ = ν(1 + ∆) =

11− d

6

z∥ =
4

1 +∆
=

12

11− d
, ζ =

d − 2 + ∆

4
=

d + 1

6



Non-equilibrium steady state vs. aging relaxation
[G.L. Daquila and U.C.T., Phys. Rev. Lett. 108, 110602 (2012)]

density autocorrelation, d = 2:

stationary regime :

I finite size, L∥ = L1+∆
⊥ /256:

C (t, L∥) = L
−∆/(1+∆)
∥ C̃

(
Dt/L

z∥
∥

)
∆ = 2 , ν∥ = 3/2 , z∥ = 4/3

I data collapse unsatisfactory

aging relaxation regime :

I random initial conditions

I large systems accessible

I 5 days on 10 CPUs per curve,
700 Mb memory

I simple aging scaling collapse:

C (t, s) = s−ζ Ĉ (t/s) , ζ = 1/2
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Order parameter initial slip scaling
T < Tc → stripes along the drive direction; spin σi = 2ni − 1:
order parameter : [K.-t. Leung, Phys. Rev. Lett. 66, 453 (1991)]

m(t, τ, L⊥, L∥) =
sin(π/L⊥)

2L∥

∣∣∣∑L⊥,L∥
j ,k σj ,k(t) e

i2πj/L⊥
∣∣∣

initially alternating occupied/empty sites: “checkerboard” m = 0

finite-size scaling at Tc , d = 2:

m(t, L∥) = L
−β/ν∥
∥ m̂

(
t/L

z∥
∥

)
β = (d − 2 + ∆)/4 → 1/2
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expand → m(t, L∥) L∥ ∼ tκ

κ = (1− β/ν∥)/z∥ → 1/2
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[S. Caracciolo, A. Gambassi, M. Gubinelli, A. Pelissetto, Phys. Rev. Lett. 92, 029601

(2004); G.L. Daquila, U.C.T., Phys. Rev. Lett. 108, 110602 (2012)]



Aging Relaxation in the Coulomb Glass



Coulomb Glass, Efros-Shklovskii pseudo-gap
[B.I. Shklovskii, A.L. Efros, Electronic Properties of Doped Semiconductors, Springer (1984)]

Coulomb glass model Hamiltonian for disordered semiconductors :
randomly distributed sites i , ni = 0, 1:

H =
e2

2κ

∑
i ̸=j

(ni − K )(nj − K )

|Ri − Rj |
, K =

∑
i ni
N

Monte Carlo kinetics: thermally activated variable-range hopping :

Γa→b ∝ e−2Rab/ξ min[1, e−∆Eab/kBT ]

[A.B. Kolton, D.R. Grempel, and D. Doḿınguez, Phys. Rev. B 71, 024206 (2005)]

correlations quickly build up
→ Coulomb pseudo-gap

in density of states
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Non-equilibrium relaxation and aging scaling
[M.T. Shimer, U.C.T., and M. Pleimling, EPL 91, 67005 (2010)]

density autocorrelation: d = 2 (N = 256), K = 0.4375, T = 0.02
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→ simple aging scaling : C (t, s) = s−b Ĉ (t/s)
aging scaling exponents not universal, depend on K and T :

temperature T = 0.02:
K b λ/z

0.40625 0.001± 0.002 0.046± 0.004
0.4375 0.006± 0.002 0.075± 0.004
0.46875 0.021± 0.004 0.089± 0.003

0.5 0.038± 0.006 0.103± 0.004

filling K = 0.5:
T b λ/z

0.01 −0.001± 0.001 0.036± 0.004
0.02 0.038± 0.006 0.103± 0.004
0.03 0.080± 0.008 0.173± 0.005

mean-field analysis: log. aging
[A. Amir, Y. Oreg, and Y. Imry, Phys. Rev. B 77, 165207 (2008)]



Vortex Dynamics in Type-II Superconductors



Type-II superconductors, magnetic flux lines
[G. Blatter, V.B. Geshkenbein, A.I. Larkin, V.M. Vinokur, Rev. Mod. Phys. 66, 1125 (1994)]

London penetration depth/coherence length λ/ξ >
√
2:

I negative interfacial free energy → mixed phase (normal/SC)
I Hc1 = 4πϵ/Φ0 < H < Hc2 = Φ0/2πξ

2: n = B/Φ0 flux lines
I elastic line tension: ϵ = (Φ0/4πλ)

2 ln(λ/ξ), Φ0 = hc/2e
I vortex repulsion : Vint(r) = 2ϵ0K0(r/λ) → Abrikosov lattice
I thermal wandering: flux liquid , vortex motion → dissipation

effective flux pinning required → material defects, smooth VD

London limit : vortices ↔ trajectories rj(z), elastic line model
[D.R. Nelson and V.M. Vinokur, Phys. Rev. B 48, 13060 (1993)]

grand-canonical ensemble with µ = (H − Hc1)Φ0/4π:

HN =

∫ L

0
dz

N∑
j=1

[
ϵ

2

∣∣∣∣drj(z)dz

∣∣∣∣2+ VD

(
rj(z)

)
+

1

2

∑
i ̸=j

Vint

(
rij(z)

)]

Zgr(T ,H) =
∞∑

N=0

eµNL/kBT

N!

∫
D[rj(z)] e

−HN [rj (z)]/kBT



Driven vortex matter: critical currents, gyration radius
[U. Dobramsyl, H. Assi, M. Pleimling, U.C.T., arXiv:1211.6929]

I uncorrelated point pins : disorder-dominated vortex glass
I extended defects : localization transition → Bose glass

external current induces drive : Lorentz force fL = j× Φ0B/B

I Monte Carlo kinetics : add work term −
∑

j fL · rj(z) to HN

configuration update: Metropolis rates ∝ min
(
1, e−∆HN/kBT

)
I coarse-grained algorithm: Langevin molecular dynamics

overdamped Newton’s equations with Gaussian white noise

velocity/voltage: IV curves gyration radius: line fluctuations
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Non-equilibrium relaxation and aging scaling
[M. Pleimling and U.C.T., Phys. Rev. B 84, 174509 (2011)]

out-of-equilibrium relaxation kinetics:

I initialize system with 16 randomly
placed straight flux lines

I relax towards equilibrium:
time translation invariance broken
in ‘bulk’ samples

I measure two-time correlations :
mean-square displacement B(t, s)
height autocorrelations C (t, s)
density autocorrelations Cv (t, s)

I no interactions, disorder: diffusive
Edwards-Wilkinson scaling, t ≫ s:

C (t, s) ∼
√
s
(√

t
s + 1−

√
t
s − 1

)
→ aging scaling :
C (t, s) = s−b Ĉ (t/s) , b = 1/2
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Disorder effects on relaxation kinetics

[M. Pleimling and U.C.T., Phys. Rev. B 84, 174509 (2011)]

Monte Carlo simulations:
no interactions, add disorder
1116 pins/layer, L = 640 layers

I attractive weak point pins :
approximate aging scaling in
intermediate regime

I both attractive / repulsive,
p = U0

ϵ0
∈ [−0.01,+0.01]:

simple aging scaling,
B, C : distinct exponents
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Uncorrelated point vs. extended columnar pinning centers
[U. Dobramsyl, H. Assi, M. Pleimling, U.C.T., arXiv:1211.6929]

Langevin dynamics: compare relaxation of non-interacting vortices
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point pins : p = 0.01 p = 0.05
vortex glass : flux lines rough

columnar defects : p = 0.05
Bose glass : vortices smooth
few lines pinned → EW scaling



Disorder and repulsive interactions, glassy kinetics

with repulsive vortex interactions: mutual caging promotes pinning

p = 0.05: point pins columnar defects
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glassy kinetics in height correlations; density correlations frozen
various non-universal features, characteristic of sample, disorder, ...



Conclusions



Conclusions
I Critical aging scaling extended to driven lattice gases :

generic scale invariance, non-equilibrium phase transition
I aging regime : accurate measurement of scaling exponents
I non-equilibrium relaxation as materials characterization tool ?
I Coulomb glass : simple aging scenario, exponents not universal
I interacting flux lines in disordered type-II superconductors :

complex relaxation kinetics, display sample characteristics
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